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1. USING DERIVATIVES TO CONSTRUCT LOCAL APPROXIMATIONS

THEOREM 1.1: Characterization of first derivatives

Let f : I — R be a function defined on an open interval and a € I. The
function f is differentiable at a, with derivative number f’(a), if and only if
there exists a function p : I — R such that:

(1) limg_yq p(z) =0,

(2 vzel [f(z)=f(a)+(z—a)f'(a)+(z—a)p(x).

Proof. First, suppose that there exists p : I — R, with lim, p = 0 and:
Veel f(z)=f(a)+(z—a)f(a)+(z—a)p(x)
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for some number f’(a). Then:

F@) = (@) _ (o= a)(f'@) 0@ _ iy e, i

r—a r—a

so f is indeed differentiable at a, with derivative number f’(a).
Now, assume conversely that f is differentiable at a, with derivative number
f(a). For all z € I, we set:

p(x) =

Ootherwise.

{—f@;:w — f'(a) if x #a,

By definition of f being differentiable at a, we note that:

lim p(x) = 0.

r—a

On the other hand, a direct computation shows that:

f(@) = fa) + (z — a)f'(a) + (z — a)p(2),

) and p some
= 1, we get

tan(z) = 0+ 1 -z = z. We notice:

x tan(z)
0.1 | 0.1003...
0.01 | 0.100003 ...

We may apply the Taylor-Young to compute limits.

. Y
EXAMPLE 1.3: lim,_,o ¥£2=1

By the Taylor-Young Theorem, there exists a function p with limgp = 0
such that:

dv/1
Vi+z=vV1+0+ T”(O)-ac—l—xp(x)

1 1
=1+ §x+xp(x) =1+ §x+mp(x).

Therefore:
Vitz-1 zz+xp(r)
T B T
1 x—0 1
== _— .
3 T o) 3
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EXAMPLE 1.4: lim,_,o ¥AEz2=2

By the Taylor-Young Theorem, we have v/1+z =1+ £z + zp(x) for some
function p with limg p = 0. We then compute:

VITZE -2 241+ (3)°-1)

VATa?—2

xZ

EXAMPLE 1.6: Alternate computation of lim,_q

Let f(r) = V4 +22. Then f'(z) = ﬁlﬁ and thus there exists p with
limg p = 0 such that v4 4+ 22 = /4 + 0 -z + xp(x). Hence:

f(xl—2 _ 2+xpa(:x) -2 _ () a0, o

xp(22)
o

EXAMPLE 1.7: lim,_,o &

exp(22%) —1 1+ 22° +22%(22%) — 1
7 &

z—0

2+ p(z?) = 2.




4 FREDERIC LATREMOLIERE

2. L’HOPITAL’S RULE

THEOREM 2.1: Cauchy’s mean value theorem

If f:[a,b] = R and g : [a,b] = R are two continuous functions which are
differentiable on (a,b), then there exists ¢ € (a,b) such that:

f'(€) (g9(b) — g(a)) = (£(b) = f(a)) g'(c).

Proof. Let ¢ : @ € [a,] = f(w)(g(b) — g(a)) — g(2)(f(B) — f(a)). By assumption,
© is continuous on [a,b] and differentiable on (a,b). By the Mean Value Thoerem,

there exists ¢ € (a,b) such that:

0=p(b) —p(a) = ¢'(c)(b—a) = f'(c)(g(b) — g(a)) — g'(c)(f(b) — f(a)),
as desired. [l

THEOREM 2.2: L’Hopital’s rule

Let a < b€ R. Let f: (a,b) > R and g : (a,b) = R be two differentiable
functions on (a,b). If lim, f = lim, g = 0, if ¢’(z) # 0 for all z € (a,b), and
if 1% has a limit on the right of a, then:
/
f@) @)

ey g(x)  zoat g'(z)

Proof. Let:

g(x) if x € (a,b),
0if x =a.

F:xe[a,b)H{f(_x)lfxe(a’b)’ andG:xG[a,b)r—){
0if z = a,

By assumption, since f and g are continuous since differentiable on (a,b) and both
have limit 0 at a, we conclude that F' and G are both continuous on [a, b). Moreover,
both are differentiable on (a,b) with F/ = f" and G’ = ¢'.

Let x € [a,b). The function g is continuous on [a, z] and differentiable on (a,x)
so by the mean value theorem, there exists v € (a, z) such that g(x) = g(x)—g(a) =
g (v)(x —a) #0. So g is not zero on (a,b), and thus G is not zero on (a,b).

For all z € (a,b), by the Cauchy’s mean value theorem, there exists v, € (a,x)
such that G'(v;)(F(z) — F(a)) = F'(7.)(G(x) — G(a)), which by assumption leads
to G'(v2)F(z) = F'(7v,)G(z). Therefore:

F(z) _ F'(3)
Cl) ~ Tl

Vz € (a,b) Ty, 0<7v,—a<2x—aand

Let I = lim,+ f—,/ First, by construction, we of course have | = lim,+ g—: Let
€ > 0. There exists § > 0 such that for all z € I such that 0 < x —a < §, we have

‘F(”:) —l‘ < g. Therefore, if 0 < x —a < §, then 0 < 7, —a < § so it follows that:

G (z
19 5[5 <

This concludes our proof. [
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COROLLARY 2.3

Let b<a€R. Let f:(b,a) > R and g : (b,a) — R be two differentiable
functions on (b,a). If lim, f = lim, g = 0, if ¢’(x) # 0 for all = € (b,a), and
if =gL: has a limit on the left of a, then:

f@) _ o P@

Proof. We apply L’Hopital’s rule to the functions h : z € [a,2a — b) — f(2a — x)
and j:x € [a,2a — b) — g(2a — z). O

COROLLARY 2.4

Let d <a<beR. Let J = (d,a)U(a,b). Let f: J - Randg:J — R
be two functions which are differentiable on (d,a) and (a,b). If lim, f =

lim, g =0, if ¢’(z) # 0 for 2 € J and if =gL: has a limit at a, then:
/
tim 1 _ pi (@

wha glz) e g'(z)

Proof. This follows from the characterization of two-sided limits using one-sided
limits, and the L’Hopital’s rule. O

REMARK 2.5

We note that much effort was put in writing L’Hoépital rule with the as-
sumption that neither the numerator nor the denominator function need to
be differentiable at the point where the limit is sought. If we assume that
we are given two functions f : (b,d) — R and g : (b,d) — R which are
differentiable at some a € (b,d), if ¢'(a) # 0, if g(a) = f(a) = 0, and if
g(z) # 0 for all z € (b,d), then:

This is a much simpler result, with an easy proof, which does not even
assume that f and g have a derivative anywhere but at a.

COROLLARY 2.6

Let f : [b,d] = R be continuous, and differentiable on (b,a) and (a,d) for
some a € (b,d). If f’ has a limit [ at a then f is differentiable at a and

f(a) =1

Proof. Let J = (b,a) U (a,d). We note that z € J — f(z) — f(a) has limit 0 at q,
as does x € J — (z — a). Moreover, the latter function has derivative 1 on J. By
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L’Hopital’s rule, we note:

i @) = (@) _

z—a T —a z—a 1

as desired. O

THEOREM 2.7: L’Hépital’s rule for oo limits

Let a < b. If f: (a,b) > R and g : (a,b) - R are two differentiable
functions such that:
(1) limg+ f = limg+ g = oo,
(2) ¢'(z) #0 for all x € (a,b),
(3) g—: has a limit on the right of a,
then:
f(z) =)

— = 1 .
r—a,r>a g(x) x—)zlzI,le>a g/({E)

Proof. We first note that by reducing b is necessary, we may assume that g(z) # 0.

Write | = limy 4 2>q %

Let € > 0. There exists d; > 0 such that if 0 < x —a < d; then‘ ) —l‘ 3+€.

Set ¢ = a + d. By the Cauchy mean value theorem, for all x € (a,c), there exists
Yo € (2,¢) such that f'(v.)(g(c) — 9(z)) = ¢'(72)(f(c) — f()). Since limy+ g = o0,
we have lim,+ (gc) = lim,+ % = 0, so there exists d; > 0 such that if 0 <z —a <
62, we have:

€ g(c) . e €
< -and |==|<min< -, —— ¢.

