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Spectral Triples

Definition (Spectral Triple (Connes, 89))

A spectral triple| (U, 7€, D) |is given by:
@ aC*-algebra 2l acting on a Hilbert space .77,

o aself-adjoint operator ID with compact resolvent defined on
a dense subspace dom (D) of 77

is a




Spectral Triples

Definition (Spectral Triple (Connes, 89))

A spectral triple| (U, 7€, D) |is given by:

@ aC*-algebra 2l acting on a Hilbert space .77,

o aself-adjoint operator ID with compact resolvent defined on
a dense subspace dom (D) of 77

such that {ae®: adom (D) < dom (D), [, a] is bounded} is a

2 = 5 m.y ~I5
Example Parametr lzecl Families

o (C(M),T'12(XM), D) over a closed spin manifold, for a given
Riemannian metric,

e (C*(Z4, a), 0274 CY, Dq2) over a quantum torus for a given
2-cocycleo.

| Are these continuous in the1r natural parameters?




Spectral Triples

Definition (Spectral Triple (Connes, 89))

A spectral triple| (U, 7€, D) |is given by:

@ aC*-algebra 2l acting on a Hilbert space .77,

o aself-adjoint operator ID with compact resolvent defined on
a dense subspace dom (D) of 77

such that {ae®: adom (D) < dom (D), [, a] is bounded} is a

: A g, (S AN
Example Appr oxzmatzons with Spectral Ti rzples

e Matrix models as approximations of quantum spaces (e.g.,
fuzzy tori)

@ Inductive limits of spectral triples and their limits,
o Graph approximations of fractals and their limiting spaces

| What does 11m1t of spectral triples mean?




Spectral Triples

Definition (Spectral Triple (Connes, 89))

‘ A spectral triple| (U, 7€, D) |is given by:

@ aC*-algebra 2l acting on a Hilbert space .77,

o aself-adjoint operator ID with compact resolvent defined on
a dense subspace dom (D) of 77

such that {ae&l:adom (D) <dom (D), [D,a] is bounded} is a

e e G e i
Is there a natural geometry on the space of metric
spectral triples?




Spectral Triples

Definition (Spectral Triple (Connes, 89))

A spectral triple| (U, 7€, D) |is given by:

@ aC*-algebra 2l acting on a Hilbert space .77,

o aself-adjoint operator ID with compact resolvent defined on
a dense subspace dom (D) of 7

/‘1‘ such that {ae&l:adom (D) <dom (D), [D,a] is bounded} is a
*} dense *-subalgebra of 2.

R e e — SO | ‘ﬂ*

Is there a natuml geomeltry on the space of metric

spectral trzples?
: B SO WA T, / ™ * ot Sacm
Such a space would allow us to study convergence of geometries
themselves, and eventually to construct new spectral triples as
limits.







Start with Connes’ metric

Infinitesimal Scale — Metric

Let (A, 72, D) be a spectral triple.




Start with Connes’ metric

Infinitesimal Scale — Metric

| Let (A, 27, D) be a spectral triple. We define an analogue of the
| Lipschitz seminorm by setting:

Lp(@) =D, alll ,

B for all @ € 2 such that adom (D) < dom (D).
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Start with Connes’ metric

Infinitesimal Scale — Metric

Let (A, .77, D) be a spectral triple. We define an analogue of the
| Lipschitz seminorm by setting:

Lp(@) =D, alll ,

& for all @ € 2 such that adom (1) < dom (ID).
L p induces the Connes metric on the state space by duality:

mkp (@, ¥) :=sup{lp(a) —y(a)| : ac A |I[D,alll ,, <1}

for any two states ¢,y of 2.
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L p induces the Connes metric on the state space by duality:

mkp (@, ¥) :=sup{lp(a) —y(a)| : ac A |I[D,alll ,, <1}

for any two states ¢, ¥ of 2. The Connes metric is the analogue of
the classical Monge-Kantorovich metric




Start with Connes’ metric

Infinitesimal Scale — Metric

Let (A, .77, D) be a spectral triple. We define an analogue of the
 Lipschitz seminorm by setting:

Lp(@) =D, alll ,

& for all @ € 2 such that adom (D) < dom (D).
L p induces the Connes metric on the state space by duality:

mkp (@, ¥) :=sup{lp(a) —y(a)| : ac A |I[D,alll ,, <1}

for any two states ¢, ¥ of 2. The Connes metric is the analogue of
the classical Monge-Kantorovich metric, which metrizes the
weak* topology on space of Radon probability measures.

