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CHAPTER 1

Topological Spaces and continuous functions

1. The category of Topological spaces

DEFINITION 1.1. Let E be a set. A topology T on E is a subset of 2F such that:

(1) EETtand @ € 7.
(2) ForallU,V € twehave UNV € T.
(3) Forall Z C t,wehave JZ € T.

A pair (E, T) is a topological space when E is a set and T is a topology on E.
Moreover, a subset U of E is called open if U € 1r and closed if CeU € 1%.

The chapter on fundamental examples collect many examples of topologies.
Note that {@, E} and 2F both are obvious topologies on any set E, but of course
the examples in the next chapter are more substantial. For now, we will work the
few basic properties of topologies.

PROPOSITION 1.2. Let E be a (nonempty) set, (F,Tg) be a topological space, and
f + E — F a function. Define:

) ={fT(V): Ve
Then (E, T(f)) is a topological space. We call T(f) the initial topology for f or the topology
induced by f.

PROOE. By construction, f~}(F) = Eand f~1(®) = @so @,E € ©(f). Let
Uy, Up € T(f). Then by definition, there exists Vi, V, € 1F such that U; = f~1(V;)
fori =1,2. Thus:

UiNU =fY(v)nf L) = fFHvnWy).

Hence by definition, Uy N U, € 7(f). Last, let  C 7T(f). By definition, each
element of % is the preimage by f of some open set Vy; in (F, 7). We set:

Y={Vern:WUew U= fYV)}.
Now x € |J% if and only if there exists U € % such that x € U. Now, U € %
if and only if there exists V € # such that U = f~!(V). Hence x € % if and
only if there exists V € ¥ such that x € f~!(V), which in turn is equivalent to
x € f~Y(U 7). Hence:
Uz =f1U7)
and therefore, we have shown that 7(f) is a topology on E. O

DEFINITION 1.3. Let (E, t¢) and (F, tr) be two topological spaces. Let f : E —
F be a function. We say that f is continuous on E when:

YV € 1 fﬁl(V) € Tg.
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6 1. TOPOLOGICAL SPACES AND CONTINUOUS FUNCTIONS

REMARK 1.4. Itis immediate that f : E — F is continuous if and only if for all
closed subset C C F, the set f~1(C) is closed as well.

REMARK 1.5. It is immediate by definition that any constant function is con-
tinuous. It is also obvious that the identity function on any topological space is
continuous.

PROPOSITION 1.6. Let (E, ), (F, ) and (G, 1g) be three topological spaces. Let
f:E—Fand g: F — G. If f and g are continuous, so is g o f.

PROOF. LetV € 1¢. Then g~} (V) € 1 by continuity of g¢. Hence f ~ (¢~ 1(V)) €
Tg by continuity of f. O

DEFINITION 1.7. The category whose objects are topological spaces and mor-
phisms are continuous functions is the category of topological spaces.

DEFINITION 1.8. An isomorphism in the category of topological spaces is
called an homeomorphism.

REMARK 1.9. An homeomorphism is by definition a continuous map which
is also a bijection and whose inverse function is also continuous. There are con-
tinuous bijections which are not homeomorphisms (see the chapter Fundamental
Examples).

2. Order on Topologies on a given set

The initial topology (f) induced by a function'f : E — F is a subset of
the topology on E if and only if f is continuous. This motivates the following
definition.

DEFINITION 2.1. Let E be a set. Let 71 and 1, be two topologies on E. We say
that 7y is finer than  and 1 is coarser than 71 when 7, C 7.

Of course, inclusion induces an order relation on topologies on a given set. A
remarkable property is that any nonempty subset of the ordered set of topologies
on a given set always admits a greatest lower bound.

THEOREM 2.2. Let E be a set. Let 7 be a nonempty set of topologies on E. Then the
set:
1= N\N7={UCE:Voe T Ucu}
is a topology on E and it is the greatest lower bound of 7 (where the order between topology
is given by inclusion).

PROOF. We first show that 7 is a topology. By definition, for all ¢ € .7, since
o is a topology on E, we have E,©® € ¢. Hence @, E € 7. Now, let U,V € T. Let
o € J be arbitrary. By definition of T, we have U € ¢ and V € ¢. Therefore,
UNYV € osince o is a topology. Since o was arbitrary in .7, we conclude that
UNV € 7 by definition. The same proof can be made for unions. Let  C 7.
Let o € 7 be arbitrary. By definition of T, we have % C . Since ¢ is a topology,
U% € o. Hence, as ¢ was arbitrary, J% € 7. So T is a topology on E. By
construction, T C o for all o € .7, so T is a lower bound for .7. Assume given a
new topology p on E such thatp C o forallcin 7. Let U € p. Then foralloc € 7
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we have U € ¢. Hence by definition U € 7. So p C 7 and thus 7 is the greatest
lower bound of 7. O

COROLLARY 2.3. Let E be a set and (F,tr) be a topological space. The smallest
topology which makes a function f : E — F continuous is T(f).

PROOF. Let .7 be the set of all topologies on E such that f is continuous. By
definition, 7(f) is a lower bound of 7. Moreover, 7(f) € 7. Hence it is the
greatest lower bound. O

We can use Theorem (2.2) to define other interesting topologies. Note that
trivially 2F is a topology, so given any A C 2F for some set E, there is at least one
topology contaning A. From this:

DEFINITION 2.4. Let E be a set. Let A be a subset of 2F. The greatest lower
bound of the set:
Ip = {0 isatopologyonE: A C o}
is the smallest topology on E containing A. We call it the topology induced by A
on E and we denote it T(A).

We note that since 7(A) belongs to 74 by construction, itis indeed the smallest
topology containing A.

In general, we will want a better description of the topology induced by a
particular set than the general intersection above. This is not always possible, but
the concept of basis allows one to obtain useful descriptions of topologies.

3. Basis

When inducing a topology from a family % of subsets of some set E, the
fact that % enjoys the following property greatly simplifies our understanding
of ().

DEFINITION 3.1. Let E be a set. A topological basis on E is a subset % of 2F
such that:
M) E=UZ,
(2) For all B, C € % such that BN C # @, we have:

VxeBNC dIDe B xe DAD CBNC.
The main purpose for this definition stems from the following theorem:

THEOREM 3.2. Let E be some set. Let 9 be a topological basis on E. Then the
topology induced by 2 is:

w(B)={Jw % < BY.

PROOF. Denote, for this proof, the set {U% : % C %}, by o, and let us
abbreviate 7(#) by T. We wish to prove that T = ¢. First, note that Z C ¢ by
construction. By definition, 4 C T and since T is a topology, it is closed under
arbitrary unions. Hence ¢ C 7. To prove the converse, it is sufficient to show
that o is a topology. As it contains % and 7 is the smallest such topology, this will
provide us with the inverse inclusion. By definition, U@ = @ and thus @ € o.
By assumption, since & is a basis, E = |J% so E € ¢. As the union of unions
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of elements in # is a union of elements in %, ¢ is closed under abritrary unions.
Now, let U,V be elements of Z. f UNV = @ then UNV € ¢. Assume that U
and V are not disjoints. Then by definition of a basis, for all x € U N V there exists
W, € & suchthatx € Wyand W, C UN V. So:

unv= J W
xeunv
and therefore, by definition, U NV € ¢. We conclude that the intersection of two
arbitary elements in ¢ is again in ¢ by using the distributivity of the union with
respect to the intersection. O

The typical usage of this theorem is the following corollary. We shall say that
a basis % on a set E is a basis for a topology T on E when the smallest topology
containing % is T.

COROLLARY 3.3. Let A be a topological basis for a topology T on E. A subset U of
E isin T if and only if for any x € U there exists B € % such that x € Band B C U.

PROOF. We showed that any open set for the topology T is a union of elements
in #: hence if x € U for U € 7 then there exists B € # suchthatx € Band B C U.
Conversely, if U is some subset of E such that for all x € U there exists By € %4
such that x € By and By C U then U = J,¢;; By and thus U € 7. O

As a basic application, we show that:

COROLLARY 3.4. Let (E, t¢) and (F, Tr) be two topological spaces. Let 98 be a basis
for the topology tr. Let f : E — F. Then f is continuous on E if and only if:

VWV er Vxe fY(V) IBc B xcBABC fHV).