3 ’g(x) {3 3(|l|+1)}
Moreover, we note that for all x € (a, c) we have g(c) — g(x) # 0 by the mean value
thoerem since ¢’ is never 0 on (a,c¢). Now if 0 <  — a < min{dy, d2}, we estimate:

‘J”()
9(x)

f@) | @ - f© | |f©
‘x Z‘< o) ”‘@
@@, ) ’ o) 90|, |S0)
g(x) —g(b) g(w)—g(C) gw) g(x)
f@) = f©) |9 - g@)| /)
< o@ —9) l‘ e) *‘lgcr) +‘g<x>
1) 9(e) g(c f(e)
s lHl ol *’lg:v *’ ()
<e€

This concludes our proof. ([
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|

COROLLARY 2.8

Let b < a. If f: (b,a) > R and g : (b,a)) — R are two differentiable
functions such that:

(1) lim,- f = lim,- g = oo,

(2) ¢'(z) #0 for all x € (b,a),

(3) % has a limit on the left of a,
then: ,

im _f(x) = lim / (a:)
r—a,x<a g(x) r—a,x<a g/({E)

Proof. We replace f and g with z € (a,2a —b) — f(2a — z) and z € (a,2a — b) —
g(2a — ) and apply our previous theorem.

O

|

COROLLARY 2.9

Let @ > 0. Let f : (a,00) - R and g (a,00) — R be two differentiable
functions with ¢’(z) # 0 for z > a. If * has a limit at co and if lime, f =
limy, g =0 (or if limy f = lime g = :I:oo) then:

o 1@ £

T—r00 g(x) ILII;O g’(m) ’

Proof. Letl:limoog. Let h:x € (0,1) » h(i)andj:ae( )|—>g(
note that h and j are differentiable with h'(z) = =3 f' (1) and J (x
for € (0,a™!). Therefore:

)

~
|
H
~
—
8=

W)  f(3) w0t
i) g(3)
Moreover by assumption, limg+ h = limg+ j = 0 (or both are infinity). Conse-

quently, we may apply L’Hopital’s rule to deduce:
h(z) _

x—>(l)r,£:1>0 j(x) -

l.

O

Therefore limg, 5 = [ as desired.

3. TAYLOR-YOUNG THEOREM

To motive our result, we begin with:

If P is a polynomial of degree n then for any a € R:

" pU)(g ,
Vz e R P(:l:):zpjl( )(a?—a)J.
=0
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Proof. Let a € R. We make the induction hypothesis that if P is a polynomial of
degree at most n then:
n,opU )
Vz e R P(m)zz ,(a)(m—a)J.

|
=0

The result holds for P = 0 trivially. If n = 0, i.e. P is a nonzero constant
polynomial, then P(x) = P(a) for any x € R. Assume our hypothesis holds
for some n € IN. Let P be a polynomial of degree at most n + 1, written as
P(X) =3¢ X7 for co,...,cpt1 € R. Then P’ has degree at most n, so by our
induction hypothesis:

n (j+1)
VeeR Plo) =Y 20

(x —a).

il
=0 7
On the other hand:
n+1 ) n )
Pla) =S jei(e—ay =t = 3G+ ejp (@ — a).
j=1 §=0

for all z € R. By uniqueness of the coefficients of polynomial, we conclude that

PUHD(q)  pUtD (g , :
Cip1 = (j+1)-(j!) = (j+1)(! ) for j € {0,...,n}. We also note again that ¢y = P(a).

We thus have proven our induction hypothesis for all n € IN. [l

The main theorem of this section is:

THEOREM 3.2: Taylor-Young

If f: I — R is a function continuous on an open interval I and a € I,
and if f has n derivatives on (a,b), then there exists p, : I — R with
lim, p, = pa(a) = 0 and:

The conclusion of Theorem (3.2) can be restated as:

(3.1) i 1)~ X0 L4 (@ — a))

=0.
z—a (x —a)”

This limit obviously follows from Theorem (3.2). On the other hand, if
Equation (3.1) holds, then setting:

f@) -, f(jj)!(a) (z—a)’
p:relr— xm
0if x =a.

if z # a,

We will employ either formulation whenever convenient.

We propose two proofs of this important theorem.
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First proof of Taylor-Young’s theorem. We make the induction hypothesis that if
n € Nand f: I — R is a function with n derivatives at a € I for some open
interval I then:

) ,
@) =3 M e —a)?
lim = 0.

T—a (;(; — a,)”

For n = 1, we note that the induction hypothesis holds by the very definition of the
derivative. Assume now that our hypothesis holds for some n € IN. Let f: I — R
be some function (n 4 1) times differentiable at some a in an open interval I. In
particular, f’ is well-defined on some open interval J C I with @ € J, and has n

derivatives at a. By induction hypothesis:

(5+1) a .
@)= @ (2 — a)
z—a (x — a)”

=0.

Now, the function z € J — (z—a)""! is differentiable on J with nonzero derivative
except at a. By L’Hopital rule, we then have:

n D (a , n fUHD (g ,
@) - @ ey 1 fa) - L (e — )
lim = lim = 0.
z—a (x —a)nt! z—amn+1 (x —a)”
This complete our proof by induction. O

Our second proof requires a few lemmas.

If f:[a,b] = R and g : [a,b] — R are continuous functions over [a, b],
differentiable on (a,b), and if for all z € (a,b):

then:

Proof. Let h = f — g. Note that h is continuous on [a,b] and differentiable on
(a,b), so by the mean value theorem, there exists ¢ € (a,b) such that h(b) — h(a) =
W (c)(b—a). Now, W' = f' — ¢’ <0, so:

f(0) = fa) = (9(b) — g(a)) = f(b) — g(b) = (f(a) — g(a))

as desired. O

LEMMA 3.5: Comparative growth rate inequality

If f:[a,b] > R and g : [a,b] — R are continuous functions over [a, b],
differentiable on (a,b), and if for all « € (a,b):

|f'(@)] < g'(x)
then:
|£(b) = f(a)] < g(b) — g(a).
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Proof. By assumption, ' < ¢’ on (a, b) o f(b) — f(a) < g(b) — g(a). Moreover,
again by assumption, —f" = (=f)" < ¢', so (=f)(b) — (=f)(a) < g(b) — g(a), ie.
fla) — f(b) < g(b) — g(a). Hence |f(b) — f(a)|] < g(b) — g(a) as desired. O

If f: 1 — R with I an open interval and a € I, and if, some some n € N,
the function f has n + 1 derivative at a, and if moreover there exists a
polynomial P of degree n such that:

o £1(0) = P(@)

T—a (x — a)"
then, for @ =z € R+ [ P, the following holds as well:
lim f(z) = Q(z)

r—a (IB = a)n+1

=0

=0

Proof. Let f be a function with (n + 1) derivatives at a. We set:
g:x el f(z)—Qx).

We note that g is differentiable on some closed interval [a — §,a + §] for some § > 0
and, if x € [a — §,a + J] then:

By assumption, lim,_., % = 0. Let € > 0. There exists n € (0,9)

such that if |z — a| < n then |¢/(z)| < |x — a|™e. Consequently by Lemma (3.5),
lg(z) — g(a)|] < |z — a|*'e. Hence:

e (@) = Qe = lg(a) — g(a)

1 |n+1E _

= o — a|ntl o —a

Hence we have proven our Lemma. O

Second proof of Taylor-Young’s theorem. Characterization of the first derivative proves
our present result for n = 1 and the result is trivial for n = 0 by continuity if f at

a. We now assume that for some n € N, if h is any function with n derivatives at

a, then:

n h9(a ,
_h(z) = Y P (w — a)
lim
z—a (;(; — a,)”
Let now f be a function with (n + 1) derivatives at a. Set:

=0.

ntl oe(j)
Q: xGI[{r—>ZfJ() —a)’.
Then we note that:
n+1f ()
Q- xE]Rn—>Z (e —a) Tt
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"G+ (g _
-3 fi:() (z — a).
=0 L
Now, since f’ has n derivatives at a, we have by our induction hypothesis that:

f'(z) = Q'(x)

;llg (x —a)” =0
Consequently, by Lemma (3.6), we conclude that:
o 10— Q) _

z—a (z —a)"tl

as desired. Thus our induction hypothesis is proved by induction.
Our theorem is thus proven. ([

DEFINITION 3.7: Taylor Polynomials

Let f : I — R be a function with n derivatives at a € I. The Taylor
polynomial of f at a is:

z€R+— Zn: f(j?'(a) (x —a)’.
=0

If P is a polynomial of degree at most n € IN, if a € R and if z € R\ {a} —

I(Dz(f;)? has a limit at a then P = 0.