P e .2




Definition (Connes, 89; Rieffel, 98, 99; L., 13,15)

A quantum compact metric space (2, L) is a unital C*-algebra 2 and | :
| a lower semicontinuous seminorm L defined on a dense dom (L) of
sa (20) such that:

Q@ {acdom(L):L(a)=0}=1,

@ the Monge-Kantorovich metric mki

mky : g, € L) — sup{l((p(a)—w(a)l :aedom(L),L(a) < 1}

metrizes the weak* topology on the state space of 2,
Q LM(ab)) v L(\f(db)) CL(@|Ibllg + llallgL (b)) + DL(a)L(b)

A€




Compact Quantum Metric Spaces

.

Definition (Connes, 89; Rieffel, 98, 99; L., 13,15)

A quantum compact metric space (2, L) is a unital C*-algebra 2 and [ES8

| alower semicontinuous seminorm L defined on a dense dom (L) of &8

sa(20) such that:
Q@ {acdom(L):L(a)=0}=1,

@ the Monge-Kantorovich metric mki
mky : g, € L) — sup{l((p(a)—u/(a)l :aedom(L),L(a) < 1}

metrizes the weak* topology on the state space of 2,
Q LR(ab)) vL(S(ab) < C(L(@blly + lallyL(b)) + DL(a)L(b)

L a2 T

Definition (Rieffel,00; L., 13)

A *-morphism 7 : 2l — B is a quantum isometry from (2, Lgy) to
(2B,Ly) when Ly (b) = infLo (z~1({b})). It is full when it is a *-
isomorphism whose inverse is a quantum isometry.



| A spectral triple (2, 57, D) is metric when the following i
quantum metric space

(A, L) where L(-) = [I[[D, ]Il -




1 quantum metric space

(A, L) where L(-) = [I[[D, ]Il -
So we now face a natural question:

How do we compare such objects?




1 quantum metric space

(A, L) where L(-) = [I[[D, ]Il -
So we now face a natural question:

How do we compare such objects?

o For compact metric spaces, the natural tool is the
Gromov-Hausdorff distance.

o It measures how close two metric spaces are up to isometry.




How Do We Compare Geometries?

| A spectral triple (2, 5, D) is metric when the following is a
1 quantum metric space

(A, L) where L(-) = [I[[D, ]Il -
So we now face a natural question:

How do we compare such objects?

o For compact metric spaces, the natural tool is the
Gromov-Hausdorff distance.

o It measures how close two metric spaces are up to isometry.

We now seek an analogue in the noncommutative setting.
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The Gromov-Hausdorff Propinquity

Definition (L. 13,14,15)
Ifz:(®,Lp) — (A Ly) is a quantum isometry, let

x (m) :=Hausmi  (Z(@), 7" (L @)).




The Gromov-Hausdorff Propinquity

Definition (L. 13,14,15)
Ifz:(®,Lp) — (A Ly) is a quantum isometry, let

x (m) :=Hausmi  (Z(@), 7" (L @)).

The propinquity between (2, Ly) and (B, L) is

A" (4, Lgy), (B, L)) = inffmax{y (n), x (o)} :
(®, Lo) quantum compact metric space,
1:(®,Lp)— (91 Lsp), p (@ L@) — (B, Ly) quantum iso }.

/-




Definition (L. 13,14,15)
Ifz:(®,Lp) — (A Ly) is a quantum isometry, let

x (m) :=Hausmi  (Z(@), 7" (L @)).

The propinquity between (2, Ly) and (B, L) is

A* (A, Lg), (B, L)) := infimax{y (n), x ()} :
(®, Lp) quantum compact metric space,
m: (D, L@) (91 LQ[) p (@ L@) — (B, Ly) quantum iso }.

Theorem (L. 13 14 15)

The propinquity is a complete metric up to full quantum isometry
on the class of quantum compact metric spaces, whose restriction
| to classical compact metric spaces is topologically equivalent to the
Gromov-Hausdorff distance.




Extending to Spectral Triples

If (A, 77, D) is a metric spectral triple, then
(%) DID) Ql, I—ID, Cy 0)

where Dy is the graph norm of D, satisfies the following
definition.

