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The Space of Noncommutative “Drums”

A. Connes introduced in 1985 a generalization of spectral geometry
to the noncommutative realm by means of a structure called a
spectral triple, i.e. a noncommutative analogue of the Dirac
operators on Riemannian spin manifolds.
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The Space of Noncommutative Manifolds
A spectral triple (A,H , /D) is an analogue of a first order
pseudo-differential operator (of Dirac type), where

A is a unital C*-algebra, i.e. a noncommutative analogue of
C (X ) for a compact Hausdorff space X ,

H is a Hilbert space on which A acts, analogue to the space of
sections of some spinor bundles,

/D is a self-adjoint operator densely defined on H with
compact resolvent and bounded commutator with a dense
*-subalgebra of A; formally

A /D = {a ∈A : a dom( /D) ⊆ dom( /D) and [ /D , a] is bounded}

is a dense *-subalgebra of A.

Figure: The spectrum of oxygen
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The Space of Noncommutative Manifolds
Spectral triples are much more flexible than manifold structure, and
can be constructed over noncommutative C*-algebras, fractals and
other singular spaces, and even finite sets. Much success has been
achieved in extending Atiah-Singer index theorem to spectral
triples to many such generalized setting.

Figure: The Sierpiński Triangle

Spectral triples allow us to extend important notions from physics.
The spectral action of a spectral triple (A,H , /D), in particular,
generalizes the Hilbert action of relativity, and is relevant to physics
over noncommutative spaces.
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Matrix Models: Clock and Shift, Fuzzy Tori

Cn =


1 0 0

0 rn

0
0 0 r n−1

n

 and Sn =


0 1 0 0

0
0 0 1
1 0 0

,

with rn = exp
(2iπ

n

)
. Note that C∗(Cn ,Sn) =B(Cn).

Let /Dn be
defined on Hn =B(Cn)⊗C4 be defined by:

/Dn = n

2π

([
Sn +S∗

n

2
, ·
]
⊗γ1 +

[
Sn −S∗

n

2i
, ·
]
⊗γ2

+
[

C∗
n +Cn

2
, ·
]
⊗γ3 +

[
C∗

n −Cn

2i
, ·
]
⊗γ4

)
,

with γ jγk +γkγ j = δk
j ( j ,k ∈ {1,2,3,4}). Then (C∗(Cn ,Sn),Hn , /Dn) is

a spectral triple.
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A geometry for the space of quantum spaces

The Questions

1 How do we formalize convergence of spectral triples?

2 Can we construct new spectral triples as limits?

3 Can we work with entire spaces of spectral triples?

Our Project

We develop a geometric framework to study the space of (metric)
spectral triples as a natural metric space to discuss problems from
mathematical physics and functional analysis.

For example: is there a limit for the spectral triples associated with
clock/shift matrix models? Are spectral triples over fractals limits of
spectral triples over simpler curves? Are spectral triples over certain
inductive limits natural limits of spectral triples on the factors?
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Our approach
A spectral triple (A,H , /D) induces three structures relevant to our
goal:

1 Connes’ metric on the state space of A: Connes’ distance
between any two states ϕ,ψ ∈S (A) of A is:

mkL(ϕ,ψ) := sup
{|ϕ(a)−ψ(a)| : a dom( /D) ⊆ dom( /D), |||[ /D , a|||H É 1

}
;

Our focus is on metric spectral triples, whose Connes’ metric
induces the weak* topology;

2 An A-C C*-correspondence H ;
3 An action of [0,∞) on H by unitaries, given by

t ∈ [0,∞) 7→ exp(i t /D).

We aim at devising a metric on a large space of spectral triples for
which important properties of spectral triples — such as spectrum
and spectral actions — are continuous.
The core of our work is noncommutative metric geometry: metric
spectral triples are examples of compact quantum metric spaces, for
which we devised an analogue of the Gromov-Hausdorff distance.
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GPS

1 Compact Quantum Metric Spaces

2 The Gromov-Hausdorff Propinquity

3 The Spectral Propinquity

4 Examples and Applications
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The Monge-Kantorovich metric

Let (X ,m) be a compact metric space. The Lipschitz seminorm L
induced by m is:

L( f ) = sup

{ | f (x)− f (y)|
m(x, y)

: x, y ∈ X , x 6= y

}

for all f ∈ sa (C (X )) =C (X ,R) (allowing ∞).

