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The Space of Noncommutative “Drums”

A. Connes introduced in 1985 a generalization of spectral geometry
to the noncommutative realm by means of a structure called a
spectral triple, i.e. a noncommutative analogue of the Dirac
operators on Riemannian spin manifolds.
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The Space of Noncommutative Manifolds

A spectral triple (A,H , /D) is an analogue of a first order
pseudo-differential operator (of Dirac type), where

A is a unital C*-algebra, i.e. a noncommutative analogue of
C (X ) for a compact Hausdorff space X ,

H is a Hilbert space on which A acts, analogue to the space of
sections of some spinor bundles,

/D is a self-adjoint operator densely defined on H with
compact resolvent and bounded commutator with a dense
*-subalgebra of A.

Figure: The spectrum of oxygen
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The Space of Noncommutative Manifolds
Spectral triples are much more flexible than manifold structure, and
can be constructed over noncommutative C*-algebras, fractals and
other singular spaces, and even finite sets. Much success has been
achieved in extending Atiah-Singer index theorem to spectral
triples to many such generalized setting.

Figure: The Sierpiński Triangle

Our Project

We develop a geometric framework to study the space of (metric)
spectral triples as a natural metric space to discuss problems from
mathematical physics and functional analysis.
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Why study the space of spectral triples?

Our Project

We develop a geometric framework to study the space of (metric)
spectral triples as a natural metric space to discuss problems from
mathematical physics and functional analysis.

Matrix models: with rn = exp
(2iπ

n

)
, e1, . . . ,en canonical basis of

Cn and if Cn and Sn are n ×n matrices with Cne j = r j−1
n e j and

Sne j = e( j−1 mod n), then SnCn = rnCnSn ; does C∗(Cn ,Sn)
converge to C (T2) as n →∞?
Fractals and other spaces via approximations.

Metric theory for noncommutative spaces:

mk /D :ϕ,ψ ∈S (A) 7→ sup
{|ϕ(a)−ψ(a)| : |||[ /D , a]|||H É 1

}
.
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Past results

We define [L., 22] a metric up to unitary equivalence between metric
spectral triples called the spectral propinquity Λspec, i.e.

Λspec((A,H , /D), (B,J , /P )) = 0

iff ∃U unitary from H onto J with U dom( /D) = dom( /P ),
U∗ /DU = /P and a ∈A 7→U∗aU a *-automorphism from A onto B.

We proved that:

1 (L., 21) certain spectral triples from physics on fuzzy tori
converge to spectral triples on noncommutative tori.

2 (Landry, L., Lapidus 21) spectral triples on fractals are limits of
spectral triples on graphs.

The spectrum of spectral triples is continuous wrt spectral
propinquity [L., 22], as is the continuous functional calculus in an
appropriate sense.
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This talk’s content

In this talk, we will work with inductive limits of spectral triples.

1 We will find a necessary and sufficient condition for
convergence of inductive limits for the propinquity,

2 We will find a sufficient condition on inductive limits of
spectral triples to converge for the spectral propinquity,

3 We will construct new metric spectral triples on certain twisted
group C*-algebras and prove that they are limits of other
natural spectral triples. Examples include noncommutative
solenoids and Bunce-Deddens algebras.

We will define the Gromov-Hausdorff propinquity and hint at the
construction of the spectral propinquity.
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GPS

1 Compact Quantum Metric Spaces

2 The Gromov-Hausdorff Propinquity

3 Convergence of Metric Spectral Triples

4 Applications to inductive limits
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Quantum compact Hausdorff spaces

Definition

A unital C∗-algebra A is a unital associative algebra A over C with
a norm ∥·∥A such that:

1 (A,∥·∥A) is a Banach space,

2 ∀a,b ∈A ∥ab∥A É ∥a∥A∥b∥A,

3 there exists a conjugate linear, antimultiplicative involution
∗ on A such that ∀a ∈A ∥a∗a∥A = ∥a∥A2.