Deﬁmtlon(Metrzcal C*- correspondences (L., 16)) B

! Let (2, Lg) and (B, Ly) be two quantum compact metric spaces,
and let (/Z,%,8) be a C*-correspondence. A metrical C*-
correspondence (A ,D, 2, Ly, B, Ly) is given by the additional data
of anorm D on .# such that:

0 02 |vi7e,

@ {wedom(D):D(w) < 1}is compactin .Z,

Q Lyn({w,0) 4) <2D(w)D(() for all w,{ € dom (D),
Q D(aw) <

(Lm(a) + IIallg[)D(w) forallae dom(LQ() wE dom(D)



Quantum Isometry

@,Lp) —=— (2, T) <—— (€ Lg)

| I

@, Ly) —=— (A#,D) <—— (B,Ly)

G

Y is a C-linear surjection, 7, 0 quantum isometries,
Y(awb) =n(a)¥ ()0 (h) YacAVwe PYbeB,
0(w,0) ») =(¥Yw),¥Y{) 4 Yo,lecP

¥ (dom (T)) = dom (D),

D(w) = inf T (¥~ ({w})) for all w € dom (D),




Quantum Isometry
®,Lp) —— (2, T) = (&L

| I

@, Ly) —=— (A#,D) <—— (B,Ly)

G

Y is a C-linear surjection, 7, 0 quantum isometries,
Y(awb) =n(a)¥ ()0 (h) YacAVwe PYbeB,
0(w,0) ») =(¥Yw),¥Y{) 4 Yo,lecP

¥ (dom (T)) = dom (D),

D(w) = inf T (¥~ ({w})) for all w € dom (D),
¥ (¥, 7,0)) = max{y (1), y (9)}.J




The Spectral Propinquity

Definition (The Spectral Propinquity (L., 20, 22))
The spectral propinquity ASPeC((2ly, 74, D1), Rz, 743, D,)) is the in-
| fimum of € > 0 such that there exists a tunnel

ZmO (5 T,9,Lp,8 Le)

(W2,72,02)

(e%ﬂl,Dlel,LDpC,O)
(%rDZ)Q’[ZrLDZ)C)O)

such that y@ry) v x(01) vV y(m2) Vv y(@2) < €




The Spectral Propinquity

Definition (The Spectral Propinquity (L., 20, 22))

The spectral propinquity ASPeC((2ly, 74, D1), Rz, 743, D,)) is the in-
| fimum of € > 0 such that there exists a tunnel

ZmO (5 T,9,Lp,8 Le)

(W2,72,02)

(e%ﬂl,Dlel,LleC,O)
(%rDZ)Q’[ZrLDZ)C)O)
such that y(@mr) v x(01) vV x(@m2) vV x(0@2) < ¢ and

| some appropriate measurement of how far the orbits
(exp(itD1)) >0 and (exp(itDD2)) >0 is less than €.




The Spectral Propinquity

Definition (The Spectral Propinquity (L., 20, 22))
The spectral propinquity ASPeC((2ly, 74, D1), Rz, 743, D,)) is the in-
| fimum of € > 0 such that there exists a tunnel

ZmO (5 T,9,Lp,8 Le)

(W2,72,02)

(e%ﬂl,Dlel,LleC,O)
(%rDZ)Q’[ZrLDZ)C)O)

such that y(@mr) v x(01) vV x(@m2) vV x(0@2) < ¢ and

Hausmic, 1, ({UeXp(itlDl) o ¥10),0) )<<

{((exp(itng)O‘I’z('),wX@)ogs% (o) }) s¢€

o =

:T(w)sl},
<1

where

ka,](((Pj)je],(U/)je])1=Sup{|<.0j(w)—w]'(w)|Zj€],T(w)<1}-



The Spectral Propinquity

MAIN THEOREM

The spectral propinquity is a metric on the class of metric spec-
tral triples, up to unitary equivalence of spectral triples.




The Spectral Propinquity

MAIN THEOREM (L., 20)

The spectral propinquity is a metric on the class of metric spec-
tral triples, up to unitary equivalence of spectral triples.

: LN Y TR b
8 Two spectral triples (%, .77, D) and (°B,.7, V) are ummly
equivalent when there exists a unitary U : 7 — . such that

o Udom (IP) = dom (Y),
e UDU* =V,

@ ac— UaU" is a *-isomorphism onto 5.