The Monge-Kantorovich metric on S (C (X )) is given for all
Borel-regular probability measures µ,ν by:

mkL(µ,ν) = sup

{∣∣∣∣∫
X

f dµ−
∫

X
f dν

∣∣∣∣ : f ∈ sa (C (X )),L( f ) É 1

}
.

The Gelfand map x ∈ (X ,m) 7→ δx ∈ (S (C (X )),mkL) is an isometry.
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Compact Quantum Metric Spaces

Definition (Connes, 89; Rieffel, 98; L., 13)

(A,L) is a quantum compact metric space when:

1 A is a unital C*-algebra,

2 L is a seminorm defined on a (dense) Jordan-Lie subalgebra
dom(L) of sa (A) = {a ∈A : a∗ = a},

3 {a ∈ sa (A) : L(a) = 0} =R1A,

4 The weak* topology on S (A) is metrized by the
Monge-Kantorovich metric mkL, defined ∀ϕ,ψ ∈S (A) by:

mkL(ϕ,ψ) = sup
{|ϕ(a)−ψ(a)| : a ∈ sa (A),L(a) É 1

}
5 L

(
ab+ba

2

)
∨L

(
ab−ba

2i

)
É F (‖a‖AL(b)+L(a)‖b‖A)+KL(a)L(b);

6 {a ∈ dom(L) : L(a) É 1} is closed in A.

We call L an L-seminorm.
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Some facts about quantum compact metric spaces

Quantum compact metric spaces form a category with arrows
given by Lipschitz morphisms: a Lipschitz morphism
π : (A,LA) → (B,LB) is a unital *-morphism such that
π(dom(LA)) ⊆ dom(LB),

Every compact metric space (X ,d) gives us a quantum
compact metric space (C (X ),Ld ),

Every finite dimensional space can be made into a quantum
compact metric space,

Examples include quantum tori (Rieffel, 98, 02; L., 21), AF
algebras (Aguilar-L., 15) and other inductive limits (Aguilar-L,
22; Farsi-L-Packer, 23), Podles spheres and SUq (2)
(Aguilar-Kaad-Kyed, Kaad-Kyed, 19-22), some
C*-crossed-products (Hawkins-Skalski-White-Zacharias, 13;
Klisse, 23), many discrete group C*-algebras (Rieffel-Ozawa, 01;
Rieffel-Christ, 15), and more.
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(Aguilar-Kaad-Kyed, Kaad-Kyed, 19-22), some
C*-crossed-products (Hawkins-Skalski-White-Zacharias, 13;
Klisse, 23), many discrete group C*-algebras (Rieffel-Ozawa, 01;
Rieffel-Christ, 15), and more.
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Metric Spectral Triples

Definition (L., 18)

A spectral triple (A,H , /D) is metric when mk /D is a metric on the
state space S (A), which induces the weak* topology.

In other words, (A,H , /D) is a metric spectral triple, if and only if,
setting:

dom(L /D ) = {a ∈ sa (A) : a ·dom( /D) ⊆ dom( /D), [ /D , a] bounded}

and, for all a ∈ dom(L /D ),

L /D (a) = |||[ /D , a]|||H ,

then (A,L /D ) is a compact quantum metric space.
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1 Compact Quantum Metric Spaces

2 The Gromov-Hausdorff Propinquity

3 The Spectral Propinquity

4 Examples and Applications
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The Gromov-Hausdorff Distance
Te Hausdorff distance Hausd between two closed subsets A1 and A2

of a compact metric space (X ,d) is defined by

Hausd (A1, A2) = max
{ j ,k}={1,2}

sup
x∈A j

inf
y∈Ak

d(x, y).