Proof. We make the following induction hypothesis: if n € N, a € R and P is a
polynomial of degree at most n then z € R\ {a} — I(Z(f;)an) has a limit at a then
P = 0. The result is trivial for P = 0. If n = 0 then P is contant, and the function
T #ar % does not have a limit at a unless P = 0. Now, assume our hypothesis
is valid for some n € IN and let P be a polynomial of degree at most n + 1. First

we note that if z € R\ {a} — (f(‘zi)_,ﬁzl has a limit at a then we must have:

P(0) = lim P(z — a) = lim Pz —a)

S\ (e g\
—a T—a ($ _ a)"“ (l’ Cl) =0.

Hence there exists a polynomial @ such that P(z) = zQ(x) for all x € R. Note
that @ has degree at most n and moreover:

Qr—a) Plrx—a) z-a

(r—a)" (v —a)"t! 0

By induction hypothesis, @ = 0 and therefore, P = 0. O
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THEOREM 3.9: Uniqueness of Taylor Polynomials

Let f: I — R for some open interval I, and a € I. If f has n derivatives at
a, if p: R — R is a polynomial, and if p is some function on I with limit 0
at a, such that:

Veel f(z)=plx—a)+(z—a)"p(x)
then x — p(x — a) is the Taylor polynomial of order n of f.

Proof. By Taylor-Young theorem, there exists n : I — R with lim, n = 0 such that
for all x € I we have:

soforxzel, x#a:

n @) (g .
plz—a)— Yo L5 (@ — a)! ) oo

(z —a)
) (q - .
Now, = — p(xz — a) — Z?:o %,()(x —a)? is a polynomial of degree at most n by
assumption. Thus by Lemma (3.8), it must be null, as desired. O

4. COMPUTATION OF SOME TAYLOR POLYNOMIALS

CONVENTION 4.1

We reserve the letter p for any function defined near 0, with p(0) = 0
limg p.

THEOREM 4.2

For all n € IN there exists p : R — R with p(0) = limg p such that:

no
75 " z2 " n
Ve R exp(m):;ﬁ+m p(:z:):1+x+?+...+m+x p(x).

Proof. This follows from a direct application the function exp, which has infinitely
many derivatives on R given by exp(™ = exp for all n € IN by a trivial induction
(exp® = exp and if exp(™ = exp then exp®*t!) = exp’ = exp). We conclude
noting that exp(0) = 1. O
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COROLLARY 4.3

For all n € IN there exists p : R — R with p(0) = limg p such that:
2 xZn

x?% 5 0
" =4 =90
2! + 2" p(z) 4 7 IF ooa F @2n)!

Vz € R cosh(z) = Z + 22 p(z).

n
Jj=0 (

Proof. Let n € IN and let p be given by Theorem (4.2) so that:

2n ;
! n
exple) = Y 5+ a¥p(a)
J=0
Therefore:
Ve e R cosh(z) = exp(z) —|—2exp(—a:)
1 [~ 2% — (—x)¥ 2
=1 +° + 2% p(z)
| |
2 (]_0 @)t = (2)
I A,
- 2_Z Gy Y
7=0
=Y < +2""p(x)
|
= (29)!
since:
- foifj=1
1+ (-1) = ’
(=1) {2 otherwise.
By Theorem (3.9), we have proven our theorem. O

COROLLARY 4.4

For all n € IN there exists p : R — R with p(0) = limg p such that:
. n x2j+1) S
Vr € R sinh(z) = jgo TS + 2" p(x)
23 22t _—
—x+§+...+m+x p(x).

Proof. The proof is similar as the one for cosh. ]
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THEOREM 4.5

If n € IN, there exists p : R — R such that limg p = p(0) = 0 and:
. = (LAt 2n+1
Vz e R sin(z) = —_ "oz
© =3 5 («)
{173 LZ?S (_1)nx2n+1 —_—
—x—§+a+...+m+$ p(x).
If n € IN, there exists p : R — R such that limg p = p(0) = 0 and:
n o
— 1) 29
Ve e R cos(z) = Z % + 2% p(x)
= (@)
.TQ 4 ( 1 nx2n "
=l-gr+pt-t (2) I + 27" p(2).

Proof. We set our induction hypothesis: if n € IN then sin®"(z) = (—1)"sin(z)
and sin®®"*V(z) = (=1)"cos(z) for all z € R. A direct computation shows this
hypothesis holds for n = 0. Assume that this hypothesis holds for some n € IN.
Then:

I
sin?(*D) = gin?n+2 = (sin(%)> = (=1)"cos’ = (—1)"""sin.
Similarly:
I
sin?(MFDHL — gip2nt3 — (sin(2"+2)> = (=1)""'sin’ = (=1)""" cos.

Thus our hypothesis holds for all n € IN by induction.

In particular, sin®(0) = 0 and sin®®"*Y(0) = (—1)" for all n € IN. From this,
our theorem follows by applyting Taylor-Young theorem.

The proof goes along similar lines for cos. (]

DEFINITION 4.6: Binomial coefficients

For any o € R and n € IN, n > 0, we set:

(a> :ﬁa—(j—l) :a(a—l)-~-(a—n+1).

J n!

j=1

We also set (§) = 1 by convention.

REMARK 4.7

If n,k € N and k < n then (fl) = 0.
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THEOREM 4.8: Binomial Taylor expansion

Let o € R\ {0}. If n € IN, then there exists p : (—1,00) — R such that
p(0) = 0 = limg p and:

Vo>—1 (1+2)%= i (j)xﬂ + 2"p(z).

Jj=0

Proof. We make the induction hypothesis: if n € IN, n > 0 then for all z > —1, we
have % = H;;l(oz —(j—1))(1 + x)* ™. This hypothesis holds for n =1 by
direct computation. If this hypothesis holds for some n € IN, n > 0, then for any

z>—1:
(1) Il (a— G D)1+

dxntl dx
o d(1 + )"
e
~[la— G- ta—mPEED 1 4 gpenas
j=1
n+1

(a - (j — 1)1+ )+,

<.
I
—

Thus our hypothesis holds for all n € IN,n > 0. Now, for n € IN,n > 0, by
Taylor-Young theorem, there exists p : (—1,00) — R such that limgp = 0 = p(0)
and:

Voe>—-1 (1+2)*=1 +an Hj‘l(aj_! G=1) + 2" p()

= :O (j) & + 2" p(x)

J
as desired. O

The binomial expansion gives a few interesting corollaries.

COROLLARY 4.9: Newton’s Binomial formula

If z,y € R and n € IN then:

Calculus based proof. We note that there is a very general algebraic proof of this
formula valid in any commutative ring, but here we present a proof based on Taylor’s
expansion.
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Let z,y € R and n € IN, n > 0. Note first that if y = 0 then the result is trivial
(the only nonzero term in the right hand side sum is 2™, i.e. the only term without
a positive power of y). Assume now y # 0.

We then have (x + y)" = y" (1 + %) . Now, x — (1 + %) is a polynomial of
degree n, so it equals its Taylor polynomial at order n. Now by Theorem (4.8):
z\" "L /n\ @
Vo> -1 (l+) - ()
Y jz:;) Iy

As two polynomials which agree on an infinite subset of R must agree on all of R,

we have shown that:
z\" "0\ 27
Vo eR <1+) _ ()
Y Z 7 y]

=0

Therefore:

as desired. O

COROLLARY 4.10: Geometric sums

If n € IN, then there exists p : (—1,00) — R with limg p = p(0) = 0 and:
n

Vo > —1 =Y (-1)zd 4 2" p(z).

First proof: Binomial formula. By Theorem (4.8), there exists p : (=1,1) — R
with limg p = rho(0) = 0 and:

14z

J

Vo e (—1,1) LI (_]1> 2" p(x) = Z(fl)jxj + 2" p(z).
=0

Second proof: algebraic manipulation. For = € R:
n n n
(1 —x)ij = ij - ij"’l
§=0 §=0 §=0
=1—z"M!