Example

A unital C*-algebra is Abelian if, and only if A is ∗-isomorphic to
C (X ) for X compact Hausdorff.

Theorem

A normed ∗-algebra A is a C∗-algebra if, and only if A is ∗-
isomorphic to a closed self-adjoint algebra of bounded operators
on a Hilbert space.
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Duality
From the category of compact Hausdorff spaces: X 7→C (X );
C (π : X → Y ) : f ∈C (Y ) 7→ f ◦π ∈C (X ).

From the category of unital C*-algebras:
A 7→ Â := {ω ∈A∗ \ {0} :ω multiplicative}, and
π̂ :ω ∈ B̂ 7→ω◦π ∈ Â.

A Borel probability measure µ on X gives a state of C (X ) via
f ∈C (X ) 7→ ∫

X f dµ,

A state ϕ ∈A∗ is a linear functional with ϕ(1) = 1 and
∀a ∈A ϕ(a∗a) Ê 0.

Our work begins with a similar dual picture for compact metric
spaces:

Founding Allegory of Noncommutative Metric Geometry

Noncommutative geometry is the study of noncommutative
generalizations of algebras of Lipschitz functions over metric
spaces.
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The Monge-Kantorovich metric

Let (X ,m) be a compact metric space. The Lipschitz seminorm L
induced by m is:

L( f ) = sup

{ | f (x)− f (y)|
m(x, y)

: x, y ∈ X , x ̸= y

}

for all f ∈ sa (C (X )) =C (X ,R) (allowing ∞).

The Monge-Kantorovich metric on S (C (X )) is given for all
Borel-regular probability measures µ,ν by:

mkL(µ,ν) = sup

{∣∣∣∣∫
X

f dµ−
∫

X
f dν

∣∣∣∣ : f ∈ sa (C (X )),L( f ) É 1

}
.

The Gelfand map x ∈ (X ,m) 7→ δx ∈ (S (C (X )),mkL) is an isometry.
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Compact Quantum Metric Spaces

Definition (Connes, 89; Rieffel, 98; L., 13)

(A,L) is a quantum compact metric space when:

1 A is a unital C*-algebra,

2 L is a seminorm defined on a (dense) Jordan-Lie subalgebra
dom(L) of sa (A) = {a ∈A : a∗ = a},

3 {a ∈ sa (A) : L(a) = 0} =R1A,

4 The weak* topology on S (A) is metrized by the
Monge-Kantorovich metric mkL, defined ∀ϕ,ψ ∈S (A) by:

mkL(ϕ,ψ) = sup
{|ϕ(a)−ψ(a)| : a ∈ sa (A),L(a) É 1

}
5 L

(
ab+ba

2

)
∨L

(
ab−ba

2i

)
É F (∥a∥AL(b)+L(a)∥b∥A)+KL(a)L(b);

6 {a ∈ dom(L) : L(a) É 1} is closed in A.

We call L an L-seminorm.
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Metric Spectral Triples

Definition (Connes, 85)

A spectral triple (A,H , /D) is given by:

a Hilbert space H ,

a self-adjoint operator /D defined on a sense subspace
dom( /D) of H , with compact resolvent,

a unital C*-algebra A, *-represented on H ,

such that

A /D = {a ∈A : a dom( /D) ⊆ dom( /D) and [ /D , a] is bounded}

is a dense *-subalgebra of A.

A spectral triple is metric when (A,L /D ) is a quantum compact met-
ric space, where

∀a ∈A /D ∩sa (A) L /D (a) := |||[ /D , a]|||H .
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Examples of Metric Spectral Triples

Example

(C (M),Γ2(SM), /D) with M a compact connected Riemannian man-
ifold with spin structure, SM the spinor bundle, and /D the usual
Dirac operator.