Definition (Hausdorff, 1903; Edwards, 75; Gromov, 81)

The Gromov-Hausdorff distance between two compact metric
spaces (X ,mX ) and (Y ,mY ) is:

inf

HausmZ (ιX (X ), ιY (Y ))

∣∣∣∣∣∣
(Z ,mZ ) compact metric space,
ιX : X ,→ Z isometry,
ιY : Y ,→ Z isometry.

 ,

where Hausd is the Hausdorff distance induced by a metric d .

The Gromov-Hausdorff distance is a complete metric, up to
isometry, on the class of compact metric spaces.

A Geometry for the space of spectral triples/ The Gromov-Hausdorff Propinquity Frédéric Latrémolière



The Gromov-Hausdorff Distance
Te Hausdorff distance Hausd between two closed subsets A1 and A2

of a compact metric space (X ,d) is defined by

Hausd (A1, A2) = max
{ j ,k}={1,2}

sup
x∈A j

inf
y∈Ak

d(x, y).

Definition (Hausdorff, 1903; Edwards, 75; Gromov, 81)

The Gromov-Hausdorff distance between two compact metric
spaces (X ,mX ) and (Y ,mY ) is:

inf

HausmZ (ιX (X ), ιY (Y ))

∣∣∣∣∣∣
(Z ,mZ ) compact metric space,
ιX : X ,→ Z isometry,
ιY : Y ,→ Z isometry.

 ,

where Hausd is the Hausdorff distance induced by a metric d .

The Gromov-Hausdorff distance is a complete metric, up to
isometry, on the class of compact metric spaces.

A Geometry for the space of spectral triples/ The Gromov-Hausdorff Propinquity Frédéric Latrémolière



The Gromov-Hausdorff Distance
Te Hausdorff distance Hausd between two closed subsets A1 and A2

of a compact metric space (X ,d) is defined by

Hausd (A1, A2) = max
{ j ,k}={1,2}

sup
x∈A j

inf
y∈Ak

d(x, y).

Definition (Hausdorff, 1903; Edwards, 75; Gromov, 81)

The Gromov-Hausdorff distance between two compact metric
spaces (X ,mX ) and (Y ,mY ) is:

inf

HausmZ (ιX (X ), ιY (Y ))

∣∣∣∣∣∣
(Z ,mZ ) compact metric space,
ιX : X ,→ Z isometry,
ιY : Y ,→ Z isometry.

 ,

where Hausd is the Hausdorff distance induced by a metric d .

The Gromov-Hausdorff distance is a complete metric, up to
isometry, on the class of compact metric spaces.

A Geometry for the space of spectral triples/ The Gromov-Hausdorff Propinquity Frédéric Latrémolière



Quantum Isometries
A Lipschitz morphism π : (A,LA) → (B,LB) is a unital *-morphism
such that π(dom(LA)) ⊆ dom(LB).

Definition (Rieffel (99), L. (13) )

A quantum isometry π : (A,LA) → (B,LB) is a *-epimorphism such
that π(dom(LA)) ⊆ dom(LB) and

∀b ∈ dom(LB) LB(b) = inf{LA(a) : π(a) = b} .

A full quantum isometry π is a *-isomorphism such that
π(dom(LA)) = dom(LB) and LB ◦π= LA.
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such that π(dom(LA)) ⊆ dom(LB).

Definition (Rieffel (99), L. (13) )

A quantum isometry π : (A,LA) → (B,LB) is a *-epimorphism such
that π(dom(LA)) ⊆ dom(LB) and

∀b ∈ dom(LB) LB(b) = inf{LA(a) : π(a) = b} .

A full quantum isometry π is a *-isomorphism such that
π(dom(LA)) = dom(LB) and LB ◦π= LA.

Theorem (Rieffel, 99)

If π : (A,LA) → (B,LB) is a quantum isometry, then π∗ : ϕ ∈
S (B) 7→ ϕ ◦ π ∈ S (A) is an isometry from (S (B),mkLB) into
(S (A),mkLA).
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Quantum Isometries
A Lipschitz morphism π : (A,LA) → (B,LB) is a unital *-morphism
such that π(dom(LA)) ⊆ dom(LB).