COROLLARY 3.5. Let (E, ¢ ) and (F, Tr) be two topological spaces. Let 98 be a basis
for the topology tg. Let f + E — F. Then f is continuous on E if and only if:

YWe# fYV) € 1

PROOF. By definition, continuity of f implies 3.5. Conversely, assume 3.5
holds. Let V € 1r. Then there exists % C % such that V = |J%. Now by as-
sumption, f~!(B) € 1t forall B € % and thus f (V) = Ugey f(B) € tE since
T is a topology. 0

We leave to the reader to write the statement when both E and F have a basis.

4. Interior and Closure

Given a topological space (E, T), an arbitrary subset A of E may be neither
open nor closed. It is useful to find closest “approximations” for A which are
either open or closed. The proper notions are as follows.

PROPOSITION 4.1. Let (E, T) be a topological space. Let A C E. There exists
a (necessarily unique) largest open set in E contained in A and a (necessarily unique)
smallest closed set in E containing A (where the order is given by inclusion).
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PROOF. Let = {U € 7 : U C A}. Then since 7 is a topology, U% € T.
Moreover, by definition, if x € |J % then there exists U € % such that x € U and
since U C A we conclude x € A. Therefore |J% is by construction the largest
open subset of E contained in A.

The reasonning is similar for the smallest closed set. Namely, let # = {F C
E: CgF € TA A C F}. Since closed sets are the complements of open sets, it
follows that arbitrary intersections of closed sets is closed. Thus (.% is a closed
set, and it is the smallest containing A by construction. g

DEFINITION 4.2. Let (E, T) be a topological space. Let A C E. The interior of
A is the largest open subset of E contained in A denoted by A. The closure of A is
the smallest closed subset of E containing A and is denoted by A.

Thus we always have A C A C A. Moreover:

PROPOSITION 4.3. Let (E, T) be a topological space. Let A, B C E. Then:
(1) FAC Bthen AC Band A C B,

—~ o o
2) AnB=AnNB,
(3) AUB=AUB.

PROOF. If A C Bthen A C A C B. Since A is open and a subset of B, it is
contained in B by definition. Similarly, if A C B then'A C B. Now, B is closed and

contains A so it must contained the smallest closed subset containing A, namely
A.

’—Io\\ ° ~ A N o o
Note that AN B C Aso ANB C A. Similarly with B,so ANB C ANB. On
the other hand, A N B is an open set (as the intersection of two open sets), and
since A C Aand B C B, itis included in A M B. Hence it is included in the largest
open subset contained in A N B, which completes this proof.
The same reasonning can be applied to the last assertion of this proposition.
O

The main theorem about closures is the following.

THEOREM 4.4. Let (E, ) be a topological space. Let A C E. Then x € A if and
only if for all V € T such that x € V we have VN A # @.

PROOF. Assume first thatx ¢ A. Thenx € CgA and CzA is open by definition;
moreover by construction C;A N A = @ since A C AsoCgA C CpA. Conversely,
let x € E and assume that there exists V € Tsuchthatx € Vandyet VN A = @.
Then A C B¢V and C¢V is closed, so by definition A C C£V, hence x ¢ A. O

In general, one can thus write:
A={x€E:VWeTxeV = VNA+#Q}.

The following is immediate, so we omit the proof.

COROLLARY 4.5. Let (E, T) be a topological space and 98 a basis for T. Let A C E.
Then x € A if and only if for all V € 9B such that x € V we have VN A # @.

We can use the main theorem about closure to show that:
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PROPOSITION 4.6. Let (E, T) be a topological space. Let A C E. Then Cp A = (A

~~ _
and EEA = CEA.

PROOF. We shall only prove that CrA = CpA as both assertions are proved
similarly. Note first that A C A so CpA C CpA and CgA is closed. Hence CpA C
CLA. Conversely, let x € CcA. Let V € T such that x € V. Assume VN LA = .
Then V C Aso,as V open, V C A, which contradicts x € BEA. So VNnlgA # @,
and thus x € Lz A as desired. O

5. Characterizations of Continuity

THEOREM 5.1. Let (E, tg) and (F,tg) be topological spaces. Let f : E — F be
given. Then f is continuous if and only if for all A C E, f(A) C f(A).

PROOF. Assume first that f is continuous. Let A C E. Since f is continuous,
F~Y(f(A)) is closed, and by definition of images and preimages,

AC fH(f(A)
so A C f~1(f(A)) as desired.

Let us now assume that for any A C E, we have f(A ) C
be a closed set. Let D = f~1(C). By assumption, D € f ' (f(D)) C f~'(f(D)) C
f1(C) = f1(C) = D. SoD C D, hence D = D so D is closed. Hence f is
continous. O

f(A). ThenletC C F
(D
is ¢

REMARK 5.2. Inthe next chapter on fundamental examples, one will encounter
many topological spaces where singletons are not open. Note that in those cases,

if f : ¢ — F is constant, then f (E) would be empty, and thus we can not expect

. ~
f(E) C f(E) in general for continuous functions.

THEOREM 5.3. Let (E, tg) and (F,tg) be topological spaces. Let f : E — F be

/_/H
given. Then f is continuous if and only if for all A C F, we have f~*(A) C f~1(A).

PROOF. Assume first that f is continuous. Let A C F. Then f~1(A i) e TE since

/H
f is continuous. Since f~1(A) C f~1(A), we conclude that f~1(A) C f~1(A) (b

—_—
maximality of f71(A) among all open sets in E contained in A).

Conversely, assume that for all A C F, f~1(A) C f~ ( ) Let V € 1. Then
by assumption:

V) =W cfiv)c v
PN
so f~H(V) = f1(V)ie f~1(V) € 1. Since V € 1 was arbitrary, f is continuous.
O
THEOREM 5.4. Let (E,tg) and (F, tr) be topological spaces. Let f : E — F be
given. Then f is continuous if and only if for all A C F we have f~1(A) C f~1(A).




6. TOPOLOGIES DEFINED BY FUNCTIONS 11

PROOF. Assume first that f is continuous. Let A C F. Then A C A so
f1(A) C f71(A). Since f is continuous, then f~!(A) is closed, and thus by
minimality of f~1(A), we have f~1(A) C f~1(A).

Conversely, assume that for all A C F we have f~1(A) C f~1(A). LetC C F
be closed. Then:

fHO) S fFHO) = fHO)

so f71(C) = f~1(C) i.e. f71(C) is closed. Since C was an abritrary closed subset
of F, the function f is continuous. O

6. Topologies defined by functions

Continuity was phrased by stating the topology induced by the function is
coarser than the topology on the domain. We can extend this idea to define topolo-
gies. Note that if E is endowed with the indiscrete topology 2F then any function,
to any topological space, is continuous. Hence the following definition can be
made:

DEFINITION 6.1. Let E be a set. Let (F, 7r) be a topological space. Let . be a
nonempty set of functions from E to F. The smallest topology on E such that all
the functions in .# are continuous is the initial topology induced by .% on E. We
denote it by T(.7).

PROPOSITION 6.2. Let E be a set. Let (F,T) be a topological space. Let .F be a
nonempty set of functions from E to F. Let:

B = {B(fl,ul),...,(fn,un) Ifl,. ..,fn € Z, Ul,. U, € TF}
where

By (ftln) = 1 (U1) N0 £ (Un)

for all n-tuple (fy,..., fn) of functions in .F and Uy, ..., U, € t¢. Then A is a basis for
the initial topology induced by 7.

PROOEF. Note that for all f € .7#, we must have 7(f) C 7(.%) by defintion of
continuity. Hence, if 7 is any topology on E such that all the functions in .# are
continuous, then & C 7. In particular, 7(#) C 7(#). On the other hand, by
construction, every function in .Z is continuous for 7(%), so T(.#) C (%) by
definition of the initial topology. Hence 7(.%) = 1(%).