Example

On the noncommutative tori, many constructions of metric spec-
tral triples exist, including the usual flat Dirac operator and some
of its perturbations, as well as limits of Dirac operators on fuzzy
tori.

Example

Certain spectral triples constructed over Podleś spheres and
SUq (2) are metric (Kaad, Kyed,19-22).
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Metric spectral triples from length functions

Let σ be aT-valued 2-cocycle of a group G , i.e.

∀x, y , z ∈G σ(x, y)σ(x y , z) =σ(x y , z)σ(y , z).

For each g ∈G and ξ ∈ ℓ2(G), we define

λ(g )ξ : h ∈G 7→σ(g ,hg−1)ξ(hg−1),

and we let C∗
red(G ,σ) :=C∗(λ(g ) : g ∈G}).

Let L be a length function over G , i.e. a function L : G → [0,∞) such
that L(g g ′) ÉL(g )+L(g ′), L(g−1) =L(g ) and {g ∈G :L(g ) = 0} = {e},
for all g , g ′ ∈G . Let ML be the multiplication operator on ℓ2(G).

Theorem (Connes, 89)

If L is proper, i.e. {g ∈ G : L(g ) É r } is compact for all r Ê 0, then
(C∗

red(G ,σ),ℓ2(G), ML) is a spectral triple.
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Noncommutative Solenoids
A noncommutative solenoid C∗(Z[p−1]2,σ) is the twisted group
C*-algebra of the groupZ[p−1]2 with p prime and

Z[p−1] :=
{

m

pn : m ∈Z,n ∈N
}
⊆Q.

They were introduced and classified up to ∗-isomorphism, via their
K -theory, by [L., Packer, 11].

Farsi, Landry and Packer (2022) introduced the length function:

L : (g ,h) ∈Z[p−1]2 7−→ |g |+νp (g )+|h|+νp (h)

where νp (g ) := pm where g = pm a
b where gcd(a, p) = gcd(b, p) = 1.

They prove that there exists a constant C > 0 such that for all r Ê 1:∣∣{g ∈Z[p−1]2 :L(g ) É 2r
}∣∣ÉC · ∣∣{g ∈Z[p−1]2 :L(g ) É r

}∣∣ .

By Christ-Rieffel (15), Long-Wu (19), this implies
(C∗(Z[p−1]2,σ),ℓ2(Z[p−1]2), ML) is a metric spectral triple.
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Z[p−1]

Z
[

1
2

]
⊆Q

-3 -2 -1 0 1 2 3

Figure:Z[p−1] with | · |

LH

log2 ◦F
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-3 -2 -1 0 1 2 3

Figure: Another way to look atZ[p−1]
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Inductive Limits
The noncommutative solenoids are inductive limits of quantum
tori since:

Z

[
1

p

]
= ⋃

n∈N

1

pnZ.

Natural Question

Could we construct a spectral triple on noncommutative
solenoids which is a limit, in some sense, of spectral triples on
quantum tori?

Our answer

We have defined a notion of convergence for spectral triples,
which begins with the discovery of an analogue of the
Gromov-Hausdorff distance for quantum compact metric spaces.
We then devised an improved spectral triple for noncommutative
solenoids which is motivated by this convergence question (and
provides a positive answer).
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GPS

1 Compact Quantum Metric Spaces

2 The Gromov-Hausdorff Propinquity

3 Convergence of Metric Spectral Triples

4 Applications to inductive limits
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The Gromov-Hausdorff Distance
Te Hausdorff distance Hausd between two closed subsets A1 and A2

of a compact metric space (X ,d) is defined by

Hausd (A1, A2) = max
{ j ,k}={1,2}

sup
x∈A j

inf
y∈Ak

d(x, y).

Definition (Hausdorff, 1903; Edwards, 75; Gromov, 81)

The Gromov-Hausdorff distance between two compact metric
spaces (X ,mX ) and (Y ,mY ) is:

inf

HausmZ (ιX (X ), ιY (Y ))

∣∣∣∣∣∣
(Z ,mZ ) compact metric space,
ιX : X ,→ Z isometry,
ιY : Y ,→ Z isometry.