1—gnt!
1—x

1 LI T
—_— J n

and since lim, o 1% = 0, so by uniqueness of the Taylor polynomial, the Taylor

polynomial of z — = at 0 of order n is = — > i—oa’. Again by uniqueness of

the Taylor polynomial, we conclude our theorem by substituting —x for z. [

so for all x # 1 we have = Z;'L:o 27.. Hence, for all x # —1 in particular:
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COROLLARY 4.11

If n € IN then there exists p: (—1,00) — R with limg p = p(0) = 0 and:

(_1)j_1xj n
Ve > -1 In(l+z) :Zf—%m p(x).

n

Jj=1

Proof. Let n € IN, n > 0. Since:

U
T~ Do (-1

lim 1 = 07
z—0 x
and since w = H% for all x > —1, we conclude by Lemma (3.6) that:
G140
In(1+z) -0, G2
lim Qo) = 2jm =5 _ 0,
z—0 "

and thus our corollary follows from the uniqueness of the Taylor polynomial. [

COROLLARY 4.12

If n € IN then there exists p: (—1,00) — R with limg p = p(0) = 0 and:

N (1) g2+l
Vo > —1 arctan(z) = Z %
; J

Jj=1

+ $2n+1p(.’1}).

Proof. By Corollary (4.10), there exists p with the desired property and:

Vo > -1

1+x 4

7=0

so:
1 n
_ i 2 4 .2n
Ve > —1 Toa Z(—l)]x T+ 2" p(x)
7=0
Since arctan’(z) = ﬁ for all z € R and since:

N O 1 GV

=0
z—0 2"

we conclude by Lemma (3.6) that:

n (,1)jm2j+1
_arctan(z) — Y0, =T
lim =0
z—0 {E2”+1

and therefore, by uniqueness of the Taylor polynomial, we conclude our proof. [
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COROLLARY 4.13

If n € IN, then there exists p : (—1,1) — R such that limg p = p(0) = 0 and:

n (—_%)xzjﬂ
Vo € (—1,1) arcsin(z) = Z ;—1 + 22 (),
i 9t
and thus:
1 N
n —2 1172]+1
Vo € (—1,1) arccos(z) = g - jZO (]2]% ().
Proof. By Theorem (4.8), we have:
n -1 ;
. 11,w2 - ijo ( j2)x2]
lim 5 =0
z—0 ="
thus by Lemma (3.6), we thus have:
n (7)o
arcsin(z) — Y27 st
lim 5 ! =0,
z—0 x2ntl
which concludes our corollary by uniqueness of the Taylor polynomial. O

We conclude with a more complicated example. As a first step, we note:

LEMMA 4.14

If f: I — R with I a nonempty open interval symmetric with respect to 0,
if f is odd, and if f has 2n + 1 derivatives on [ then:
n FEIADQ) o
e T®) — Xjco T
x—0 $2”+1 B
for some ag,...,a, € R. If instead f is even then:
29(0) 25
. f@) =3 f(2j)! z
ili% xz2n =0
Proof. If f is an odd function and is differentiable on I then, since f(—z) = — f(x)

for z € I, we conclude —f'(—z) == f'(z) for x € I so f’ is even. Similarly if f is
even then f’ is odd. Thus by an easy induction, if f is odd then fG7*1 is even
and f(®™ is odd if f has 2n + 1 derivatives on I. Thus in particular, f(2))(0) = 0
for all j € {0,...,n}. A similar proof applies to f even. |
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COROLLARY 4.15

Let:

apg = ]_,
— 1 n—1 .
{a" = 2n+1 (ijo ajan—j—l) if n > 0.

Note that (an)nen = (1, %, %, %, .. ) If n € IN then:

_\\n 25 +1
. tan(z) =300 g a; B
lim =0.

Proof. Let I = (—%,%) We shall use the relation: tan’ = 1 + tan®. As tan
has infinitely many derivatives on I, Theorem (3.2) holds for all n € IN. Let
P,(x) = Z?ZO a;z* ! be the Taylor polynomial of tan of order 2n + 1, centered at
0 — note that tan is odd. An easy computation shows that Pj(z) = x so ap = 1. Let
(2j+1) ,
now n > 1. As tan’ has 2n derivatives at 0 and since P = Z?Z‘gl %XQJ“,
) —2n  (tan")®D(0) y-25 - . ’
we note that P’ = ijo TX 7 is the Taylor polynomial of tan’ at 0 of

order 2n, and thus by Theorem (3.2):
tan’(z) — P/ (z)

lim 5 =0
z—0 Ten
SO
1 2 _ p/
lim + tan®(z) — P (z) _o.
—0 x2n

tan(z)— Py (

. . . t — Py
Since lim,_,¢ le) =0, we have lim,_,q tan(@)=Pu(2) _ () g0

tan?(z) — PZ(z)  tan(z) — P, () tan(z) + Po(2) nooo
xr2n - xrn xrn

0.

Therefore:
2 _ p!

z—0 x2n

=0.

In particular, the coefficient of 2" is given by —(2n + 1)a,, + Z;L;Ol @;Gn—j—1 and
must be zero by Lemma (3.8). O

5. SEQUENCES

DEFINITION 5.1: Sequence of real numbers

A sequence of real numbers is a function from IN to R.

NOTATION 5.2

A sequence is some function f: IN — R. We will adopt the family notation
when working with sequences, where instead of writing f, we will explicitly
list its values as indexed by n € N, i.e. we write f as (z,)neN, Where
2, = f(n) for all n € IN. This notation is here to help our intuitions that
sequences are a sort of infinite (countable) tuple, which we can enumerate
for as many entries as we want.
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DEFINITION 5.3: Truncated sequence of real numbers

A truncated sequence (x,)n>n of real numbers is a real-valued function from
the subset {n € IN : n > N} of natural numbers greater of equal to some
N e IN.

CONVENTION 5.4

If (zn)n>n is some truncated sequence, then setting z; = 0 for all j €
{0,..., N — 1} extend (z,)nen to a sequence. As we will only be interested
in the problem of limits of sequences at infinity, we will adopt this convention
when working with extended sequences all throughout.

DEFINITION 5.5

If (@n)nen and (yn)new are two sequences, then their sum is (2, + yYn)nen
and their product is (z,Yn)nenN-

6. SUBSEQUENCES

A subsequence is simply a sequence built from another one by “removing” certain
entries (altogether, possibly infinitely many). We will write such sequences by
specifying the function which selects which entries we keep. Note that entries of
a subsequence are kept in the same order as in the original sequence and can not
appear more often than they already do in the original sequence.

If o : N — IN is a strictly increasing function, then for all n € IN we have
o(n) = n.

Proof. By definition, ¢(0) € IN so ¢(0) > 0. Assume p(n) > n for some n € IN.
Then p(n+1) > p(n) 2 nso p(n+1) =n+1 (as n+ 1 is the smallest element of
IN strictly greater than n). (I

A subsequence of a sequence (z,)nen is a sequence of the form (2, (,))nen
for some strictly increasing function ¢ : N — IN.

7. CONVERGENCE OF SEQUENCE

The intuition for the convergence of sequence is as follows. Suppose we plot the
sequence (%)n>1 on a real line with a pencil. After putting the first few points,
all other entries basically become indistinguishable from 0. This is because while
none of the entries of this sequence are null, there is some error in measurement
when placing our points — for instance because our pencil has some thickness. We

could distinguish more entries if we “zoom” on our graph by changing our scale and
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using more precise instruments, but the phenomenon occurs again, just later on.
In contrast, a sequence like ((—1)™),en or (2,3,5,7,11,13,...) do not possess this
property. In the first case, while all entries are indistinguishable from two points,
we keep going from one of these values to the other has we plot the sequence, that
is: to the precision at which we work, the sequence never seem to become constant
up to minute errors. In the second case, no entry is particularly close to the other
ones, so with an appropriate scale, we can keep drawing our sequence — though we
will discuss that the fact we need ever more paper to do so is a hint of a interesting
behavior at infinity as well.

Let us formalize our intuition saying that a sequence (2, )nen converges to some
real number [ when, no matter how small an open interval we draw around [ —
our way to model our “measurement error near [” — only finitely many entries of
(zn)nen ever appear outside of this small interval. Another way to say this is that,
after a while, all entries of (z,,)nen lie within the given interval.

More formally, if I is some open interval containing [ then there exists N € IN
such that if n > N then x,, € I. Very importantly, the choice of N depends on I,
and if IV is a good choice, so is K for any K > N.