Definition (Rieffel (99), L. (13) )

A quantum isometry π : (A,LA) → (B,LB) is a *-epimorphism such
that π(dom(LA)) ⊆ dom(LB) and

∀b ∈ dom(LB) LB(b) = inf{LA(a) : π(a) = b} .

A full quantum isometry π is a *-isomorphism such that
π(dom(LA)) = dom(LB) and LB ◦π= LA.

Theorem (L., 18)

If (A1,H1, /D1) and (A2,H2, /D2) are two unitarily equivalent metric
spectral triples, then (A1,L /D1 ) and (A2,L /D2 ) are fully quantum iso-
metric.

A Geometry for the space of spectral triples/ The Gromov-Hausdorff Propinquity Frédéric Latrémolière



The Dual Gromov-Hausdorff Propinquity
(D,LD)

πAyyyy πB %% %%
(A,LA) (B,LB)

Figure: πA,πB are quantum isometries
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The Dual Gromov-Hausdorff Propinquity
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Definition (The extent of a tunnel, L. 13,14)

The extent χ (τ) of a tunnel τ= (D,LD,πA,πB) is:

max
{
HausmkLD

(
S (D),π∗

A(S (A))
)

,

HausmkLD

(
S (D),π∗

B(S (B))
)}

.
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The Dual Gromov-Hausdorff Propinquity
(D,LD)

πAyyyy πB %% %%
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Figure: πA,πB are quantum isometries

Definition (The Dual Propinquity, L. 13, 14)

The extent χ (τ) of a tunnel τ= (D,LD,πA,πB) is:

max
{
HausmkLD

(
S (D),π∗

A(S (A))
)

,

HausmkLD

(
S (D),π∗

B(S (B))
)}

.

The dual propinquity Λ∗((A,LA), (B,LB)) is given by:

inf
{
χ (τ) : τ any tunnel from (A,LA) to (B,LB)

}
.
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The Dual Gromov-Hausdorff Propinquity
(D,LD)

πAyyyy πB %% %%
(A,LA) (B,LB)

Figure: πA,πB are quantum isometries

Theorem (L., 13)

The dual propinquity Λ∗, defined for any two quantum compact
metric spaces (A,LA) by (B,LB)) by:

inf
{
χ (τ) : τ any tunnel from (A,LA) to (B,LB)

}
is a complete metric up to full quantum isometry:
Λ((A,LA), (B,LB)) = 0 iff there exists a *-isomorphism π : A→B
such that LB ◦π= LA.
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The Dual Gromov-Hausdorff Propinquity
(D,LD)

πAyyyy πB %% %%
(A,LA) (B,LB)

Figure: πA,πB are quantum isometries

Theorem (L., 13)

The dual propinquity Λ∗, defined for any two quantum compact
metric spaces (A,LA) by (B,LB)) by:

inf
{
χ (τ) : τ any tunnel from (A,LA) to (B,LB)

}
is a complete metric up to full quantum isometry. MoreoverΛ∗ in-
duces the topology of the Gromov-Hausdorff distance on compact
metric spaces.
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Some facts about the propinquity
The set of classical compact metric spaces is nowhere dense
and closed.

There is an analogue of Gromov’s compactness theorem (L.,
2015).
There is a covariant version of the propinquity (L., 2017–2020),
and group actions can “pass to the limit” (Bassi-Conti-Farsi-L.,
2023).
Quantum tori (with various metrics) form a continuous family
of quantum compact metric spaces in their deformation
parameter for the propinquity and are limits of finite
dimensional “fuzzy tori” (L., 2013, 2021).
There are various naturally continuous families of AF algebras
(Effros-Shen algebras, UHF algebras).
Spheres are limits for the propinquity of fuzzy spheres (Rieffel,
15).
There is a characterization of convergence for inductive limits
in terms of the existence of certain morphisms (Farsi-L-Packer,
23).
. . .
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Metrical C*-correspondences
If (A,H , /D) is a metric spectral triple, then

qvb(A,H , /D) := (H ,D,A,L /D ,C,0)

where D= ‖·‖H +‖ /D·‖H , is an example of the following structure.