It remains to show that 4 is a basis on E. By definition, note that E € % since
E = f~I(F) for any f € .Z. Now, note that by definition, the intersection of two
elements in 4 is still in %, so 4 is a trivially a basis. O

The main two theorems regarding initial topologies describe its universal prop-
erty:

THEOREM 6.3. Let E be a set. Let (F, t¢) and (D, Tp) be topological spaces. Let .F
be a nonempty set of functions from E to F. A function f : D — E is continuous when E
is endowed with the initial topology T(.F) if and only if g o f is continuous forall g € F.
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PROOF. If f is continuous, then for all g € .# the function g o f is continuous,
as the composition of two continuous functions.

Conversely, assume that g o f is continuous for all g € .#. Let gy,...,91 € F
and Vy,...,V, € 1r and set:

W=g'(Vi)n...Nng (Vi)

Now, since g1 0 f, ..., gn o f are all continuous by assumption, f (g7 (V1)), ..., f~H(gn(Va))
are all in 7p. Hence f~1(W) € 1p. Since W was an arbitrary set in a basis for the
final topology on E, f is continuous. O

THEOREM 6.4. Let E bea set. Let (F, tr) and (D, Tp) be topological spaces. Let .7 be
a nonempty set of functions from E to F. The initial topology for % is the unique topology
such that, given any topological space (D, Tp ) and given any function f : D — E, then f
is continuous if and only if g o f is continuous for all g € F.

PROOF. We showed that the initial topology for .# has the desired property.
Conversely, assume that the given property holds for some topology T on E. In
particular, let f : E — E be the identity, seen as a function from the topological
space (E, T(.#)) into the space (E, 7). Using the specified universal property, we
see that f is continuous, so 7(.%) is finer than 7. Conversely, note that f ! is also
continuous for the same reason, so 7 is finer than 7(.%), so these two topologies
agree. This completes the proof of this universal property. O

Last, we can obtain a basis for initial topologies in a natural way:

THEOREM 6.5. Let E be a set, (F,Tp) be a topological space, F a nonempty set of
functions from E to F. Let 9 be a basis for tp. Then the set:

¢ ={fi'B)N...Nf, "(Bu): fi,on fu € F,By,..., By € B}
is a basis for the initial topology for .

PROOF. This is a quick computation. O
The dual notion of initial topology is final topology:

DEFINITION 6.6. Let F be a set. Let .# be a set of triplets (E, T, f) where (E, T)
is a topological space, and f : E — F is a function. The final topology 7(.%#) on F is
the largest topology such that all fuctions f such that (E, 7, f) € .# are continuous.

In general, the union of topologies is not a topology, so the final topology def-
inition deserves a quick comment. The set of all topologies on a fixed set form
a complete lattice, whose meet operation is the intersection, and the join opera-
tion is defined by taking the smallest topology generated by the union. Using the
notation of Definition (6.6), set:

={UCF:f1U)ert}

It is easily check that 7 is a topology and that for any topology strictly larger than
T, by definition, at least one set would not pull back by f to an open set in 7. One
can check that this is the smallest topology generated by the union of all topologies
which make f continuous (though this is a bit convoluted, as 7r is the union of all
these topologies and is a topology itself!).
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In the following chapters, we will see that the product topology, the trace
topology and the norm topology are examples of initial topologies. The quotient
topology is an example of a final topology.






CHAPTER 2

Fundamental Examples

This chapter provides various examples of topological spaces which will be
used all along these notes and are often at the core of the subject.

1. Trivial Topologies

DEFINITION 1.1. Let E be a set. The topology {@, E} is the indiscrete topology
on E. The topology 2F is the discrete topology on E.

PROPOSITION 1.2. Let (F,T) be a topological space. All functions from (E,2F) into
(F, T) are continuous. The only continuous functions from (E,{@,E}) to F are constant
if (F,7)is T1.

PROOF. When E is given the discrete topology, then for all open subsets V of F
one has f~1(V) open in E. On the other hand, if E is given the indiscrete topology
and (F,7) is T1 then assume f takes two values, [ and k. Then Cr{I} is open, so
F~1(Cp{l}) must be open, and as it is nonempty (it contains f~!({k})), it is all of
E, which is absurd. O

2. Order topologies

DEFINITION 2.1. Let (E, <) be a linearly ordered set. Let co, —c0 be two sym-
bols notin E. Define E = EU { —0, 00} and extend < to E by setting for all x,y € E:

x<y <= (W€EAYycEANx<y)V(x=—00)V(y=0).

Let < be the relation < N #(ie. x <y < (x <yAx#y)) onE. Leta,b €E.
We define the set (a,b) = {x € E:a < x Ax < b}.

DEFINITION 2.2. Let (E, <) be a linearly ordered set. Then the topology in-
duced by the set:

I ={(a,b):a,b e E}
is the order topology on E.
PROPOSITION 2.3. The set I is a basis for the order topology on E.

PROOF. Since E is linearly ordered, so is E. It is immediate that (a,b) N (c,d) =
(a’,d") if a’ is the largest of a and ¢ and d’ is the smallest of b and d. O

REMARK 2.4. The default topology on R is the order topology.

DEFINITION 2.5. Let (E, <) be an ordered set, and a4,b € E. We define [a,b] =
{x€eE:a<xAx<b}.

15
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3. Trace Topologies

PROPOSITION 3.1. Let (E, tg) be a topological space. Let A C E. Then the trace
topology on A induced by T is the topology:

h={UnA:Uct}

PROOF. Itis a trivial exercise to show that the above definition indeed gives a
topology on A. O

Just as easy is the following observation:

PROPOSITION 3.2. Let (E, T) be a topological space. Let 8 be a basis for T. Let
A C E. Then the set {BN A : B € A} is a basis for the trace topology on A induced by
T.

PROOF. Trivial exercise. O

REMARK 3.3. The default topology on IN, Z and Q is the trace topology in-
duced by the order topology on R. Since {n} = (n = 3,n+ 3)NZforalln € Z,
we see that the natural topologies form IN and Z are in fact the discrete topology.

REMARK 3.4. Let A C E, where (E, 1) is a topological space. Leti : A — E be
the inclusion map. Then the trace topology is the initial topology for {i}, i.e. T(i).

4. Product Topologies

DEFINITION 4.1. Let I be some nonempty set. Let us assume given a family
(Ei, Ti)ic1 of topological spaces. A basic open set of the cartesian product [;c; E;
is a set of the form [;c; U; where {i € I : U; # E;} is finite and for all i € I, we
have U; € 1.

DEFINITION 4.2. Let I be some nonempty set. Let us assume given a family
(Ei, Tj)ie; of topological spaces. The product topology on [];c; E; is the smallest
topology containing all the basic open sets.

PROPOSITION 4.3. Let I be some nonempty set. Let us assume given a family
(E;, Ti)ie1 of topological spaces. The collection of all basic open sets is a basis on the set

[Tic; E:-
PROOF. Trivial exercise. O

REMARK 4.4. The product topology is not just the basic open sets on the carte-
sian products: there are many more open sets!

PROPOSITION 4.5. Let I be some nonempty set. Let us assume given a family
(Ei, Ti)ie1 of topological spaces. The product topology on [ ;< E; is the initial topology for
the the set {p; : i € 1} where p; : [Tje; Ej — E; is the canonical surjection for all i € .

PROOF. Fixi € I. Let V € 1f,. By definition, pl._l(V) = [1je; Uj where U; = E;
forj e I\ {i}, and U; = V. Hence p;l(V) is open in the product topology. As V
was an arbitrary open subset of E;, the map p; is continuous by definition. Hence,
as i was arbitrary in I, the initial topology for {p; : i € I} is coarser than the
product topology.
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Conversely, note that the product topology is generated by {p; (V) : i €
I,V € 1§}, so it is coarser than the initial topology for {p; : i € I}. This concludes
this proof. O

COROLLARY 4.6. Let I be some nonempty set. Let us assume given a family (E;, T;)ic1
of topological spaces. Let T be the product topology on F = T1;c; Ei. Let (D, tp) be a
topological space. Then f : D — F is continuous if and only if p; o f is continuous from
(D, tp) to (E;, tg,) for all i € I, where p; is the canonical surjection on E; for all i € 1.

PROOF. We simply applied the fundamental property of initial topologies.
O

REMARK 4.7. The box topology on the cartesian product is the smallest topol-
ogy containing all possible cartesian products of open sets. It is finer than the
product topology in general. Since the product topology is the coarsest topology
which makes the canonical projections continuous, it is the preferred one on carte-
sian products. Of course, both agree on finite products.