The Spectral Propinquity

MAIN THEOREM (L., 20)

The spectral propinquity is a metric on the class of metric spec-
tral triples, up to unitary equivalence of spectral triples.

AP, 2, D), (B,7,V)) = A" (2L, Lp), (B, Ly)),

so convergence for the spectral propinquity implies metric
t it implies a lot more.




Continuity of Spectra

MAIN THEOREM (L. 22, 26)

If R, 747, Dy) new is @ sequence of metric spectral triples con- -

| verging to a metric spectral triple Rloo, Hoo, Do) for the spectral

N propinquity, then for any A € (0,00) \ Sp (D), there exists Ne IN | = =
' such that, if n = N, then :

Z multiplicity (A, D) = Z multiplicity (A, Do) < 00,
AeSp(D,,) AeSp(Dso)
—A<A<A —A<A<A

and moreover,

lim Hause(Sp () N [=A, AL, Sp (Do) N [-A, A]) = 0.



Continuity of Spectra

MAIN THEOREM (L. 22, 26)

If R, 747, Dy) new is @ sequence of metric spectral triples con- -

| verging to a metric spectral triple Rloo, Hoo, Do) for the spectral

N propinquity, then for any A € (0,00) \ Sp (D), there exists Ne IN | = =
' such that, if n = N, then :

Z multiplicity (A, D) = Z multiplicity (A, Do) < 00,
AeSp(D,,) AeSp(Dso)
—A<A<A —A<A<A

and moreover,

lim Hause(Sp () N [=A, AL, Sp (Do) N [-A, A]) = 0.

We will say that the spectra converge.




Convergences In the Space of Metric Spectral
Triples




Riemannian Spin Geometries

Theorem (L. 26)

Let M be a connected closed spin manifold, and let g be a Rieman-
nian metric over M. Endow the space of Riemannian metrics over
M with the C' topology. We then have:

}llim APEE((C(M), T 12 (2" M), Dy), (C(M), T 12 (28 M), Dg)) = 0.
-8

In particular, the spectrum of D}, converges to the spectrum of g
as h approaches g in the C! topology.




Almost Commutative Models

Theorem (L. 26)

Let M be a connected closed spin manifold, let g a Riemannian e
| metric over M, and let (°B,.7, F) be a finite dimensional spectral
triple. Endow the space of Riemannian metrics over M with the
C! topology. Endow the space .# (%8,.%) of metric spectral triples
of the form (28,.%, G) with the topology induced by the operator

lim  ASPC(C(M), T12(Z" M), Dp) x (B,9,6),
(h,G)—(g,F)

(C(M),T2(Z8M), Dg) x (B,.7, F)) =0.

In particular, the spectrum of D, x G converges to the spectrum of S
D¢ x F as h approaches g in the C! topology and @ approaches F s
in norm.




If  is an ergodic strongly continuous action of a compact Lie
group G on a unital C*-algebra, and if g is an inner product on the
| Lie algebra of G, and if

Dg:=) afiey;

on L2(, W) for p € Q) an a-invariant state, and Ej,..., E; an
orthonormal basis of &, then (2, L?(2, 1) ® C4, D ¢) is a metric
spectral triple (Rieffel, 98).

# Theorem (L. 26)

If 2l is a unital C*-algebra, if G is a compact Lie group, and if .# is
the space of all inner products on the Lie algebra & of G, then

ge I — (A Ay, Dg)

e

5t

i

is continuous. In particular, the spectrum of g € .# — g is con-
tinuous.

L
Lo
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Fractal Geometry: Lapidus et al. Converges

U S, R i s 5
The Sierpinski gasket is the limit of an increasing sequence of
finite graphs. In what sense?




VT 1 e, Rl AT TV , Z
For each n, let F%4 ,, denote the nth graph appr0x1mat10n of the
Sierpinski gasket.
) The limit

FGoo=J FS%,

neN

is the Sierpiniski gasket.




ot /'

1T e W AR TN R e
Let (C([-1,1]), #?([-1,1]),0) be the natural spectral trlple over the
interval [—1, 1]. For each n € N U oo, let:

o C(#% ) be the C*-algebra of C-valued continuous functions
on.¥#%,,
o M=ol ey £2(-1,1D),
° an—GB] 0 3n 2j6
where f e C(¥SY n) acts on (¢ k) by multlphcatlon on each edge.