Definition (L. (16,18,19))

A metrical C*-correspondenceΩ= (M ,D,A,LA,B,LB) is given by:

1 two quantum compact metric spaces (A,LA) and (B,LB),

2 an A-B C*-correspondence M , with B-valued inner
product 〈·, ·〉M ,

3 D is a norm on a dense subspace of M such that:
1 DÊ ‖·‖M :=√〈·, ·〉M
2 {ω ∈M :D(ω) É 1} is compact in (M ,‖ ·‖M ),
3 ∀η,ω ∈M max{LB(ℜ〈ω,η〉M ),LB(ℑ〈ω,η〉M )} É

HD(ω)D(η),
4 ∀η ∈M ∀a ∈ sa (A) D(aη) ÉG(‖a‖A+LA(b))D(η).
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Tunnels between Metrical C*-correspondeces

(D,LD)

θ1

����

θ2

�� ��

(J ,T)

(C,Q)

(A1,L1)

(M1,D1) (M2,D2)

(A2,L2)

(B1,S1) (B2,S2)

A tunnel: L j (a) = infLD(θ−1
j ({a})).
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Tunnels between Metrical C*-correspondeces

(D,LD)

��

θ1

����

θ2

�� ��

(J ,T)

Π1

����

Π2

�� ��

(C,Q)

(A1,L1)
acts on

// (M1,D1) (M2,D2) (A2,L2)
acts on
oo

(B1,S1) (B2,S2)

J is a D-module, D j (ω) = infT(Π−1
j ({ω})), T D-norm
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Tunnels between Metrical C*-correspondeces

(D,LD)

��

θ1

����

θ2

�� ��

(J ,T)

Π1

����

Π2

�� ��

��
(C,Q)

π1

����

π2

�� ��

(A1,L1)
acts on

// (M1,D1) (M2,D2) (A2,L2)
acts on
oo

(B1,S1)
��

(B2,S2)
��

J is a D-C-C*-corr; (C,Q,π1,π2) tunnel.
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Extent of Metrical Tunnels

(D,LD)

��

θ1

����

θ2

�� ��

(J ,T)

Π1

����

Π2

�� ��

��
(C,Q)

π1

����

π2

�� ��

(A1,L1)
acts on

// (M1,D1) (M2,D2) (A2,L2)
acts on
oo

(B,S1)
��

(B2,S2)
��

χ (τ) = max
{
χ ((D,LD,θ1,θ2)),χ ((C,Q,π1,π2))

}
.
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The metrical Propinquity

Definition (L. 16,18)

The metrical propinquity Λmet(A1,A2) between two metrical C*-
correspondencesA1 andA2, is defined by

inf
{
χ (τ) : τ is a tunnel fromA1 toA2

}
.

Theorem (L. 16,18)

The metrical propinquity is a complete distance on metrical C*-
correspondences, up to full quantum isometry.
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The metrical Propinquity

Definition (L. 16,18)

The metrical propinquity Λmet(A1,A2) between two metrical C*-
correspondencesA1 andA2, is defined by

inf
{
χ (τ) : τ is a tunnel fromA1 toA2

}
.

Theorem (L. 16,18)

The metrical propinquity is a complete distance on metrical C*-
correspondences, up to full quantum isometry.

A nontrivial example of convergence of modules for our metric is
given by Heisenberg modules over quantum tori, where the D-norm
arises from Connes’ connection.
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The metrical Propinquity

Definition (L. 16,18)

The metrical propinquity Λmet(A1,A2) between two metrical C*-
correspondencesA1 andA2, is defined by

inf
{
χ (τ) : τ is a tunnel fromA1 toA2

}
.

Theorem (L. 16,18)

The metrical propinquity is a complete distance on metrical C*-
correspondences, up to full quantum isometry.

When applied to spectral triples, the metrical propinquity provides
metric information, but, maybe most importantly, it encodes the
convergence of the domains of the Dirac operators.
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Phase

The phase of a Dirac operator

What do we need to add to our construction of our metric on
spectral triples so that distance 0 means equivalence by
conjugation?