 ,

where Hausd is the Hausdorff distance induced by a metric d .

The Gromov-Hausdorff distance is a complete metric, up to
isometry, on the class of compact metric spaces.
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Quantum Isometries
A Lipschitz morphism π : (A,LA) → (B,LB) is a unital *-morphism
such that π(dom(LA)) ⊆ dom(LB).

Definition (Rieffel (99), L. (13) )

A quantum isometry π : (A,LA) → (B,LB) is a *-epimorphism such
that π(dom(LA)) ⊆ dom(LB) and

∀b ∈ dom(LB) LB(b) = inf{LA(a) : π(a) = b} .

A full quantum isometry π is a *-isomorphism such that
π(dom(LA)) = dom(LB) and LB ◦π= LA.

Metric Spectral Triples on Inductive Limits of group C∗-algebras/ The Gromov-Hausdorff Propinquity Frédéric Latrémolière



Quantum Isometries
A Lipschitz morphism π : (A,LA) → (B,LB) is a unital *-morphism
such that π(dom(LA)) ⊆ dom(LB).

Definition (Rieffel (99), L. (13) )

A quantum isometry π : (A,LA) → (B,LB) is a *-epimorphism such
that π(dom(LA)) ⊆ dom(LB) and

∀b ∈ dom(LB) LB(b) = inf{LA(a) : π(a) = b} .

A full quantum isometry π is a *-isomorphism such that
π(dom(LA)) = dom(LB) and LB ◦π= LA.

Metric Spectral Triples on Inductive Limits of group C∗-algebras/ The Gromov-Hausdorff Propinquity Frédéric Latrémolière



Quantum Isometries
A Lipschitz morphism π : (A,LA) → (B,LB) is a unital *-morphism
such that π(dom(LA)) ⊆ dom(LB).

Definition (Rieffel (99), L. (13) )

A quantum isometry π : (A,LA) → (B,LB) is a *-epimorphism such
that π(dom(LA)) ⊆ dom(LB) and

∀b ∈ dom(LB) LB(b) = inf{LA(a) : π(a) = b} .

A full quantum isometry π is a *-isomorphism such that
π(dom(LA)) = dom(LB) and LB ◦π= LA.

Theorem (Rieffel, 99)

If π : (A,LA) → (B,LB) is a quantum isometry, then π∗ : ϕ ∈
S (B) 7→ ϕ ◦ π ∈ S (A) is an isometry from (S (B),mkLB) into
(S (A),mkLA).
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A Lipschitz morphism π : (A,LA) → (B,LB) is a unital *-morphism
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Definition (Rieffel (99), L. (13) )

A quantum isometry π : (A,LA) → (B,LB) is a *-epimorphism such
that π(dom(LA)) ⊆ dom(LB) and

∀b ∈ dom(LB) LB(b) = inf{LA(a) : π(a) = b} .

A full quantum isometry π is a *-isomorphism such that
π(dom(LA)) = dom(LB) and LB ◦π= LA.

Theorem (L., 18)

If (A1,H1, /D1) and (A2,H2, /D2) are two unitarily equivalent metric
spectral triples, then (A1,L /D1 ) and (A2,L /D2 ) are fully quantum iso-
metric.

Metric Spectral Triples on Inductive Limits of group C∗-algebras/ The Gromov-Hausdorff Propinquity Frédéric Latrémolière



The Dual Gromov-Hausdorff Propinquity
(D,LD)

πAyyyy πB %% %%
(A,LA) (B,LB)

Figure: πA,πB are quantum isometries
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Definition (The extent of a tunnel, L. 13,14)

The extent χ (τ) of a tunnel τ= (D,LD,πA,πB) is:

max
{
HausmkLD

(
S (D),π∗

A(S (A))
)

,

HausmkLD

(
S (D),π∗

B(S (B))
)}

.
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The Dual Gromov-Hausdorff Propinquity
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Figure: πA,πB are quantum isometries

Definition (The Dual Propinquity, L. 13, 14)

The extent χ (τ) of a tunnel τ= (D,LD,πA,πB) is:

max
{
HausmkLD

(
S (D),π∗

A(S (A))
)

,

HausmkLD

(
S (D),π∗

B(S (B))
)}

.