REMARK 4.8. The product topology is the default topology on a cartesian
product of topological spaces.

5. Metric spaces

DEFINITION 5.1. Let E be a set. A functiond : E X E — [0, 00) is a distance on
E when:

(1) Forallx,y € E,wehaved(x,y) =0ifand onlyif x =y,
(2) Forall x,y € Ewehaved(x,y) =d(y, x),
(3) Forallx,y,z € Ewehaved(x,y) <d(x,z)+d(z,y).

DEFINITION 5.2. A pair (E, d) is a metric space when E is a set and d a distance
on E.

The following is often useful:
PROPOSITION 5.3. Let (E,d) be a metric space. Let x,y,z € E. Then:
|d(x,y) —d(x,2)] < d(y, 2).

PROOF. Since d(x,y) < d(x,z) +d(z,y) wehaved(x,y) —d(x,z) < d(z,y) =
d(y,z). Since d(x,z) < d(x,y) +d(y,z) we have d(x,z) —d(x,y) < d(y,z). Hence
the proposition holds. O

DEFINITION 5.4. Let (E,d) be a metric space. Let x € Eand r € (0,00) C R.
The open ball of center x and radius r in (E, d) is the set:

B(x,r)={y € E:d(x,y) <r}.

DEFINITION 5.5. Let (E,d) be a metric space. The metric topology on E in-
duced by d is the smallest topology containing all the open balls of E.

THEOREM 5.6. Let (E,d) be a metric space. The set of all open balls on E is a basis
for the metric topology on E induced by d.
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PROOF. Itis enough to show that the set of all open balls is a basis. By defini-
tion, E = Uyeg B(x,1). Now, let us be given B(x, ry) and B(y, r,) for some x,y € E
and 7y, ry > 0. If the intersection of these two balls is empty, we are done; let us
assume that there exists z € B(x,7y) N B(y,ry). Let p be the smallest of ry — d(x, z)
and ry, —d(y,z). Letw € B(z,p). Then:

dix,w) <d(x,z) +d(z,w) <d(x,z) +re —d(x,z) =1x

sow € B(x,ry). Similarly, w € B(y,r,). Hence, B(z,0) C B(x,ry) N B(y,ry) as
desired. O

The following theorem shows that metric topologies are minimal in the sense
of making the distance functions continuous.

THEOREM 5.7. Let (E,d) be a metric space. For all x € E, the function y € E —
d(x,y) is continuous on E for the metric topology. Moreover, the metric topology is the
smallest topology such that all the functions in the set {y — d(x,y) : x € E} are
continuous.

PROOF. Fix x € E. Itis sufficient to show that the preimage of [0, 7) and (r, o)
by dx : y € E — d(x,y) is open in the metric topology of E, where r > 0 is
arbitrary. Indeed, these intervals form a basis for the topology of [0, ). Let r > 0
be given. Then d; 1([0,7)) = B(x,r) by definition, so it is open. Moreover, it shows
that the minimal topology making all these maps continuous must indeed contain
the metric topology. Now, let y € E such thatd(x,y) > r. Letp = d(x,y) —r > 0.
Then if d(w,y) < p for some w € E then:

d(x,y) <d(x,w)+d(w,y) so d(x,y)—dw,y) <d(x,w)
sod(x,w) > r. Hence
B(y,p) C dy '((r,0))

for ally € d;!((r,)). Therefore, dy!((r, ©)) is open, as desired, and our propo-
sition is proven. O

REMARK 5.8. The topology on [0, %) is the trace topology on [0, o) induced
by the usual, i.e. the order topology on R.

REMARK 5.9. The metric topology is the default topology on a metric space.

There are more examples of continuous functions between metric spaces. More
precisely, a natural category for metric spaces consists of metric spaces and Lips-
chitz maps as arrows, defined as follows:

DEFINITION 5.10. Let (E,dg), (F,dF) be metric spaces. A function f : E — F
is k-Lipschitz for k € [0, o) if:
Vx,y € E dp(f(x),f(y)) < kde(x,y).

DEFINITION 5.11. Let (E,dg), (F,dr) be metric spaces. Let f : E — F be a
Lipschitz function. Then the Lipschitz constant of f is defined by:

d ,
REMARK 5.12. Lip(f) = 0if and only if f is constant.
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PROPOSITION 5.13. Let (E,dg), (F,dr) be metric spaces. If f : E — F is a Lipschitz
function, then it is continuous.

PROOF. Assume f is nonconstant (otherwise the result is trivial). Let k be the
Lipschitz constant for f. Lety € Fand € > 0. Let x € f 1(B(y,€)). Let z € E such

that dg(x,z) < 6y = M (note that the upper bound is nonzero).

@ de(f(z),y) < de(f(2), f(x)) +dp(f(x),y)
@ < kde(x,z) +dr(f(x),y)
(©) < e—dp(f(x),y) +de(f(x),y) =€
Hence f~1(B(y,€)) = Usres1(B(y,e)) B(x,0x). So f is continuous. O

REMARK 5.14. The proof of continuity for Lipshitz maps can be simplified: it
is a consequence of the squeeze theorem. We refer to the chapter on metric spaces
for this.

REMARK 5.15. Using Lipshitz maps as morphisms for a category of metric
spaces is natural. Another, more general type of morphisms, would be uniform
continuous maps, which are discussed in the compact space chapter.

6. Co-Finite Topologies

A potential source for counter-examples, the family of cofinite topologies is
easily defined:

PROPOSITION 6.1. Let E be a set. Let:
Toof(E) = {@}yu{U C E: CeU is finite }.
Then T.o¢(E) is a topology on E.

PROOF. By definition, @ € 7¢(E). Moreover, C;E = @ which is finite, so E €
Teof(E). Let U,V € 1o¢(E). f U or Visempty thenUNV = @soUNV € 1(E).
Otherwise, Cg (U N V) = CgU ULV which is finite, since by definition CzU and C¢V
are finite. Hence UNV € 1((E). Last, let % C 1.f(E). Again, if = {@} then
U% = @ € 1.¢(E). Let us now assume that % contains at least one nonempty set
V. Then:

CelJz =N{Ceu:uew} CCev.

Since CgV is finite by definition, so is C¢ |J %, which is therefore in T.¢(E). This
completes our proof. O

7. The one-point compactification of IN

Limits of sequences is a central tool in topology and this section introduces the
natural topology for this concept. The general notion of limit is the subject of the
next chapter.

DEFINITION 7.1. Let co be some symbol not found in IN. We define N to be
INU {oo}.
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PROPOSITION 7.2. The set:
T ={UCN:(UCN)V (0 €UACNU is finite) }
is a topology on IN.

PROOF. By definition, @ C IN so @ € t. Moreover [N = @ which has
cardinal 0 so N € T Let U,V € 1. If either U or V is a subset of IN then U N V' is
asubset of Nso UNV € 7. Othwiwse, o0 € UNV. Yet (U NV) =CxU UCxV
which is finite as a finite union of finite sets. Hence U NV € 7y again.

Last, assume that % C 1. Of course, 0 € |J% if and only if o € U for
some U € % . So, if co & |J% then |J% € T by definition. If, on the other hand,
00 € U7, then there exists U € % with (iU finite. Now, CxU% = N{CxV :
V € %} C CxU so it is finite, and thus again J % € 7. O



CHAPTER 3
Limits

1. Topological Separation and Hausdorff spaces

The general definition of topology allows for examples where elements of a
topological space, seen as a set, can not be distinguished from each others (for
instance if the topology is indiscrete). When points can be topologically differen-
tiated, a topology is in some sense separated. There are many axioms, or defini-
tions, of separability, and we will use the most common and intuitive: namely, the
notion of Hausdorff spaces. We do however present a few basic notions in this
section which are weaker than Hausdorff separation, as such spaces are certainly
common in mathematics.

DEFINITION 1.1. Let (E, T) be a topological space. We say that T is TO when
given any two points x,y € E with x # y, there exists an open set U € 7 such that
eitherx e Uy gUory e U,x € U.