One last observation is helpful. An open interval I containing [ always contains
an open interval of the form (I — ¢,l + ¢) for some € > 0. Hence it is easy to
check that we may as well work with symmetric intervals around [ in our definition.
Putting all this together, we get:

DEFINITION 7.1: Convergence of a sequence

A sequence (z,)nen in R converges to | € R when:
Ve>0 INeN VnelN (n>N) = |z, <e.

When a sequence does not converge, it is said to diverge.

THEOREM 7.2: Uniqueness of the limit of a sequence

If a sequence (z,,)nen in R converges to !l € R and I’ € R then [ =I'.

Proof. Assume I # . Let € = §|l — I|. Then there exists N € IN such that for all
n = N, we have |z, — I| < ¢ and there exists N’ € IN such that for all n > N’ we
have |z,, —I'| < e. Then, for n = max{N, N’} we have:

= 1) <= @] + |z — U] < 26 = |l = U]

We have reached a contradiction, so [ =1’ (Il

NOTATION 7.3: Limit notation

If () nen is a sequence in R which converges to [, we denote [ by lim,, 0 .
We will also say that (2, )nen has a limit, or has limit { (at infinity).

THEOREM 7.4

Let 7 € N,r > 0 and M € R. The sequence (44 )

nen Converges to 0.
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Proof. Let € > 0. Let n = sup{z € R : 2" < €}, which exists as the supremum of a
nonempty bounded subset of R. Since R is Archimedean, there exists N € IN such
that N > % Thus, for all n > N we have:

M| _ M)

<e.
n’f‘
This concludes our proof. O

v a

THEOREM 7.5: Finite changes do not impact convergence

Let (25)nen and (yn)new be two sequences. If there exists N € IN such that
for all n > N we have x,, = yp, then (z,),en converges to [ € R if and only
if (yn)nen converges to [.

Proof. Assume that (z,),en converges to . Let € > 0. There exists N’ € IN such
that for all n > N’ we have |z,, — | < e. Let n > max{N, N'}. Then y, = z,, and
thus |y, —I| < e. Thus (yn)nen converges to I. The result is symmetric in the role
of (xn)nGN and (yn)nelN‘ O

REMARK 7.6

We can thus use Theorem (7.5) to work with truncated sequences, i.e. func-
tions from {n € IN: n > N} to R for an arbitrary N € IN: such truncated
sequences can be regarded as sequences by completing them with 0 for the
first N entries, without changing the behavior at infinity.

THEOREM 7.7: Characterization of convergence

A sequence (z,,)nen converges to I € R if and only if (|2, —|)nen converges
to 0.

. J

Proof. This is by definition since ||z|| = |z| for all € R. O

THEOREM 7.8: Convergence of subsequences

Let (z5,)nen be a sequence in R. If (z,),en converges, then every subse-
quence of (,,)nen converges to the same limit.

Proof. Let [ =lim,,_,o0 . Let ¢ : IN — IN be strictly increasing. Let € > 0. There
exists N € IN such that for all n > N we have |z, — | < e. Since ¢(n) > n for all
n € IN by Lemma (6.1), we conclude that for all n > N we have |z,,) — 1| <e. O

THEOREM 7.9: Another characterization of convergence

A sequence (2,,)nen converges to I € R if and only if every subsequence of
(Zn)new has a subsequence converging to [.
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Proof. Theorem (7.8) shows that the condition is necessary: if (x,)nen converges,
so does every subsequence of (2,,)nen.

Suppose now that (z,),en does not converge to I € R. Thus, there exists € > 0
such that for all N € IN, there exists n > N such that |z,, — | > . Thus, for any
N e, theset {n € N:n > N and |z, — | > €} is not empty.

Let ¢(0) = min{n € N : |z, — | > €}. Assume that for some n € IN we have
constructed ¢(0) < ¢(1) < ... < @(n) such that [x,,) — | > €. Let:

on+1)=min{k e N:k>¢(n)+1and |z, — 1| >¢}.

We thus have constructed ¢ : IN — IN strictly increasing such that for all n € IN, we
have |x,,,) — I| > €. The subsequence (z,(,))nen has no subsequence converging
to I, thus proving our theorem. (I

8. ORDER AND LIMIT

THEOREM 8.1: Convergence implies bounded

If a sequence (z,,)nen in R converges, then it is bounded.

Proof. Let | = lim,,_.o x,. There exists N € IN such that for all n > N, we have
|zn, — 1] <1s0 |z,| <|l|+1. Let M = max{|l| +1,|z,|:n € N,n < N}. Then for
all n € IN we have |z, | < M. O

THEOREM 8.2: Comparison of limits

Let (zp)nen and (yn)new be two convergent sequences in R. If there exists
N € N such that for all n > N we have z, < y,, then lim, .z, <

limy, 00 Yne-

Proof. Let I, = limy, o0 @, and I, = lim, o0 yn. If I, > I, then let e = 25l > 0.

There exists N, € IN such that for all n € IN with n > N,, we have [, —¢ < x,, <
l: + . In particular, x,, > % for all n > N,.

There exists N, € IN such that for all n > N, we have [, — e <y, <, +¢€, so
in particular % > Yn-

For n > max{N,, N, }, we have x,, > y,, which proves our theorem by contrap-
position. ([

THEOREM &.3: Lower bound

If (z,)new converges to I > 0 then there exists N € IN such that for all
n)Nwehavexn>%.

Proof. Let ¢ = %l. There exists N € IN such that for all n > N we have z,, >

l—e=14 O

R
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THEOREM 8.4: Squeeze Theorem

Let (zn)nen, (Yn)nen and (2, )nen be three sequences in R such that:
(1) there exists N € IN such that for all n > N we have z,, < y, < 2,
(2) the sequences (x,)nen and (z,)nenw converge and lim, oo 2, =
lim,,— o0 2n-

Then (y,)nen converges and lim,, o ¥y = limy,—s 00 T,

Proof. Let | = limy, 00 T, = limy,—y00 25, Let € > 0. There exists N, € IN such
that for all n > N, we have |z, — ] < esol—¢e < z,. There exists N, € IN such
that for all n > N, we have |z, — | < €s0 z, <l+e¢e. Let n > max{N, N,, N, }.
Then:

l—e<z, <yn<z,<l+e.

This concludes our proof. (I

COROLLARY 8.5

If (z,,)nen converges to ! € R then (|z,|)nen converges to |I|.

Proof. For all n € N we have 0 < ||z, — |I|| < |#n —I|. Conclude by applying
Theorem (8.4). O

9. LIMITS AND ALGEBRA

THEOREM 9.1: Linearity of limits

If (2p)nen and (Yn)nen are two convergent sequences and ¢ € R then (x, +
tYn )nen converges to lim,, o z,, + tlim, oo Y-

Proof. Let I, = limy, oz, and [, = lim;,_,oc y». Let € > 0. There exists N, € IN
such that for all n > N, we have |z,, — .| < §. There exists N,, € IN such that for
all n > N, we have |y, — [, < m

Let n > max{N,, N,}. Then:

(20 + tyn) — (lo +tly)| < wn = le| + [t[yn _lyl <eé.

THEOREM 9.2: Limits and products

If (n)nen and (Yn)nen are two convergent sequences and ¢ € R then
(TnYn)nen converges to lim,, oo Tp, - imy, o0 Yn-
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Proof. Let 1, = lim,, o0 z,, and I, = lim,, o0 Y. Since (yn)new converges, it is
bounded: there exists M € R such that for all n € IN we have |y,| < M. For all
n € IN we have:

< zn = Lollynl + [yn — Lyl ]

< zn = LM+ [yn — Lyl|la|.
By assumption, (|z, —lz|)nen and (|y, —Iy|)nen converge to 0. By Theorem (9.1),

(|zn —1ls| M ~+|yn—1y||lz])new converges to 0 as well. By Theorem (8.4), we conclude
(|znyn — loly|)new converges to 0. Hence (Z,,yn)nen converges to lyl,,. O

THEOREM 9.3: Reciprocal and limits

If (z,,)nen is a sequence in R converging to some [ € R\ {0}, then there exists

N € NN such that for all n € IN we have z,, # 0, and moreover (E .

1
converges to ;.