The dual propinquity Λ∗((A,LA), (B,LB)) is given by:

inf
{
χ (τ) : τ any tunnel from (A,LA) to (B,LB)

}
.
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The Dual Gromov-Hausdorff Propinquity
(D,LD)

πAyyyy πB %% %%
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Figure: πA,πB are quantum isometries

Theorem (L., 13)

The dual propinquity Λ∗, defined for any two quantum compact
metric spaces (A,LA) by (B,LB)) by:

inf
{
χ (τ) : τ any tunnel from (A,LA) to (B,LB)

}
is a complete metric up to full quantum isometry:
Λ((A,LA), (B,LB)) = 0 iff there exists a *-isomorphism π : A→B
such that LB ◦π= LA.
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Theorem (L., 13)

The dual propinquity Λ∗, defined for any two quantum compact
metric spaces (A,LA) by (B,LB)) by:

inf
{
χ (τ) : τ any tunnel from (A,LA) to (B,LB)

}
is a complete metric up to full quantum isometry. Moreover Λ∗ in-
duces the topology of the Gromov-Hausdorff distance on compact
metric spaces.
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Examples
In general, the propinquity allows one to talk about convergence of
quantum compact metric spaces which are not
subalgebras/quotients of each others. For instance, we have
proven:

1 Quantum tori C∗(Zd ,σ), with various quantum metrics, are
limits, for the propinquity, of fuzzy tori (finite dimensional
C*-algebras) and form a continuous family in σ,

2 C (S2) is the limit of full matrix algebras, when the metric is
induced by a metric spectral triple obtained from compact Lie
group actions (namely, SU (2)),

3 Certain fractals, constructed as unions of curves, are limits, in
the propinquity, of graphs, for the geodesic distance,

4 various families of AF algebras are continuous for an
appropriate quantum metric structure: the function which
maps the Baire space to UHF algebras is Lipschitz for the usual
metric on the Baire space and the propinquity; the function
which maps an irrational number in (0,1) to the Effros-Shen
algebra for this number is continuous as well;
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2 C (S2) is the limit of full matrix algebras, when the metric is
induced by a metric spectral triple obtained from compact Lie
group actions (namely, SU (2)),

3 Certain fractals, constructed as unions of curves, are limits, in
the propinquity, of graphs, for the geodesic distance,

4 various families of AF algebras are continuous for an
appropriate quantum metric structure: the function which
maps the Baire space to UHF algebras is Lipschitz for the usual
metric on the Baire space and the propinquity; the function
which maps an irrational number in (0,1) to the Effros-Shen
algebra for this number is continuous as well;Metric Spectral Triples on Inductive Limits of group C∗-algebras/ The Gromov-Hausdorff Propinquity Frédéric Latrémolière



The situation for inductive limits

Theorem (Farsi,L.,Packer, 23)

Let A∞ = cl(
⋃

n∈NAn) be a unital C*-algebra, where (An)n∈N is an
increasing sequence of C*-subalgebras of A∞ with 1 ∈A0.
For each n ∈N∪ {∞}, let Ln be an L-seminorm on An . We assume:

∃M > 0 ∀n ∈N 1

M
Ln É L∞ É MLn on dom(Ln).