Thus a space is TO when there are enough open sets to separate the points, i.e.
when the set of all open sets containing one point is not the same as the set of all
open sets containing a different point. However, this notion is not symmetric. The
following definition add that the separation property should be symmetric:

DEFINITION 1.2. Let (E, T) be a topological space. We say that 7 is T1 when
given any two points x,y € E with x # y, there exists two open sets U, V € T such
thatxe U,y g Uandy € V,x ¢ V.

A key advantage of T1 separation is:

PROPOSITION 1.3. Let (E, T) be a topological space. Then T is T1 if and only if for
all x € E the set {x} is closed.

PROOF. Assume 7is T1. Fix x € E. Lety € E \ {x}. Then there exists U, € T
such that x ¢ Uy and y € Uy. We can thus write:

CE{X} = U Uy
YyEE\{x}

which shows that C£{x} is open as desired.
Assume now that all singletons are closed. Let x,y € E with x # y. Then
x € Cp{y}and y € Cp{x},ie. Tis T1. O

Note that T0 is not enough for the above result.

COROLLARY 1.4. Let (E, T) be a topological space. (E, T) is T1 if and only if for all
x € Ewehave {x} = {U € 7:x € U}.

21
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PROOF. Assume (E, 7)isTl. LetS = N\{U € t:x € U}. Lety € S. If y # «x
then there exists U € 7 such that x € U and y ¢ U. This is a contradiction. So
S = {x}.

Assume now that for all x € Ewe have {x} = ({U € 1:x € U}. Letx,y € E
such that x # y. Then:

(WUet:xeU}Z({UeT:yecl}
, so there exists U € 7 such that x € U and y ¢ U. Similarly:

(WUert:yeU} Z({Uet:xecU}
so there exists U € T such thaty € U and x ¢ U. Hence (E, 7) is T1. O

EXAMPLE 1.5. The indiscrete topology is not TO.

EXAMPLE 1.6. Let E be an infinite set (for instance E = R), endowed with the
cofinite topology T = T.¢(E). By defintion, {x} is closed forall x € E so (E, 1) is
T1. We make a useful observation. Let f : E — R be a continuous map, where the
codomain is endowed with the usual order topology. Assume f is not constant:
then there exists x,y € E such that f(x) # f(y). Without loss of generality, we
assume f(x) < f(y). Letr = J(f(y) = f(x)). Let U = (f(x) =7, f(x) +7) and
V=) —rfly)+r). Then UNV = @ and U,V are open sets in R such
that x € U and y € V. Since f is continuous, f~Y(U) and f~'(V) are open in
E, i.e. are cofinite. Since U and V are disjoint, we conclude that f~1(U) is in the
complement of f~1(V), which is finite. Since the complement of f~!(U) is finite
as well, we conclude that E is finite, which is a contradiction. So f is a constant.

The cofinite topology on infinite set example shows that T1 still allows for
counter intuitive situations. We also saw that we could find two disjoint open
sets in R containing given distinct points: this stronger property is the separation
axiom we will focus our attention to.

DEFINITION 1.7. Let (E, T) be a topological space. We say that (E, T) is a Haus-
dorff space (or T2) when for any x,y € E such that x # y there exists U,V € T
suchthat UNV =@, x ¢ Uandy € V.

PROPOSITION 1.8. If (E, T) is Hausdorff, then it is T1.
PROOF. This result holds by definition. O

EXAMPLE 1.9. Let (E, <) be a linearly ordered set and let T be the associated
order topology on E. Then (E, T) is Hausdorff. Indeed, let x,y € E with x # y;
without loss of generality we assume that x < y. Then if there exists z € E such
that x < z < y then x € (—o0,z) and y € (z,00), where both intervals are disjoint
and open. Otherwise, (—oo,) N (x,00) = @ and x € (—o0,y),y € (x,00).

EXAMPLE 1.10. In particular, R is Hausdorff.

EXAMPLE 1.11. Let (E, T) be a Hausdorff space. Then by definition, it is im-
mediate that the trace topology induced on any subset of E is also Hausdorff.

EXAMPLE 1.12. In particular, the topology on Q is Hausdorff.
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EXAMPLE 1.13. The discrete topology on any set is always Hausdorff.
EXAMPLE 1.14. In particular, the topology on Z and N is Hausdorff.

EXAMPLE 1.15. Let (E, d) be a metric space. Then (E, 1) is Hausdorff. Indeed,
let x,y € E such that x # y. Let r = Jd(x,y) and note that r > 0 by definition of a
distance. Let z € B(x, r). Then:

d(x,y) <d(x,z)+d(z,y) sor <d(z,y)
and by symmetry, if d(w, y) < r then d(w, x) > r. Hence B(x,r) N1 B(y,r) = @.
EXAMPLE 1.16. Let (E;, T;);c; be some family of Hausdorff topological spaces.
Then the cartesian product with the product topology is Hausdorff. Indeed, let
x = (xj)ie; and y = (y;)ics such that x # y. By definition, there exists ip € I

such that x;, # y;,. Since E;, is Hausdorff, there exists U; , V;, such that x;, € Uj,;,
vi, € Vi, and U;, NV, = @. Define the two families:

0’/

y E; if i 7é iO/
u:iel— { U; otherwise,
and
y E; ifi# i,
viiel— { Vi otherwise,

and set U = [];c;u; and V = [];c; v;. Then by construction, x € U, y € V and
unv=2ao.

The following result is a characterization of Hausdorff separation.

THEOREM 1.17. Let (E, T) be a topological space. Then (E, T) is Hausdorff if and
only if A = {(x,%) : x € E} is closed in E? for the product topology.

PROOF. Assume E is Hausdorff. Let (x,y) € CpA (so x # y!). Then there
exists two disjoint open sets U and V in E such thatx € Uand y € V. If (z,z) €
U xVthen z € Uand z € V which is impossible since U and V are disjoint. So
U x V, which is open in the product topology, contains (x, y) by definition, and is
a subset of C2A. Hence Cp2A'is open.

Conversely, assume (2 A is open. Let (x,y) € Cp2A. Since basic open sets form
a basis for the product topology, there exists U, V open in E such that (x,y) €
UxVand Ux V. C CEzA. Now, by definition, (U x V) NA = @ so as above,
UNV =@, as desired. So (E, 7) is Hausdorff. O

Hausdorff spaces have a nice relation with continuous maps as well.

PROPOSITION 1.18. Let (E, Tg) be a topological space. Let (F,tp) be a Hausdorff
topological space. Let f : E — F and g : E — F be given.
(1) If f is continuous, then the kernel ker(f) = {(x,y) € E?: f(x) = f(y)} of f

is closed.

(2) If f is continuous, then the graph graph(f) = {(x, f(x)) € EX F} of f is
closed.

(3) If f and g are continuous, then the equalizer eq(f,g) = {x € E : f(x) =

<(x)} of f, g is closed.
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PROOF. Since (F, 1¢) is Hausdorff, the set A = {(x, x) : x € F} is closed.
We first prove that the kernel of f is closed when f is continuous. Let:

x:EXE — FxF
(xy) — (f(x), f(y))

The function (x,y) € E x E — x is continuous since the product topology is
the initial topology for the canonical surjections, and f is continuous by assump-
tion, so (x,y) € E X E — f(x) is continuous as the composition of two continuous
functions. Similarly, (x,y) € E x E — f(y) is continuous. Hence, by the universal
property of the initial topology, x is continuous.

Now, by definition, kernel(f) = x~1(A) and thus it is closed.

We now prove that the graph of f is closed when fis continuous. Let:

0:ExF — FxF
(xy) — (f(x)).

By a similar argument as for «, the map ¢ is continuous since (x,y) € E X
F — yand (x,y) € E x F — x are continuous for the product topology, and f is
continuous, so by composition of continuous functions, (x,y) € Ex F — f(x) is
continuous. Hence by the universal property of the product topology (seen again
as the initial topology for the canonical surjections), ¢ is continuous.

Now graph(f) = 6~!(A) so the graph of f is closed.

Last, we show the equalizer of f and g is closed when both f and g are contin-
uous. Let:

n:E —s FxF
x — (f(x),8(x)).

By assumption, f and g are continuous, so by the universal property of the
product topology, 7 is continuous. So eq(f, g) = 17 *(A) is closed. O

PROPOSITION 1.19. Let (E, tg) and (F, tr) be two topological spaces. Let f : E —
F.