Proof. It I < 0, then replace (z,,)nen by (—Zn)nen, so that we may assume [ > 0.
By Theorem (8.3), there exists N € IN such that for all n > N we have x,, > é > 0.
Now let & > 0. There exists P € IN such that for all n > P we have |z, — | < 2.
Thus, for all n > max{P, N} we have:

L1 [l =y
T, L] |z,
|z —

172
2l

S
<e.

This completes our proof. ([l

10. MONOTONE SEQUENCES

DEFINITION 10.1: Decreasing Sequences

A sequence (z,,)nen is increasing when for all n < m € IN we have x,, < z,.

DEFINITION 10.2: Increasing Sequences

A sequence (x,,)nen is decreasing when (—x,)nen is increasing.

DEFINITION 10.3: Monotone Sequences

A sequence is monotone if it is either decreasing or increasing.
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DEFINITION 10.4: Strict monotonicity

A sequence (z,)nen is strictly increasing (resp. strictly decreasing) when
for all n < m € IN we have x,, < @, (resp. T, < ).

THEOREM 10.5: Monotone Subsequence Theorem

If (zn)new is a sequence in R then there exists a subsequence (74, (n))neN
which is monotone.

Proof. Let:
P={nelN:VkeN k>2n = xp <z,}

o If & is infinite, then let ©(0) = min &?. Assume that for some n € IN we
have constructed ¢(0) < ... < ¢(n) € &. The set Z\ {¢(j) : 0 < j < n}
is not empty since & is infinite. Let @(n + 1) be its smallest element.
Now ¢ : IN — NN is strictly increasing, and by construction, if n < m then
Tp(m) € Tp(n)- Thus (Ty(n))new is decreasing.

o If & is finite, then & is bounded by M. Let ¢(0) = M +1. Now assume we
have constructed ¢(0) < ... < ¢(n) for some n € N with z,(;) < T,(j41)
forall 0 < 7 < n—1. Since p(n) € & there exists p(n+1) > ¢(n) such that
Ty(nt1) = Ty(n)- LThe sequence (T,(n))new thus constructed by induction
is increasing.

Our theorem is thus proven. |

THEOREM 10.6: Monotone Convergence Theorem

A monotone sequence (&, )nen is convergent if and only if it is bounded.

Proof. Any convergent sequence is bounded by Theorem (8.1). Assume now that
(Zn)nen is a bounded increasing sequence. The set X = {z,, : n € IN} is thus
nonempty and bounded, so it has a supremum [. Let ¢ > 0. Since [ — ¢ is not
an upper bound for X, there exists N € IN such that z > [ —e. Since (z)nen
is increasing and [ is an upper bound of the sequence, we get for all n > N that
l > ax, > axny =1 —e. Hence for all n € N with n > N we have |2, — | < ¢, so
(Zn)nen converges to l.

If (z,)nen is bounded decreasing, then (—zy,),en is bounded increasing, and we
conclude with the method above and Theorem (9.1). O

THEOREM 10.7: Geometric Sequences

Let a € R. The sequence (a"),en (with the convention that ¢ = 1 for
this theorem, even if a = 0) converges if and only if a € (—1, 1]; moreover if
la| < 1 then lim, . a™ = 0.
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Proof. For all n € IN we note that x,,+; = ax,,. We note that if (a"),en converges
to [, then:

l—al=lima"™ —a lim a”

n— n—oo
(10.1) =lima" — lim a"™!
n— n—oo
= 0 since ("), e is a subsequence of (a"),cn.

Thus | = al. If a # 1 then this equation is solved if and only if [ = 0.

The sequence (1),en converges to 1; we shall henceforth assume a # 1.

Assume first a > 0. We have g = 1 > 0 and if, for some n € IN we have
Zn = 0 then x,41 = ax, > 0. By induction z,, > 0 for all n € IN. Moreover
ZTpt1 — Tn = (1 — a)ax, for all n € IN.

Therefore, if a € [0,1) then (2, ),cn is a decreasing sequence, bounded below by
0, so it converges by Theorem (10.5), and its limit must be 0 by Equation (10.1).

Now, if @ > 1 then (x,)nen is increasing. If it did converge, then it would have
limit 0; yet =, > 2o > 1 for all n € N, so by Theorem (8.2), (z,)nen may not
converge to 0; hence it does not converge.

Last, assume a < 0. If a € (—1, 0], then (|a|")nen = (|a™|)nen converges to 0, so
(a™)nen does as well. If a < —1 then a? € (1,00) so (a®"),en does not converge,
and thus (ay)nen does not converge by Theorem (7.8). Last, ((—1)")nen admits
a subsequence convergent to 1 and a subsequence convergent to —1, so it can not
converge, by Theorem (7.8). (]

For a > 1 we have shown that (a™),en is not bounded.

11. CAUCHY SEQUENCES

DEFINITION 11.1: Cauchy Sequences

A sequence (2, )nen in R is Cauchy when:

Ve>0 INeN VpgeN (pg=N) = |z, — x4 <e.

THEOREM 11.2: Convergence implies Cauchy

If a sequence (z,,)nen converges in R, then it is Cauchy.

Proof. Let | =1lim,,_,o, x,,- Let € > 0. There exists N € IN such that for all n > N,
we have |z, — | < %s. Thus for all p,q > N, we have:

|[2p — @q| < lap — U+ |l —zq| <e.

THEOREM 11.3: Cauchy implies bounded

If a sequence (z,)nen is Cauchy, then it is bounded.
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Proof. There exists N € IN such that for all p,¢ > N we have |z, — z4] < 1. Thus
for all p > N we have |z,| < |zny|+ 1. If M = max{|zn|+1,|z;| : j < N} then for
all p € IN we have |z, < M. O

THEOREM 11.4: Convergence criterion for Cauchy sequences

If (x5 )nen is a Cauchy sequence which admits a subsequence converging to
[ € R then (z,)nen converges to [.

Proof. Let (z,(n))nen be a subsequence of (z,,)new which converges to some [ € R.
Let ¢ > 0. Since (Zy(n))nen converges to [, there exists N € IN such that for all
n > N we have |z,(,) — | < 3c. Since (z,)new is Cauchy, there exists P € IN such
that for all p,q > P we have |z, — 24| < 1c. Let n > max{N, P} and note that, by
Lemma (6.1), we have ¢(n) > n > max{N, P}. Then:
1 1
|7 — | < |20 — Tyl + |Tpm) — 1] < JEte=e
This completes our proof. O

THEOREM 11.5: Completeness of R

A sequence (2, )nen is Cauchy in R if and only if (2, )nen converges in R.

Proof. By Theorem (11.2), every convergent sequence is Cauchy. Let now (z,,)nen
be a Cauchy sequence. By Theorem (11.3), the sequence (2, )nen is bounded. By
Theorem (10.5), there exists a monotone subsequence (7, (n))nen of (75 )nen. Since
(T 4(n))nen is bounded monotone, it converges by Theorem (10.6). Since (7, )nen
is a Cauchy sequence with a convergent subsequence, it must converge as well by
Theorem (11.4). O

12. SERIES

DEFINITION 12.1: Series

Let (zn)nen be a sequence. The series (D x,,) of general term (Zn)neN

nelN
is the sequence (Z?:o xj) where, for each n € N, the real number:
nelN

n
Z:Cjzxo—l—xl—l—...—l—mn
=0

is called the n'™™-partial sum of the series (3 ), cn-

NOTATION 12.2: [

a series (3 2y ), o converges, then its limit is denoted by > oo o Ty, rather
than the equivalent lim,, .. Z_;L:O z;. Do note that the infinite sum is a
limit, hence must be manipulated with care. This limit is called the sum of
the series.
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WARNING 12.3

The notation > °  x, should not be used unless the series converge — or
in the special case of a series of positive numbers (see below).

THEOREM 12.4

If (O xn)new and (O Yn)new are two convergent series then for any real

number A:
o0 o0 o0
Z()\xn +Yn) = )\Zazn + Zyn
n=0 n=0 n=0

Proof. This follows from the linearity of limits and the observation that for all
n € N:

(Azj4—yj)::A§E:xj+-§:gg.
=0 j=0 j=0

J

O

WARNING 12.5: Finite changes

Let (3 zn)nen and (3 yn)nenw be two series. If there exists N € IN such
that for all n > N, we have x,, = yp,, then (D 2, )nen converges if and only
if (3" Yn)nen does, though not in general to the same limit — their sums
would differ by Z;\;O(ZL’J' —y,). It is therefore fine to ignore finitely many
terms of a series when studying convergence, but not when estimating the
sum.