The sequence (An ,Ln)n∈N converges to (A∞,L∞) for the propin-
quity if, and only if, there exists a *-automorphism π of A∞ such
that, for all ε> 0, there exists N ∈N such that if n Ê N then:

∀a ∈ dom(L∞) ∃b ∈ dom(Ln) Ln(b) É L∞(a) and

∥π(a)−b∥A∞ < εL∞(a),

and the similar property with the roles of a and b flipped.

Such a π is called a bridge builder.
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Application to some group C*-algebras

Theorem (Farsi, L., Packer, 23)

Let G∞ =⋃
n∈NGn be a discrete group where (Gn)n∈N is an increas-

ing sequence of subgroups, and let σ be a 2-cocycle on G∞.
Let L be a length function on G∞ such that
limn→∞HausL(Gn ,G∞) = 0.
Let γ1,γ2 be unitaries such that γ2

1 = γ2
2 = 1 and γ1γ2 =−γ2γ1, act-

ing on a Hermitian space E .
Let F : g ∈ G∞ 7→ scale(min{n ∈ N : g ∈ Gn}) where scale : N →
[0,∞) is strictly increasing. If we define

/D := ML⊗γ1 +MF⊗γ2

on
{
ξ ∈ ℓ2(G∞,E) :

∑
g∈G∞(L(g )2 +F(g )2)

∥∥ξ(g )
∥∥

E
2 <∞

}
, and if

/Dn := /D |ℓ2(Gn ,E), then (C∗
red(Gn ,σ),ℓ2(Gn) ⊗ E , /Dn) is a spectral

triple.

Metric Spectral Triples on Inductive Limits of group C∗-algebras/ The Gromov-Hausdorff Propinquity Frédéric Latrémolière



A first convergence result

Theorem

Assume now that (C∗(Gn ,σ),ℓ2(Gn) ⊗ E , /Dn) is a metric spectral
triple for all n ∈N∪ {∞}. If

{a ∈ dom(L∞) : L∞(a) É 1} = cl

( ⋃
n∈N

{a ∈ dom(Ln) : Ln(a) É 1}

)

then
lim

n→∞Λ∗((C∗(Gn ,σ),L /Dn ), (C∗(G∞,σ),L /D )) = 0.

In this proof, the identity is the bridge builder.

A natural question

What happens when a bridge builder π is also a full quantum
isometry?
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Tunnels between Spectral Triples
Let (A j ,H j , /D j ) be a metric spectral triple; set L j =

∣∣∣∣∣∣[ /D j , ·]∣∣∣∣∣∣H j
and

D j (ξ) = ∥ξ∥H j
+∥∥ /D jξ

∥∥
H j

, j ∈ {1,2}.

(D,LD)

θ1

����

θ2

�� ��

(J ,T)

(C,Q)

(A1,L1)

(H1,D1) (H2,D2)

(A2,L2)

(C,0) (C,0)

A tunnel: L j (a) = infLD(θ−1
j ({a})).
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Tunnels between Spectral Triples
Let (A j ,H j , /D j ) be a metric spectral triple; set L j =
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D j (ξ) = ∥ξ∥H j
+∥∥ /D jξ

∥∥
H j
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(D,LD)

��

θ1

����

θ2

�� ��

(J ,T)

Π1

����

Π2

�� ��

(C,Q)

(A1,L1)
acts on

// (H1,D1) (H2,D2) (A2,L2)
acts on
oo

(C,0) (C,0)

J is a D-module, D j (ω) = infT(Π−1
j ({ω})), T D-norm

Metric Spectral Triples on Inductive Limits of group C∗-algebras/ Convergence of Metric Spectral Triples Frédéric Latrémolière



Tunnels between Spectral Triples
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��

J is a D-C-C*-corr; (C,Q,π1,π2) tunnel.
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Extent of Tunnels between Spectral Triples
Let (A j ,H j , /D j ) be a metric spectral triple; set L j =

∣∣∣∣∣∣[ /D j , ·]∣∣∣∣∣∣H j
and

D j (ξ) = ∥ξ∥H j
+∥∥ /D jξ

∥∥
H j

, j ∈ {1,2}.