Theorem (Landry, Lapzdus and Iy 2020)

,}EIOlOASpeC((C(y(gn); jﬁlr Dn); (C(y(goo)y%oor Doo)) =0




Theorem (Landry, Lapzdus and Iy 2020)

7}1—1:11 Aspec((c(‘spyn)y ’%’l;

o the appr0x1mat1ng graphs converge in the
Gromov-Hausdorff distance to %G, with its intrinsic the
geodesic distance,

o the functional calculi of the Dirac operators converge;

o the entire spectral geometry of the gasket is recovered as the
ter limit of finite graph geometries.

“ 'f‘ :ﬁﬁm A







Let Z4 := r[;?zl Z1k;Z with k := (ky,..., kq) € NU {oo} and
Z/ooZ = Z. Let o be a 2-cocycle of Z‘,f.

T R W ot T~ RN T
Let ai , be the dual action of

. k;
U4:={(z1,...,20) €T?:Vj kj<oo = 2/ =1) on C* (24

e 1) T T
o
< ;




| Let Z4 := nj.l:lZ/ij with k:= (ky,..., kz) € N U {oo} and
{ Z/ooZ =Z. Let o be a 2-cocycle of Zd.

T gnr R WL o T ~ et AN T T
Let ai,q be the dual action of

U¢ i={(a1,...,2) € T: V] kj<oo = z; =1} on C* (Z,0).

1 The natural calculus on C* (Z‘]z ,0) is encoded in a gradient
defined for a in a dense *-subalgebra as follows:

j 1) a
° 6{6' ta—limi_o1 (ai"p(’ (a) - a) if k; = oo;




| Let Z4 := nj.l:lZ/ij with k:= (ky,..., kz) € N U {oo} and
{ Z/ooZ =Z. Let o be a 2-cocycle of Zd.

T gnr R WL o T ~ et AN T T
Let ai,q be the dual action of

U¢ i={(a1,...,2) € T: V] kj<oo = z; =1} on C* (Z,0).

1 The natural calculus on C* (Z‘]z ,0) is encoded in a gradient
defined for a in a dense *-subalgebra as follows:

j 1) a
° 6{6' ta—limi_o1 (ai"p(’ (a) - a) if k; = oo;

° 6{;'0 ra— ﬁ (cxki’7 (a) — a) when k; < oo with
Aj=(@,...,LexpRink;"),1,...,1),




| Let Z4 := Hj.l:lZ/ij with k:= (ky,..., kz) € N U {oo} and
| Z/ooZ =7. Let o be a 2-cocycle of Zd.

T gor Gl Wi o LSRR~ RN
Let ak,s be the dual action of

U¢ i={(a1,...,2) € T: V] kj<oo = z; =1} on C* (Z,0).

d The natural calculus on C* (Z‘]z ,0) is encoded in a gradient
defined for a in a dense *-subalgebra as follows:

° Gj ta—limi_o1 (ai"p(” (a) - a) if k; = oo;

° 6{;'0 ra— ﬁ (cxki’7 (a) — a) when k; < oo with
Aj=(@,...,LexpRink;"),1,...,1),

Y

s

o

: o grad; ,(a) —Z? lafcg(a)@yj.




Spectral Triples for Fuzzy Tori 7

Leibniz Identity Fails

The finite difference operators 6;; , are not derivations on
1 C*(Z4,0) when k i <00, so the gradient is not representable using
a spectral triple.

FSP T



Leibniz Identity Fails

| The finite difference operators 6;6 , are not derivations on

a spectral triple.
Three possible approaches

math. phys. Problem: limit is not the usual flat spectral triple.

@ Adjust our definition of a spectral triples and our discretized
calculus: truncations. Problems: operator systems instead of
C*-algebras, no more fuzzy tori, unclear motivation for use of
commutators.

© Adjust our definition of a spectral triple in order to keep our
discretized calculus: introduce a twist. Problems: none © just
need a minor adjustment to the spectral propinquity.




Flat (Quantum) Torus Approximations

Start with the covariant representation on ¢2 (ZZ):
o forallne Z‘,f, set W _{(m) =oa(m,n)¢(m—n), and
* g d _* . dyy.
C*(Zg,0) = C* (W], : ne ZY;
o forallze UZ, set uif(m) = z™¢(m) with z* the character of
ZZ given by z, so ujau, “ = aj (a) forallae C* (Z4,0).