(1) If f open (ie. U € Tp = f(U) € 1) and a surjection, and if the kernel of f
is closed then (F, tr) is Hausdorff.

(2) If f is a continuous, open surjection, then the kernel of f is closed if and only if
(F, t) is Hausdorff.

PROOF. Let x,y € F with x # y. Since f is surjective, there exists w,z € E
such that f(w) = x and f(z) = y. Since x # y, (w, z) is in the complement of the
kernel of f, which is open by assumption. Since {U x V : U,V € 1} is a basis for
the product topology on EZ2, there exists Uy, U, € T¢ such that (w,z) € Uy x U
and Uy x U, is a subset of the complement of the kernel of f. Let t € f(Uy) and
r e f(Uy). If f(r) = f(t) then (t,r) lies in the kernel of f and in U, x Uz, which is
a contradiction. Hence Vy = f(Uy) and V, = f(U.) are disjoint. Since f is open,
they are open. By construction, x € Vy and y € V. So (F, t¢) is Hausdorff.

Assume now that f is a continuous, open surjection. We just proved that since
f is an open surjection, if its kernel is closed then (F, tr) is closed. Conversely,
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if f is continuous and (F, t¢) is Hausdorff then its kernel is closed. Hence the
equivalence stated. O

REMARK 1.20. We offer an alternative proof of the first assertion of the previ-
ous proposition when f is assumed to be open and bijective. We keep the notations
used in that proposition.

Assume that f is an open bijection and ker(f) is closed. Since f is bijective, it
has a right inverse g : F — E. If U is open in E then ¢~ (U) = f(U)1is open, so g
is continuous. Moreover, letting A = {(y,y) : y € F} and since f is surjective, we
have:

A = f(kernel(f)) = g~ ! (kernel(f))

which is therefore closed by assumption, as the preimage of the closed set kernel( f)
by the continuous function g. Hence (F, tr) is Hausdorff.

REMARK 1.21. An open map may not be continuous. For instance, a non-
constant map from {0,1} with the indiscrete topology to {0,1} with the discrete
topology is always open but never continuous.

2. Limits along a set

Dealing with continuity can be complicated from the original definition. It is
easier to introduce limits and the notion of continuity at a point. We first introduce
a piece of vocabulary:

DEFINITION 2.1. Let (E, 1) be a topological space. Let a € E. The set of open
neighborhoods of 4 in 7 is the set ¥4, (a) of all U € 1 such thata € U.

DEFINITION 2.2. Let (E, 1¢) and (F, 7¢) be topological spaces. Assume (F, Tr)
is a Hausdorff space. Let A C E. Leta € Aand [ € F. Let f : E — F. We say that
f has limit ] at 2 along A when:

YV e ¥, (1) 3U € ¥4, (a) F(UNA)C V.

REMARK 2.3. Ifa ¢ A then the notion is silly, since we could find one open set
U containing a and so that U N A = @ in the above definition.

PROPOSITION 2.4. Let (E, tg) and (F, tf) be topological spaces. Assume (F, Tf) is
a Hausdorff space. Let A C E. Leta € Aandl € F. Let f : E — Fand g : E — F.
Assume that f(x) = g(x) forall x € A. Then f has limit | at a along A if and only if g
has limit | at a along A.

PROOF. Simply observe that the definition of limit involves only f(- N A) and
g(-NA). O

We thus can define without ambiguity the limit of a partially defined function
at a point in the closure of its domain:

DEFINITION 2.5. Let (E, 1¢) and (F, T¢) be topological spaces. Assume A C E
is nonempty and f : A — F. Then f has limit [ ata € A along A if any extension
of f to E has limit [ at 2 along A.
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PROPOSITION 2.6. Let (E, t¢) and (F, T) be topological spaces. Assume (F, Tr) is
a Hausdorff space. Let BC A C E. Leta € Band | € F. Let f : E — F. Then if f has
limit | at a along A then f has limit | at a along B.

PROOF. First, since B C A, wehave B C A, soa € Bimplies thata € A, hence
the notion of limits are well-defined. Let V € ¥4, (I). Since limy_,, e f(x) =1,
there exists U € ¥4, (a) such that f(UN A) C V. Since BC Awehave f(UNB) C
f(UNA) CV as desired. O

PROPOSITION 2.7. Let (E, tg) and (F, t) be topological spaces. Assume (F, Tr) is
a Hausdorff space. Let A C E. Leta € Aandl € F. Let f : E — F. If f has a limit at a
along A then this limit is unique and denoted by limy_,, xc 4 f(x).

PROOF. Assume f has limit / and I’ with [ # I’ at a along A. Since F is Haus-
dorff, there exists V, V' open in F such that/ € V and I’ € V. Then by definition
of limits, there exists U, U’ open in E so thata € U,a € U’ and f(UN A) C V and
fUNA)CV.So f(AnUNU") CVNV' =@. This is absurd since a € UN U’
anda € AsoANUNU # Q. O

PROPOSITION 2.8. Let (E, tg) and (F, tf) be topological spaces. Assume (F, Tf) is
a Hausdorff space. Let A C E. Leta € Aandl € F. Let f : E — F. If f has a limit | at a
along A thenl € f(A).

PROOF. Let! = limy_,,vca f(x). Let V € t¢ such that [ € V. Then by defini-
tion of limit, there exists U € ¢ such thata € Uand f(UN A) C V. By definition,
f(UNA) C f(A).Sincea € A,wehave@ # ANUso@ # f(ANU) CVNf(A).

Sol e f(A). O

REMARK 2.9. In general, it is difficult to compute f(A), so the result is used
as follows: if f(A) C Bthenlim,_,,c4 f(x) € B.

It is unpractical to check a statement for all open sets, as in general they are
difficult to describe. The use of a basis makes things more amenable, and in fact it
is the main role of basis.

PROPOSITION 2.10. Let (E, t¢) and (F, T¢) be topological spaces, with (F, Tr) Haus-
dorff. Assume that we are given a basis X for 1 and a basis By for tp. Let A C E,
a€ Aandl € F. Let f : E — F. Let us denote by % the subset of all B € B such that
I € B, and we define 4, similarly. Then f has limit [ at a along A if and only if:

VBe % ICe B, f(CNA)CB.

PROOF. Assume 2.10. Let V € 1r such that [ € V. By definition, there exists
B € % suchthat! € Band B C V. By 2.10 there exists C € mathcalB,, i.e. an open
set in E containing a, such that f(CN A) C B C V. This shows that f converges to
[ at a along A.

Conversely, assume that f converges to [ at a along A. Let B € ;. By defi-
nition, B is an open set in F containing [ so there exists U € 7¢ witha € U such
that f(U N A) C B by definition of limit. There exists C € g such thata € C and
C C U as % is a basis for 1. Hence, f(CN A) C f(CNU) C C as desired. O

PROPOSITION 2.11. Let (E, 1) and (F, t¢) be topological spaces, with (F,t¢) T1.
Let f : E — F, ACE.Ifa € Aandif f has a limit at a along A then this limit is f(a).
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PROOF. Assume [ is the limit of f ata along A and I # f(a). Then since r is
T1, there exists V € trsuch that! € V, f(a) ¢ V. By definition of limit, there exists
UetmwithaeUand f(UNA) CV.Now,ac€ ANUso f(a) € f(ANU) CV
which is absurd. 0

PROPOSITION 2.12. Let (E, Tg) be a topological space. Let (F,tp) be a Hausdorff
topological space. Let A, A’ C E. Leta € AN A’. Then f has limit | at a along AU A’ if
and only if f has limit | at a along A and along A’.

PROOF. Note thata € AN A’ implies thata € AU A’. The condition is neces-
sary since A C AUA"and A’ C AU A’. Conversely, let V € ¥, (I). By definition
of limits along A and A’ there exist U, U’ € ¥4, (a) such that f(ANU) C V and
f(A'NU') C V. Hence f(UNU')N(AUA")) CV.Since UNU' € ¥, (a), the
proof is complete. U

THEOREM 2.13. Let (E, tg), (F,t¢) and (G, tg) be three topological spaces, where
T and TG are Hausdorff. Let f : E — Fand g: F — G. Let A C E,a € A. Set
B = f(A). If bis the limit of f at a along A and | is the limit of g at b along B then | is
the limit of g o f at a along A.