(D,LD)

��

θ1

����

θ2

�� ��

(J ,T)

Π1

����

Π2

�� ��

��
(C,Q)

π1

����

π2

�� ��

(A1,L1)
acts on

// (H1,D1) (H2,D2) (A2,L2)
acts on
oo

(C,0)
��

(C,0)
��

χ (τ) = max
{
χ (D,LD,θ1,θ2),χ (C,Q,π1,π2)

}
.
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Extent of Tunnels between Spectral Triples
We can generalize this picture to tunnels between any two metrical
C*-correspondences.

(D,LD)

��

θ1

����

θ2

�� ��

(J ,T)

Π1

����

Π2

�� ��

(C,Q)

π1

����

π2

�� ��

OO

(A1,L1)
acts on

// (M1,D1) (M2,D2) (A2,L2)
acts on
oo

(B,S1)
��

(B2,S2)
��

χ (τ) = max
{
χ ((D,LD,θ1,θ2)),χ ((C,Q,π1,π2))

}
.
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Covariant Reach of a Tunnel

Definition (L., 18)

Let τ = ((J ,T, . . .), (Π1, . . .), (Π2, . . .)) be a metrical tunnel from
(A1,H1, /D1) to (A2,H2, /D2). Let ε> 0. The reach ρm (τ|ε) of τ is

sup
ξ∈H j

D j (ξ)É1

inf
η∈Hk

Dk (η)É1

Hausdorff distance∀∃

orbital
uniform

sup
0ÉtÉ 1

ε

sup
ω∈J
T(ω)É1

∣∣∣〈exp(i t /D j )ξ,Π j (ω)〉H j
−〈exp(i t /Dk )η,Πk (ω)〉Hk

∣∣∣
distance

The ε-magnitude µm (τ|ε) of τ is max
{
χ (τ),ρm (τ|ε)

}
.
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The Spectral Propinquity

Definition (L., 18)

The spectral propinquity Λspec((A1,H1, /D1), (A2,H2, /D2)) between
two metric spectral triples (A1,H1, /D1) and (A2,H2, /D2) is

inf

{p
2

2
,ε> 0 : ∃τ tunnel from (A1,H1, /D1)

to (A2,H2, /D2) such that µm (τ|ε) É ε
}

.

Theorem (L., 18)

The spectral propinquity Λspec is a metric on the
class of spectral triples, up to unitary equivalence, i.e.
Λspec((A1,H1, /D1), (A2,H2, /D2)) = 0 if, and only if there exists
a unitary U : H1 →H2 such that U dom( /D1) = dom( /D2),

U /D1U∗ = /D2 and AdU *-isomorphism from A1 to A2.
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Inductive Limits of Spectral Triples

Let A∞ = cl(
⋃

n∈NAn) be a unital C*-algebra, where (An)n∈N is an
increasing sequence of C*-subalgebras of A∞ with 1 ∈A0. A spectral
triple (A∞,H∞, /D∞) is the inductive limit of the spectral triples
(An ,Hn , /Dn)n∈N if H∞ = cl(

⋃
n∈NHn), with (Hn)n∈N an increasing

sequence of Hilbert subspaces of H∞ and such that AnHn ⊆Hn

for all n ∈N; and where /Dn = ( /D∞)|Hn
.

Theorem (Farsi, L., Packer, 23)

If (A∞,H∞, /D∞) is metric, if it is the inductive limit of metric spec-
tral triples (An ,Hn , /Dn)n∈N as above, and if there exists a bridge
builder which is also a full quantum isometry, then

lim
n→∞Λspec((An ,Hn , /Dn), (A∞,H∞, /D∞)) = 0.
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The main convergence result for dual of discrete groups

Theorem

Let G∞ =⋃
n∈NGn be a discrete group where (Gn)n∈N is an increas-

ing sequence of subgroups, and let σ be a 2-cocycle on G∞.
Let L be a length function on G∞ such that
limn→∞HausL(Gn ,G∞) = 0.
Let F : g ∈ G∞ 7→ scale(min{n ∈ N : g ∈ Gn}) where scale : N →
[0,∞) is strictly increasing. We define

/D∞ :=
(
L(g ) F(g )
F(g ) −L(g )

)
and /Dn := /D |ℓ2(Gn ,C2).