There is a simple a sufficient condition for divergence, or better stated, a neces-
sary condition for convergence.

THEOREM 12.6: Divergence test

If (3" @n)nen is a convergent series then lim,, . x, = 0.

Proof. By hypothesis, (Z?:o xj) N converges and we note for n > 0:
ne

n
Ty = E T —

7=0
as needed. O

n oo

—1 [e%s}

n—oo
E T ——— Tn g z, =0,
7=0 n=0

n=0

The series (> (=1)")

nen diverges.
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EXAMPLE 12.8

The series (Z nsin (%))n _— diverges. Indeed, there exists p with lim, p =0

such that sin(x) = = + zp(z) for all z € R, and thus:

o sin (%) o <% + %m%))

1 n o0
1-%p(5)—;i—91.

J

Convergence, and even the sum, of certain series can be computed. Series with
only finitely many nonzero entries always converge. More importantly for us, our
first non-trivial example is the following:

THEOREM 12.9: Geometric Series

The series () a™),, oy converges if and only if [a| < 1, and moreover if |a| < 1
then:

Proof. We know that (a™),en converges to 0 if and only if |a| < 1, so the condition
for convergence is clearly necessary by the divergence test.
On the other hand, for any a € R, we note that:

n n n+1
S S o
=0 =0 =1
=1-—a"
Hence if |a] < 1 then for all n € IN:
S oo L0 o 1
g 1—a 1—a
as desired. ([l

ExamMPLE 12.10

The series (3(—1)"2"), . diverges while (3 5

1
o )nelN converges to 1= 2.

Series of positive terms are very important, and convergence can be tested in
various ways thanks to the following key observation.

If (3] @n)nen is a series of positive general term, then it is increasing.
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Proof. For any n € IN we have:
n+1 n

E .L“j —
j=0 J

Tj = Tn+1 > 0.
0

O

Consequently, a series of positive general term will either converge or sum to co.

13. THE p-SERIES

We now prove a deep criterion for convergence of series of a very particular form.

THEOREM 13.1: Comparison series / integral

Let f : [a,00) — [0,00) be a positive decreasing function. The series
(f(n))pen n>q converges if and only if the function:

:c>0n—>/$f(t)dt

has a finite limit at oco.

Proof. Let n € N, n > a. Since f is decreasing, we have for all = € [n,n + 1]:

fln) < flz) < f(n+1),

SO
n+1

n+1 n+1
f<n>=/ f<n>dt</ f(t)dts/ fln+1)dt = f(n+ 1)

n n
and therefore:

n n+1 n+1
76) < / ) dt < 1)
=0 0 =0
Let us assume first that x > 0 > fox f has a finite limit. Note that this function is
increasing since f > 0, so fow f< fooo f for all z > 0. Hence under this assumption,

for all n € IN: .
310 < |

Now, (>_ f(n)),cn is increasing since it has a positive general term, and it is
bounded, henceforth it converges.
On the other hand, let us assume that > 0 — fow f has no limit at infinity.

This is equivalent to the sequence ( fon f )n e 18 unbounded: if it was bounded, then

it would converge as it is increasing, and then z > 0 — fox f would converge as well
as it too is increasing.

Therefore, since fO"H ft)dt < Z?iol f(j) for all n € N, the series (3 f(n)),cn
is unbounded and thus it diverges. ([

COROLLARY 13.2: p-test

The series () 715), -, converges if and only if p > 1.
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Proof. We first proceed with p # 1. The function f: z > 0 — Iip is decreasing as
seen by taking its derivative. We then have for all x > 0:

1 1—p
/1 t;dt: .’I,‘p_l 7(1*]7)

which converges if and only if p > 1. Thus (3 ﬁ)n>0
diverges if p < 1 by the integral-series comparison test.

Now, for p = 1, note that ¢t > 0 — % is decreasing and:

/ @:ln(x)ﬁjo—o»oo
1

converges if p > 1 and

t
hence (37 1), o diverges. O

14. COMPARISON AND LIMIT COMPARISON

The following comparison theorem is at the core of many convergence tests.

THEOREM 14.1: Comparison Theorem

Let (O° @n)nen and (O yn)new be two series of positive general term. If
there exists N € IN such that for all n > N we have:

Tn < Yn
then:

o if (3" Yn)nen converges then (3 p)nen converges.
o if (3" x,)nen diverges then (3 yp)nen diverges.

Proof. Suppose (3 yn)nen converges. It is then bounded, so there exists M € IN
such that for all n € IN we have E?:o z; < M. By assumption:

n n

Jj=0 J=0

and thus (3 2, )nen is bounded as well; as it is increasing, it must converge as well.
The second assertion is the contrapositive of the first. So our theorem is proven.
O

In many applications, the following corollary of the comparison theorem is help-
ful.

THEOREM 14.2: Limit comparison Theorem

Let (O” @n)new and (O yn)new be two series of positive general term. If
there exists N € IN such that for all n > N we have y,, # 0 and if for some
[ >0:

then (3" @yn)nen converges if and only if (3 yn)nen converges.
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Proof. Let € = Ill > 0. There exists N € IN such that for all n > N we have:

Tn 1]
— =l <e=—
Yn ‘ D
hence:
M zn 304
2 Yn 2
We now can simply apply the comparison theorem and linearity. O

EXAMPLE 14.3: (Y sin (+)), o

Does (3 sin (1)), -, converge? Using Taylor-Young Theorem, there exists
p with limit 0 at 0 such that sin(x) =  + zp(z). Therefore:
sin (3,) _ w45 ()

S|

n

1
:1+p<—>’H—°°>1
n

Since (Z % s diverges and all series involve have positive general terms,

the series ()" sin (1)) _ converges by the limit comparison theorem.

n>0

EXAMPLE 14.4: (3 (1= cos (+))),0

Does (Z (1 — cos (%)))n>o converge? Using Taylor-Young Theorem, there
exists p with limit 0 at 0 such that cos(z) =1 — % + 22p(x). Therefore:
L—cos(3) _ ze + 22 ()
1

T =
nZ nZ

_1, (1Y o, 1
2 7P\n 2

converges and all series involve have positive general terms,

Since ( o )n L
the series (351 — cos (5+)), ., converges by the limit comparison theorem.

15. ABSOLUTE CONVERGENCE OF SERIES

DEFINITION 15.1: Absolute convergence

A series (3 an), e converges absolutely when (3 |7,]), o converges.

THEOREM 15.2: Absolute Convergence

If (3" @n)new converges absolutely, then it converges.
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Proof. For all n € N, we have 0 < x,, + |z,| < 2|z,|- By the comparison test theo-
rem, we thus conclude that if (3 [2,]), ¢y converges, then (3 2|z,|), oy converges
by linearity, and thus (x, + [2,]),c converges. By linearity, we then conclude

that (3 2n), o converges, again since (3 |x,|),, o does. O

EXAMPLE 15.3

The series col(m) converges, since:
n 9
n>0

oforallnell\l,n>0wehave%<#,

e the series (Z #)n>0 converges by the p-test,

e by comparison for positive term series, (Z ICOZ#) - converges,
n

e hence (Z %(2”)) converges.
n>0

16. RaTio AND ROOT TESTS

Bringing together geometric series, absolute convergence and comparison test,
we get two new tests.

THEOREM 16.1: Ratio test

If (z,)nen is a sequence of nonzero numbers, and if:

Tn+1
T

lim

n—oo

=1

then:

(1) if I <1 then (Y |zn|), cn, and therefore, (3 2,), o converge.
(2) if I > 1 then (Y x,), oy diverges.

Proof. Assume first that [ < 1. Let € > 0 such that [ + & < 1. There exists N € IN
such that for all n > N we have:

Tn+1
—= ]|l <e
Ty =
so for all n > N, we have:
|Zn+1]
Kl e
|2

Consequently, if n > N:
(sl < (4 &)l
and thus by induction:
1] < ()" M ay].

Since 0 < [+ ¢ < 1, the geometric series (3 (I 4 €)"), oy converges, and thus by
comparison theorem, so does (3 |z,]) Henceforth () ), o converges as
well.