PROOEF. Note first that b € B, as necessary to make sense of the statement of
the theorem. Let W € 15 with [ € W. There exists V € 1 with b € V such that
¢(V N B) C W. Now, there exists U € 1z such thata € U and f(UNA) C V. By
construction, f(ANU) € Bso f(ANU) C BNV. Hence, g(f(UNA)) C W as
desired. 0

REMARK 2.14. Beware of this theorem. Take f(x) = xsin(1), g(x) = 0 for
x#0and ¢(0) =1,and A=B =R\ {0} and a = b = 0. Then:

0= 1 = 1
Hgg#of(x) yﬁggfog(y)

yet g o f has no limit at 0 along the set of nonzero reals.

3. Continuity at a point

DEFINITION 3.1. Let (E, 7g) and (F, T¢) be topological spaces. Leta € E. Then
f is continuous at 4 if:

WV € %2, (f(a))3U € ¥, (a) F(U)C V.

The notion of continuity at a point looks more familiar when the codomain is
Hausdorff.

PROPOSITION 3.2. Let (E, tg) and (F, t) be topological spaces. Assume (F, Tf) is
Hausdorff. Let a € E. Then f is continuous at a if:

lim _f(x) = f(a)

x—a,x€E

The main connection between continuity between spaces and continuity at a
point is given in the following key theorem.

THEOREM 3.3. Let (E, t¢) and (F, tp) be two topological spaces. The function f is
continuous at every x € E if and only if f is continuous on E.
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PROOF. Assume first that f is continuous at every x € E. Let V € tr. Let
x € f~1(V). Then f is continuous at x so there exists U, € T such that x € Uy
and f(Uy) C V (since f(x) € V). Consequently, Uy C f~1(V). Hence:

f _1(V) = U Uy
xef~H(V)
and thus f~1(V) is open. So f is continuous on E.
Conversely, assume f is continuous on E. Let x € E. Let V & 71r such that
f(x) € V. Then f~1(V) is open in E by continuity of f on E, and it contains x. Let
U= f~Y(V). Then f(U) C V. This concludes the proof. O

4. Limit of Sequences

We refer to the chapter Fundamental Examples for the topology on the one
point compactification IN of IN.

DEFINITION 4.1. Let E be a set. A sequence in E is a function from IN to E.

NOTATION 4.2. Sequences are denoted as families. Namely, if x is sequence in
E, then we write x,, for x(n) for n € IN, and we usually identify x with (x,),en.

REMARK 4.3. By abuse of language, we will also call sequences functions from
asubset {n € N:n > N} of N, for some N € IN. The obvious re-indexing is left
implicit.

The definition of limit for functions apply to sequences.

DEFINITION 4.4. Let (E, 7) be a topological space. Let (x,),en be a sequence
in E. Then we say that (x,),en converges to I € E when the limit of (x,),en has
limit [ at co along N in T

REMARK 4.5. We learnt that if two functions agree on some set A inside of a
topological space E, then their limits along a agree (including whether they exist!).
So the previous definition is understood as follows: choose any extension of a
sequence to IN (i.e. pick some element x« in E). Then take its limit at oo in IN along
IN. Then the existence and, if applicable, the value of this limit is independant of
the choice the extension of our sequence. It is the limit of the sequence.

PROPOSITION 4.6. Let (E, T) be a Hausdorff topological space. A sequence (Xn)neN
converges to | € E ifand only if:

VWe?,(l) SNeN Vn>N x,€V.

PROOF. Assume that (x,),en has limit I. Let V € ¥4.(I). By definition of
limits and of the topology Ty, there exists a finite set S in IN such that x,, € V for
alln € IN\ F. Let N be the successor of the greatest element in F if F is nonempty,
or 0 otherwise. Then for all # > N we have x, € V as desired.

The converse is obvious. g

DEFINITION 4.7. A subsequence of a sequence (x,),cn in a set E is a sequence
of the form (x(,))nen for some strictly increasing function ¢ : IN — .

LEMMA 4.8. Let ¢ : N — IN be strictly increasing. Then for all n € IN we have
(n) > n.
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PROOF. By definition, ¢(0) > 0. Assume that for some n € IN we have ¢(n) >
n. Then by assumption, ¢(n +1) > ¢(n) > nso ¢(n+1) > n+ 1. The lemma
holds by the theorem of induction. U

PROPOSITION 4.9. Let (E, T) be a topological space. If a sequence (xn)nen in E
converges to | then all subsequences of (x,),eN converge to l.

PROOF. Assume that (x,),c converges to [ and let ¢ : IN — N be a strictly
increasing function. Let V € ¥4 (I). By assumption, there exists N € IN such that
forall n > N we have x, € V. Therefore, x4(,) € V since ¢(n) > n. Hence the
subsequence (X, )nen converges to I as well. O

THEOREM 4.10. Let (E, T) be a topological space. A sequence (x,)neN in E con-
verges to | if and only if every subsequence of (x,)ne has a subsequence which converges
to l.

PROOF. The condition is necessary by the previous result. Let us show: it is
sufficient. Assume that (x,),cn does not converge to [. Then there exists V €
#7(1) such that forall N € N there exists n > N such thatx, ¢ V. Set ¢(0) to be the
smallest n € IN such that x, ¢ V. Assume we have constructed ¢(0) < --- < ¢(N)
for some N € NN such that x5y ¢ Vfork =0,...,N. Thenlet Ay = {n € N :
n > ¢(N)+1}. Then Ay # @, so it has a smallest element ¢(N + 1). Note that
by construction, (N + 1) > ¢(N) and x4(n1) € V. Hence we have constructed
a subsequence (X4, )nen entirely contained in CeV. By construction, it has no
subsequence which converges to I. O






CHAPTER 4

Limits and Continuity in Metric Spaces

In this section, the topology on any metric space is meant as the metric topol-
ogy.

1. Convergence in metric spaces

PROPOSITION 1.1. Let (E, d) be a metric space. A sequence (xy)nen in E converges
to 1 if and only if:
Ve>0 AN €N Vn > N d(x,,1) <e

PROOF. Since open balls form a basis for the metric topology, the definition of
limit for a sequence at infinity (along IN) is equivalent to:

Ve>0 IN €N Vn >N x, € B(l,¢)

which is equivalent by definition to the statement in the proposition. O

2. Squeeze Theorems
The following result is often useful.

THEOREM 2.1. Let (E,d) be a metric space. Let (x,)nenN be a sequence in E and 1 €
E. If there exists a sequence (1) yew in [0,00) C Rand N € IN such that limy o 1y = 0
and d(x,,1) < ry for alln > N, then limy,_cox, = 1.

PROOF. Let varepsilon > 0 be given. Since (r),cnv converges to 0 in [0, c0),
there exists N € IN such that foralln > N, r, € [0,¢). Hence, for n > N we have
d(xy,,1) <, as desired. O

This theorem shows that a decent supply of sequences converging to 0 in R is
useful. The following results help in these constructions.

PROPOSITION 2.2. Let ¢ : IN — (0, c0) be increasing and not bounded. Let M €

[0, 00). Then (q)?i )) y Converges to 0.
ne

PROOF. Let ¢ > 0 be given. By assumption, there exists N € IN such that
@(n) > M. Since ¢ is increasing, for all n > N we have ¢(n) > Y. Hence for all

n > N we have . < £M = ¢, as desired. O
p(n) = M

The existence of unbounded functions ¢ is a consequence of the fact that R is
Archimedean. Namely, the injection i : IN — R is unbounded precisely because of
the Archimedean principle (in fact, the two statements are equivalent). Therefore,
(%)ne n+ converges to 0, as desired.
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3. Closures and Limits

THEOREM 3.1. Let (E,d) be a metric space. Let A C E. Then a € A if and only if
there exists a sequence (Xn)neN in A converging to a.

PROOF. If there exists a sequence in A converging to a thena € A.