If (A,H , /D) is a spectral triple then:

t ∈R 7→Ut = exp(i t /D)

is a strongly continuous action ofR on H such that:

∀t ∈R,ξ ∈H D(Utξ) = ‖Utξ‖H +‖ /DUtξ‖H =D(ξ).

Next step

How do we incorporate convergence of group actions?
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Separation for Family of Operators
Let (M ,D,A,LA,B,LB) be a metrical C*-correspondence.

If ϕ,ψ ∈M ∗, then we set

mkD(ϕ,ψ) := sup
{|ϕ(ω)−ψ(ω)| :ω ∈ dom(D),D(ω) É 1

}
.

If J is any index set, we then set

MKD((ϕ j ) j∈J , (ψ j ) j∈J ) = sup
j∈J

mkD(ϕ j ,ψ j ).

S (M) consists of the maps of the form ζ ∈M 7→ϕ(〈ζ,ω〉) for
ω ∈M with D(ω) É 1, and ϕ ∈S (B).

Let now τ :A (ΠA,...←−−−−M (ΠB,...)−−−−−→B be a tunnel between metrical
C*-correspondences.

Definition (L., 23)

Let J 6= ; The separation sep (A,B |τ) of a family A := (a j ) j∈J in
B(A), and a family B := (b j ) j∈J in B(B), wrt τ, is

HausMKD

({
ϕ◦a j ◦ΠA :ϕ ∈S (A)

}
,
{
ψ◦b j ◦ΠB :ψ ∈S (B)

})
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The Spectral Propinquity

Definition (L., 18)

The spectral propinquity Λspec((A1,H1, /D1), (A2,H2, /D2)) between
two metric spectral triples (A1,H1, /D1) and (A2,H2, /D2) is

inf

{p
2

2
,ε> 0 : ∃τ tunnel from (A1,H1, /D1) to (A2,H2, /D2)

such that max
{
χ (τ),sep

(
(e i t /D1 )0ÉtÉ 1

ε
, (e i t /D2 )0ÉtÉ 1

ε
|τ

)}
É ε

}
.

Theorem (L., 18)

The spectral propinquity Λspec is a metric on the
class of spectral triples, up to unitary equivalence, i.e.
Λspec((A1,H1, /D1), (A2,H2, /D2)) = 0 if, and only if there exists
a unitary U : H1 →H2 such that U dom( /D1) = dom( /D2),

U /D1U∗ = /D2 and AdU *-isomorphism from A1 to A2.
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Matrix Models: Clock and Shift, Fuzzy Tori

Cn =


1 0 0

0 rn

0
0 0 r n−1

n

 and Sn =


0 1 0 0

0
0 0 1
1 0 0

,

with rn = exp
(2iπ

n

)
. Note that C∗(Cn ,Sn) =B(Cn).

Let /Dn be
defined on Hn =B(Cn)⊗C4 be defined by:

/Dn = n

2π

([
Sn +S∗

n

2
, ·
]
⊗γ1 +

[
Sn −S∗

n

2i
, ·
]
⊗γ2

+
[

C∗
n +Cn

2
, ·
]
⊗γ3 +

[
C∗

n −Cn

2i
, ·
]
⊗γ4

)
,

with γ jγk +γkγ j = δk
j ( j ,k ∈ {1,2,3,4}). Then (C∗(Cn ,Sn),Hn , /Dn) is

a spectral triple.
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Convergence of Fuzzy tori

Theorem (L., 21)

The sequence
(
C∗(Cn ,Sn),B(Cn)⊗C4, /Dn

)
n∈N, where

/Dn = n

2π

([
Sn +S∗

n

2
, ·
]
⊗γ1 +

[
Sn −S∗

n

2i
, ·
]
⊗γ2

+
[

C∗
n +Cn

2
, ·
]
⊗γ3 +

[
C∗

n −Cn

2i
, ·
]
⊗γ4

)
,

converges, for the spectral propinquity, to the spectral triple
(C (T 2),L2(T2)⊗C4, /DT2 ), where C (T2) = {(

e iθ,e iψ
)

: θ,ψ ∈ [0,2π]
}
,

and on a dense subspace of L2(T2)⊗C4, we set

/DT2 = cos(ψ)∂θ⊗γ1+sin(ψ)∂θ⊗γ2+cos(θ)∂ψ⊗γ3+sin(θ)∂ψ⊗γ4.