F o L ¢ Il N
The Hilbert space analogue of our calculus is generated by:

° Gif(m) :=mj¢(m)if kj =coand m = (m,...,my),

o 0= M (uz-1)if kj < oo,

d .
o | Dié=) 6{6 ® Y |on (a dense subspace of) EZ(ZZ, 9.
j=1




The twisted spectral triple

The Ghost of Leibniz

With these choices, for k € N? and a € C* (ZZ ,0):

d : .
[Di,al =) ai(a) u;}’ ® 7y # grad; ,(a) @
j=1




The twisted spectral triple

The Ghost of Leibniz

= | With these choices, for k € N and a € C*(Z4, 0):

d : .
[Di,al =) afc(a) u;cl’ ® 7y # grad; ,(a) @
j=1

—

B 1 The Exorcism Twist

| Ifforallac C* (Z4,0), we set

27 i -
Pro@=a+ Y Fa{c,a(a)(a{c@ayj)lpkl e B2z,
kj<oo J

then p is linear and

=Dra—pio@Dy = grad,w(a) ®10©




Twisted Spectral Triples

Definition

dense subspace dom (D) of .7# with compact resolvent, and a lin-
ear map
o :2Ap — B(IH)

i adom (D) < dom (D), and the twisted commutator

7

(DD, alp = Da-pla)D

is bounded.




Twisted Spectral Triples

Definition

A twisted spectral triple (A, 7€, ID, p) consists of a C*-algebra [ act-
| ing on a Hilbert space 77, a self-adjoint operator 1D defined on a
dense subspace dom (D) of .7# with compact resolvent, and a lin-
ear map

o :2Ap — B(IH)

1 ‘} defined on a dense subspace 2 of 2, such that if a € 2 then
i adom (D) < dom (D), and the twisted commutator

7

(DD, alp = Da-pla)D

\.

is bounded. A spectral triple (A, 7€, D) is a twisted spectral triple
&, 22, D,idgy) with twist the identity of 2; in that case we would
“7| insist that 2[j) be a dense *-subalgebra.

7 ~




Metric Twisted Spectral Triples

Definition (L. 26)

> | A K-metric twisted spectral triple (A,.77,D,p), for K = 1, is a ;
| twisted spectral triple such that

@ if we define

Vaelp L(a):=|||D,al,||,,

then the Monge-Kantorovich metric mk; metrizes the weak*
topology on . (20),

Q forall aeAp,
1p(@]| g3y < KmaxiL(a), lalig},

@ p has a closed graph for the product of the topology of the
norm on 2l with the weak operator topology on %5 (J¢),

Q p(1)=1.




Definition (The Spectral Propinquity (L., 20, 22, 26))

The spectral propinquity ASP*°((2,, 54, D1, p1), 2, 7, D2, p2)) is
| the infimum of £ > 0 such that there exists a tunnel

Gm) (5 T,9,Lp, € Le)

(W2,72,02)

(%)Dlvml)l—lblv@vo)
(%rDZ!erLmzycyo)
such that y(m) v y(@1) v x(r2) v x(@2) < € some

| appropriate measurement of how far the orbits
(exp(itDD1))>0 and (exp(itDDy))s>o is less than e,




Definition (The Spectral Propinquity (L., 20, 22, 26))

The spectral propinquity ASP*°((2,, 54, D1, p1), 2, 7, D2, p2)) is
| the infimum of £ > 0 such that there exists a tunnel

L (2, 7,9,10,€ Le)

(W2,72,02)

(%)Dlvml)l—lblv@vo)
(%rDZ!erLmzycyo)

such that y(@r) v x(@1) V x(me) vV x(@2) < € some
| appropriate measurement of how far the orbits
(exp(itDD1))>0 and (exp(itDDy))s>o is less than e, and
some measure of the distance between the twists.