Now if [ > 1 then let € > 0 such that [ —e > 1. We note that as above, for some
N e N, if n > N then:

nelN*

|zn| = (1 +€)"|zn]
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and thus (z,),en is unbounded; therefore it does not converge to 0 and so by the
divergence test, (3 xn), ¢ diverges. O

THEOREM 16.2: Root test

If (x5,)nen is a sequence of nonzero numbers, and if:
lim V/|z,| =1
n—,o0

then:

(1) if I < 1 then (Y |zn]), e, and therefore, (3 2,), converge.
(2) if I > 1 then (3 x,), oy diverges.

Proof. Assume | < 1. Let € > 0 such that [ + ¢ < 1. Then there exists N € IN
such that if n > N then {/|z,| <1 +¢, so |z, < (I+¢)". Since 3 (1+€)"),en
converges, we conclude that (> x,)nenw converges absolutely and hence converges
by comparison.

If { > 1 then (> «,) diverges by the divergence test. O

17. ALTERNATING SIGN TEST

THEOREM 17.1: Alternating sign series test

If (z,)new is a decreasing sequence of nonnegative numbers such that
lim,, o0 ¥, = 0, then (3 (—1)"x,),  converges.

Proof. For all n € N, set S,, = Z?ZO(—l)”xn. Note that for all n € IN:
Sont2 — San = Tapt2 — Taps1 <0
since (2, )nen is decreasing. Moreover for all n € IN:
Son+3 — S2nt1 = Tant2 — Tants 2 0
S0 (S2n )nen is decreasing and (S2y,+1)nen is increasing. Moreover:
Sont1 — S2n = —T2p41 <0
for all n € IN. Therefore, for all n € IN:
S1 <83 < <81 < S2n41 < 820 < 8202 < ... <52 < S

In particular, (S2,41)nen is increasing, and bounded above by Sy, so it converges
n—oo

to some | € R. Now Sa,, = Sopt1 + 2ont1 —— 1. Thus (S,,)nen converges to [ as
desired. [l
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18. POWER SERIES

DEFINITION 18.1: Power Series

Let (an)nen be a sequence. The power series of coefficients (ay,)nen centered
as ¢ € R is the function defined by:

o0
T —> Z an(z —c)"
n=0

for all input for which the series converges.

We adopt the convention that [—co, 00] = R in the sections on power series.

THEOREM 18.2: Domain of Power Series

Iff:xr— Y07 an(x—c)™ for some ¢ € R and some sequence (a;,)nen then
there exists R € [0, 00] such that the domain of f contains (¢ — R,c + R)
and is contained in [~R,R]. In particular, (3 a,(x —c)"), oy converges
absolutely to f(z) when |z — c| < R.

Proof. The set A = {r > 0| (|an|r"), o is bounded} is not empty as it contains c,
so it has a possibly infinite supremum which we denote by R.

Let z € R with |z| < R. Choose r € A such that z < r < R. Since r € A, there
exists M > 0 such that for all n € IN we have |a,|r™ < M. We note that for all
n € IN we have:

z|" z\" z\"
0 < |apz™| = |an|7"”|r—L = (lan|r™) <|r|) <M <|> .

r

Since 0 < ‘Til < 1, the series (Z M |x|n> N converges, and thus by the comparison
ne

o

theorem, (> a,x™), v converges absolutely and hence converges, as desired.
Now, let x € R with |z| > R. Then (|a,2"]), oy is not bounded and thus cannot

converge to 0; consequently by the divergence test, (Y a,z"), o diverges. [

The number R > 0 given by our previous theorem is necessarily unique.

DEFINITION 18.3: Radius of convergence

The radius of convergence of a power series f is the unique nonnegative real
number R such that the domain of f contains (—R, R) and is contained in
[_Rv R] :

THEOREM 18.4: Continuity of power series

A power series is continuous on its domain.
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THEOREM 18.5: Integration term by term

If f:a— > 7 gan(z — )" for some ¢ € R and some sequence (ay)nen,
and if R is the radius of convergence of f, and if:
o0

5 n_ n+1
g.xl—>zn+1x

n=0

then ¢ has radius of convergence R and ¢’ = f on (=R, R).

THEOREM 18.6: Derivation term by term

If f:a+—— > 07 gan(z — )" for some ¢ € R and some sequence (ay,)nen,
and if R is the radius of convergence of f, and if:

g:x—> Z(n + Dapy12"

n=0

then g has radius of convergence R and f’ = g on (—R, R).

DEFINITION 18.7: Taylor Series

If f is a function of class C'*° on some interval [a, b] and if ¢ € [a, b] then the
Taylor series of f centered at c is:

> r(n) (e
xt—)ZOf !( )(x—c)”.

n

If f is a the sum of a power series, then it is equal to the sum of its Taylor
series.

19. CONTROLLING THE REMAINDER: TAYLOR-LAGRANGE THEOREM

DEFINITION 19.1

A function f : [a,b] — R is of class C" for some natural number n if it has n
derivatives on (a,b), each of them having a (necessarily unique) continuous
extension to [a, b].

A function f : [a,b] — R is of class C* when it has infinitely many deriva-
tives on [a, b].
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THEOREM 19.2: Taylor-Lagrange theorem

If f:[a,b] = R be a function of class C"*!, then:

n (') (n+1)
f(b)zzfj. / 70 gy g,

Proof. We proceed by induction on the order n. For n = 1, the fundamental
theorem of calculus proves that if f: [a,b] — R is C! then:

a) = / () dt
which is our result for n = 1.

Assume now that our result holds for some n € IN. Let f : [a,b] — R be of class
C"*1. In particular, f is of class C™ so by our induction hypothesis, we obtain:

(19.1) f(b) = Zf(J /fnﬂ) (b—t)"dt.

JOJ'

Now, (™) has a continuous derivative on [a,b] then by integration by part:

bopn)
/a iU} - ® -ty at

t=b
_ |:f(n+1)(t) . —(b n+1:| / f n+2) —(b _ t)n+1 it
n! n+1 n+1
f(n—i—l) n f n+2) t .
=T 1() ) — )"t 4 Crna )" dt.

Thus replacing the remainder in Equation (19.1) by the above expression, we have
proven our theorem for n + 1 and thus for all n € IN by induction. O

REMARK 19.3

Taylor-Lagrange Theorem provides a formula for the remainder of the dif-
ference between a function and its Taylor polynomial on an entire interval
— it is a global result, unlike Taylor-Young Theorem. However it does so
at the cost of a stronger assumption: the existence of one more continuous
derivative than the order of the Taylor polynomial approximation.
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20. APPLICATION TO THE CONVERGENCE OF CERTAIN POWER SERIES

THEOREM 20.1

Let f be of class C"*! on some interval [a, b]. Since | f("+1)| is continuous
on a compact interval [a, b], it has some maximum value M. We then have
for all z € [a, b]:

n (J) ) _al?

n!
=0

Proof. By Taylor-Lagrange Theorem, we have for all = € [a, b]:

@ ) b p(n+1)
_J_Zofj'( )(x_a)gzl f n'(t)(b—t)ndt

SO

n! n!

noor@) b | £(n+1) i
o) oS @ </ D]y gy < M=l
as claimed. O

EXAMPLE 20.2: Controlling the numerical error

We want to compute sin(0.1) to a precision of 1075, Note that all derivatives
of sin take values between —1 and 1, so by the Taylor-Lagrange theorem,
we have for all z € R and n € IN:

" sin'?) (0 |x|”
Sln Z F
J:
We choose n € IN so that |O | < 107°. The smallest such n is 4. The

Taylor polynomial of order 4 at 0 for sin is x — x — 9”6—3. In particular:
0.0001
sin(0.1) — <O.1 = )

so our estimate for sin(0.1) is 0.9983 + 1075.

\ J

107° >

= |sin(0.1) — 0.9983]

As a motivation for things to come, we wish to make sense of the following
statement.

COROLLARY 20.3: L

t f : [a,b] = oo be of class C°. If there exists M > 0 such that for all n € N,
the maximum value of | f (")| is no more than M, then for all z € [a, b]:
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Proof. There exists N € IN such that |b — a| < N. Therefore if n > N:

OgszHu
n! iz J

N
|b—al |b—q]
<M —_—

n
N |b—a| . .
where we stress that M [] =0 lbjal is some constant independent of n. By the
squeeze theorem, since lim,, Ib;al = 0, we conclude our corollary. ([l
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