This result is extended to more general fuzzy/quantum tori (L., 21).
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Piecewise C 1 Fractals Curves

The Sierpińsky gasket

Let J =⊕∞
n=1 ⊕3n

j=1 L2([−1,1]) and /∂(ξ) =
(
2nξ′n, j

)
n∈N, j∈{1,...,3n }

.

For n ∈N\ {0}, let Cn,1,. . . ,Cn,3n be affine functions from [0,1], which
parametrize every edge of the level n triangles in S G n .

For
f ∈C (S G∞), we set f ·ξn, j := f ◦Cn, j (| · |)ξn, j .(
C (S G∞),J , /∂

)
is a spectral triple, constructed by Lapidus et al.
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Convergence of certain fractals

For each n ∈N, let /∂n be the restriction of /∂ to
JN :=⊕N

n=1 ⊕3N

j=1 L2([−1,1]), and let C (S G N ) acts on JN .

Theorem (Landry,Lapidus,L., 20)

Let (C (S G∞),J , /∂) be the spectral triple over the Sierpiński gas-
ket S G∞, and for each n ∈N, let (S G n ,Jn , /∂n) be its “restriction”
to the finite graph S G n . Then

lim
n→∞Λ

spec((C (S G∞),J , /∂), (C (S G n),Jn , /∂n)) = 0.
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Collapse!

Theorem (L., 23)

If (A,H , /D) is a spectral triple with 0 ∈ Sp( /D), then

lim
λ→∞

Λspec((A,H ,λ /D), (C,ker /D ,0)) = 0.
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Inductive Limits of Group C*-algebras

Theorem (Farsi-L-Packer, 23)

Let G = ⋃
n∈NGn be an Abelian discrete group, with (Gn)n∈N a

strictly increasing sequence of subgroups of G . Let σ be a 2-
cocycle of G . Let LH be a length function over G such that
limn→∞HausLH (Gn ,G) = 0 and LH is proper on each Gn . If there
exists a strictly increasing function scale :N→R such that, setting
F : g ∈ G 7→ scale(min{n : g ∈ Gn}), the length max{LH ,F) has the
doubling property, then

lim
n→∞Λ

spec((C∗(G ,σ),`2(G)⊗C2, /D),

(C∗(Gn ,σ),`2(Gn)⊗C2, /D |`2(Gn )⊗C2 )) = 0

where
/D := mulLH ⊗γ1 +mulF⊗γ2.

Applications: noncommutative solenoids, Bunce-Deddens
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Convergence of the Spectrum

Theorem (L., 23)

If (An ,Hn , /Dn)n∈N is a sequence of metric spectral triples converg-
ing to (A∞,H∞, /D∞) for the spectral propinquity, then:

Sp( /D∞) =
{
λ ∈R : ∀Nn ∃λn ∈ Sp( /Dn) λ= lim

n→∞λn

}
.

Moreover, under reasonable assumptions, the multiplicity of the
eigenvalues converge as well.
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Convergence of multiplicities

Theorem (L., 23)

If (An ,Hn , /Dn)n∈N is a sequence of metric spectral triples con-
verging, for the spectral propinquity, to a metric spectral triple
(A∞,H∞, /D∞), and if λ ∈ Sp( /D∞), such that:

1 there exists δ> 0 and N ∈N such that, for all n ∈N, n > N ,
the intersection Sp( /Dn)∩ (λ−δ,λ+δ) is a singleton {λn},

2 if (multiplicity(λn | /Dn))n∈N is bounded,

then

lim
n→∞multiplicity(λn | /Dn) = multiplicity(λ| /D∞).

From this, we can conclude, under similar assumptions, that
trace( f ( /Dn)) converges to trace( f ( /D)) for any f ∈C0(R); thus we
obtain convergence for spectral actions.
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Thank you!
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