If (C∗(Gn ,σ),ℓ2(Gn ,C2), /Dn) is a metric spectral triple
for all n ∈ N ∪ {∞}, and {a ∈ dom(L∞) : L∞(a) É 1} =
cl(

⋃
n∈N {a ∈ dom(Ln) : Ln(a) É 1}) then

(C∗(Gn ,σ),ℓ2(Gn ,C2), /Dn)
n→∞−−−−→
Λspec

(C∗(G∞,σ),ℓ2(G∞,C2), /D∞).
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The main application

Let G∞ =⋃
n∈NGn be a group where Gn ↑G∞ are subgroups, L a

length on G∞ with HausL(Gn ,G∞)
n→∞−−−−→ 0, and

F : g ∈G∞ 7→ f (min{n ∈N : g ∈Gn}) with f :N ↑ [0,∞). Let

/D := ML⊗γ1 +MF⊗γ2

on
{
ξ ∈ ℓ2(G∞,E) :

∑
g∈G∞(L(g )2 +F(g )2)

∥∥ξ(g )
∥∥

E
2 <∞

}
.

Theorem

Assume G∞ is Abelian, and thatL+F is a length function such that

∃C > 0 ∀r Ê 1 |G∞[2r ]| ÉC · |G∞[r ]| .

Then (C∗(Gn ,σ),ℓ2(Gn)⊗E , /Dn) is metric for all n ∈N, and

(C∗(Gn ,σ),ℓ2(Gn)⊗E , /Dn)
n→∞−−−−→
Λspec

(C∗(G∞,σ),ℓ2(G∞)⊗E , /D∞).
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Noncommutative Solenoids
We apply our result to G∞ :=Z

[
1
p

]d
, and for all n ∈N:

Gn :=
(

1

pnZ

)d

.

Fix σ any 2-cocycle of G∞.
Let L be any norm onRd , so limn→∞HausL(Gn ,G∞) = 0. But L is
not proper on G∞, so we can not use Connes’ spectral triple directly,
We setF : g ∈G∞ 7→ pmin{n∈N:g∈Gn }.
Then L+F is proper, and even doubling!

(C∗(Zd ,σ),ℓ2(Zd )⊗E , /D |n)
n→∞−−−−→
Λspec

(C∗(Z
[
p−1]d

,σ),ℓ2(Z[p−1]d )⊗E , /D)

Moreover,F is bounded on Gn , so we have found a spectral triple
on noncommutative solenoids which is the limit of (bounded
perturbations) of a standard metric spectral triple on quantum tori.
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Bunce-Deddens Algebras

Let now G∞ :=Z(p∞)×Zwhere

Z(p∞) :=
{

z ∈C : ∃n ∈N z(pn ) = 1
}

.

Let Gn :=Z⧸pn . LetF : g ∈G∞ 7→ pmin{n∈N:g∈Gn }. Let

L(z,m) = max{|z −1|, |m|}.

Then:

lim
n→∞Λspec

((
C∗

(
Z⧸pn ×Z,σ

)
,ℓ2

(
Z⧸pn ×Z

)
⊗E , /Dn

)
,(

C∗ (
Z(p∞)×Z,σ

)
,ℓ2 (

Z(p∞)×Z)⊗E , /D∞
))

= 0.

For the right choice of cocycle, C∗ (
Z(p∞)×Z,σ

)
is the

Bunce-Deddens algebra BD(p∞).
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Thank you!
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