The Spectral Propinquity with a twist

Definition (The Spectral Propinquity (L., 20, 22, 26))

| The spectral propinquity ASPeC((A1, 74, D1, p1), R2, 75, D2, p2)) is
| the infimum of £ > 0 such that there exists a tunnel

(¥q,71,01)

(%)Dlvml)l—lblv@vo) («@,T,@,L@,@,L@)

(\FLZ,BZ)’ (%, DZ!er LDz)C)O)

such that y(@r) v x(@1) V x(me) vV x(@2) < € some
| appropriate measurement of how far the orbits
(exp(itDD1))>0 and (exp(itDDy))s>o is less than e, and

Hausmic ({((01011 (@) 0 ¥10),0) ) g ey : T@) <1},
{(pom2(@) 0 W2(),0) ), @y : T@) < 1} <

where ka,](((Pj)jej, (W)je]) = SUPjej T(w)<l1 |(Pj(w) —Wj(w”-



The Spectral Propinquity 2.0

MAIN THEOREM

The spectral propinquity is a metric on the class of metric twisted ‘
spectral triples, up to unitary equivalence of twisted spectral .
triples. |

T




The Spectral Propinquity 2.0

AIN THEOREM (L., 20, 26)

The spectral propinquity is a metric on the class of metric twisted
spectral triples, up to unitary equivalence of twisted spectral
triples.
] e, o WL TR ; iid
A Two twisted spectral triples (2, .77, D, pgy) and (% 5” Y, p;B) are

unitary equivalent when there exists a unitary U : 77 — .% such
that

o Udom (D) =dom (V),
e UDU* =Y

@ ac— UaU" is a *-isomorphism onto 23,
o pp(UalU*) = Upy(a)U*.

1




The Spectral Propinquity 2.0

MAIN THEOREM (L., 20, 26)

The spectral propinquity is a metric on the class of metric twisted
spectral triples, up to unitary equivalence of twisted spectral
triples.

o]

e S TR (] E
The metric convergence, for the propinquity, and the spectral
convergence of the Dirac operator still hold unchanged.




Application to fuzzy tori

MAIN THEOREM (I 26) ‘ ' - 7 !

el
Rt If k;, — (0o,...,00) and 0, — o pointwise on 7%, then

lim A%e((C*(Zf ,0,), (2(Zf, €N, Dy, po, k),

n—oo

Lt (C*(2%,0), 427, C%), D)) =0




Theorem (L., 21)

& | Letk,=(n,...,n),o, = exp(ink,;l(-,]-)), and

) d
: N ej ej ej ej
Dn T Zi ; ([Wkn,o'n + Wknro'n’ ':I ®Y2]_1 + [kaan - Wknra'n, ] ®Y2])
j=

% where C* (Z‘,f ,0 ) acts on ZZ(Z‘,j ) on both the left and the right as
l_ a— Ja*Jwith J&:m— E(—m).

| If we set on T = {(exp(itﬂj));.l:1 :01,...,04 €[0,27)} and

d

Wictid] = Z COS(Qj)agj ®Y2j-1+ Sil’l(@j)agj ®Y2j, then
j=1

lim ASPeC(C*(Z4 o), 2 (Z ,C*), D),
n—oo Z n

(C(T%), 2(T4, C2%), Dyeira)) = 0.



Inductive Limits

Example: Noncommutative Solenoids

-1]2 i,
Set Goo :=Z[p~']|" and G, := (WZ) . We choose I := |- | and f :
| n— p".

logy oI ~
I
|
|




Inductive Limits I1

Let Goo = Unew G, be an Abelian discrete group where G;, 1 G
are subgroups, IL alength on G, with Hausr, (G, Goo) 27,0, and
| IF: g€ Goo— f(min{ne IN: ge G,}) with f:IN { [0,00). Let

D= M]L®Yl +M]F®Yg

Bl on {é € 0%(Goo E) : Y gei, (L@ + F(@A)| €@ 5 < oo}. Let o be
24 a 2-cocycle on Ge,.

Sl s

- Theorem (Fari,

AC>0Vr=1 |Gyl2r]l<C-|Gslrll.
Then (C*(G,0),£%(G,) ® E, D,;) is metric for all n € IN, and

| | (C*(Gn,0),0%(Gp) ®E, Dy, ) ’r—p""» (C*(Gooy 0),€*(Goo) ® E, D).

o



Inductive Limits I11

Row

Example: uncéedde
Set Goo = Z(p™) x Z where Z(p™®) = {ze C:IneN 2P =1}.
Let G, :=ZI/p" xZ.Leta(({,2),(n,y)) =n~.
e 3,

3 2 z
e Lxample: UHF

Let (x,),ev be a sequence in IN with bounded integer ratios. Set
Goo ={z€C:dnelN 2z =1}.LetG, :={zeC:z* =1}.
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