Conversely, assume a € A. For n € IN*, there exists x,, € B(a.%) N A. By con-
struction, d(x,,a) < % forall n € IN* so (x,,) e+ converges to a, which completes
our proof. g

Limits of subsequences can be characterized in metric spaces as follows:

THEOREM 3.2. Let (E,d) be a metric space. Let (x,)nc be a sequence in E. Then

I € E is a limit for a subsequence of (xn)nen if and only if:
le () {x:k>n}
nelN

PROOF. Assume ! is the limit of some subsequence (x,(,;y)nen Of (xn)ne- Let
n € IN. Then [ is the limit of the truncated sequence {k € IN': k > n} — x,y) at oo,
sol € {xy : k > n} since ¢(n) > n. Hence the condition is necessary.

Assume now ! € N,en {xx : k > n}. To ease notations, write X,, = {x; : k >
n} foralln € IN. Since | € X, the set {k € IN.: d(x;,!) < 1} is not empty. Let ¢(0)
be its smallest element.

Assume now we have constructed ¢(0) < -+ < ¢(n) for some n € N such
that d(xg), 1) < ki—l fork =0,...,n Since ! € Xy(,);1, theset {k € N : k >
P(n) Nd(xpp), 1) < n%rz} is not empty. Let ¢(n + 1) be its smallest element.

One checks that ! = limy_.co Xp(n) AS desired. O

4. Limits at a point

THEOREM 4.1. Let (E,dg), (F,dr) be metric spaces. Let f : E — F be a map. Let
x € E, AC Ewith x € A,and | € F. Then f is has limit | at x along A if and only if for
any sequence (Xn)pen in A which converges to x, we have limy, oo f(x,) = 1.

PROOF. Note that since x € A and (E,d) is metric, there is a sequence of el-
ements of A converging to x. The theorem on composition of limits shows that
the condition is necessary. Let us show that it is sufficient by contraposition. As-
sume f does not converge to [ at x. Hence, there exists € > 0 such that for all
J > 0, there exists z € E such that dp(x,z) < ¢ yet dp(f(z),l) > €. For each
n € IN*, pick x, € A such that dg(x,,z) < 1 and dp(f(xs),1) > €. Note that since
x € A, we can always choose such an x,. By the squeeze theorem, we conclude
that lim, X, = x. On the other hand, (f(x,)),en+ does not converge to I. This
proves our result. O

5. Continuity at a Point

THEOREM 5.1. Let (E,dg), (F,dr) be metric spaces. Let f : E — F be a map. Let
x € E. Then f is continuous at x if and only if for any sequence (xy,)nen which converges
to x in E, we have limy,c f(x,) = f(a).

PROOF. This is a direct application of the result on limits in a metric space. []



CHAPTER 5

Filters

This chapter introduces filters as a mean to analyze topological spaces. In a
sense to be illustrated below, filters provide a generalization of sequences, albeit
in a dual manner.

1. Filters on sets

DEFINITION 1.1. Let E be a set. A filter base on E is a subset Z of 2F such that:
(1) % isnotempty and,
2 ©0¢ %
(3) If A, B € £ then there exists C € % such that C C AN B.

DEFINITION 1.2. Let E be a set. A filter on E is a subset .Z of 2F such that:
1) o¢ .7,
(2) E € 7,
B) If A€ #and C C Ewith A C Cthen C € .7,
(4) If A,Be # then ANB € &.

Hence a filter is a proper nonempty upset closed under finite intersections.
Note that the empty set is never in a filter. Note that a filter is a filter basis.

PROPOSITION 1.3. Let % be a filter basis on a set E. Let:
Fp={ACE:3Be€ % BC A}.

Then F g is a filter on E, and it is the smallest filter on E containing 8. We call it the
filter generated by 2.

PROOF. By definition, # C %4 so .# is not empty. Moreover, if A € F4 and
C C E such that A C C then, by construction, there exists B € # such that B C A
and thus B C Cso C € F 4. If Ay, Ay € F4 then there exists By, By € % such
that B; C A, fori = 1,2. Thus By N By, C A; N Aj. Since 4 is a filter basis, there
exists C € Zsuch that C C ByNBysoC C A1 N Ap. Hence A1 N Ay € Fp. Last,
if © € Z4 then there mustbe A € & such that A C @, i.e. @ € # which is a
contradiction. So @ € 4. So F4 is a filter.

Let & be some filter containing %. Let A € #5. Then by definition, there
exists B € % such that B C A. Sicne B € ¢4 and ¥ is a filter, we conclude A € ¥.
Hence .74 C ¥ as desired. O

PROPOSITION 1.4. Let E, F be sets and f : E — F be a function. If F is a filter
basis on E, then f[.7|, defined as:

fIF]={f(A): Ac 7}
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is a filter basis.

PROOF. By definition, f[.Z] is not empty and does not contain the emptyset.
Now, let A, B € f[.7]. By definition, there exists C, D € .Z such that A = f(C) and
B = f(D). Now, since .7 is a filter basis, there exists H € . such that H C CN D.
Hence f(H) € AN B, and by definition, f(H) € f[.Z]. O

EXAMPLE 1.5. Let f : E — F be constant, equal to t € F, while E, F have more
than one element. Let x € E. Then # = {A C E : x € A} is a filter on E. Now,
fl#] = {{t}}. One checks easily that this is a filter basis, but not a filter (as it
would contain F which is assumed to contain a set of cardinal 2). Hence, images
of filters may not be filters. We could define f[[.#]] to be the filter generated by
the filter basis f[.#], thus defining a map from filters to filters for each map from
EtoF.

2. Limits of Filters basis

DEFINITION 2.1. Let (E, T) be a topological space. Let« € E. Let .Z be a filter
basis on E. We say that .# converges to x when:

VuUet (xeld) = IBe F BCU.

REMARK 2.2. Equivalently, a filter basis .# converges to x if the set ¥ (x) of
open neighborhoods of x is contained in the filter generated by ..

EXAMPLE 2.3. The set ¥;(x) is a filter basis which converges to x. The ele-
ments of the filter generated by 77 (x) are called neighborhoods of x.

The following theorem illustrates the connection between filters and sequences.

THEOREM 2.4. Let (E, T) be a topological space. Let (x,)nen be a sequence in E.
For n € IN we define X, = {xy : k > n}. Then 2" = {X, : n € N} is a filter basis.
Moreover, (x,)nen converges to x if and only if 2 converges to x.

PROOF. Since X, 11 C X, for all n € N, it is immediate that 2 is a filter
basis. Assume that (x,),c converges to x. Let U € T such that x € U. Then by
definition, there exists N € IN such that for all n > N we have x,, € U. Hence
XN C U. Thus, 2 converges to x (since U was arbitrary). Conversely, assume

that 2" converges to x. Let U € 7 such that x € U. By definition, there exists
XN € Z such that Xy C U. Hence for all n > N we have x, € U. So (x,)nen
converges to x (since U was arbitrary). 0

REMARK 2.5. Let (xu)nen be a sequence. Let (x,(,))nen be a subsequence.
The filter generated by the filter basis {{xx : k > n} : n € IN} is a subset of the
filter generated by the filter basis {{x,) : k > n} : n € IN}. So filters “grow” as
we take subsequences. From this observation, we note that by definition, it is now
immediate to see that if a sequence converge to some x then all of its subsequences
do too. The following proposition generalizes this observation.

PROPOSITION 2.6. Let (E, T) be a topological space. Let .F and & be two filter bases
on E such that for all F € .F there exists G € & such that G C F (we say that & is finer
than F). If & converges to x, then ¢ converges to x.
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PROOF. Let x be a limit of .%#. Let U € T such that x € 7. There exists F € .%
such that F C U. By assumption, there exists G € ¢ such that G C F. Hence ¢
converges to x. O

COROLLARY 2.7. Let (E, T) be a topological space. If F C & are two filters on E
and if F converges to x, then & converges to x.

Limits of filters may not be unique. We have:

THEOREM 2.8. Let (E, T) be a topological space. The following are equivalent:

(1) The space (E, T) is Hausdorff,
(2) Every convergent filter basis on E has a unique limit.

PROOF. Assume that (E, ) is Hausdorff. Let .7 be a filter basis on E. As-
sume it converges to x and y in E. If x # y then, since T is Hausdorff, there exists
Uy, Uy € tsuch that x € Uy, y € Uy and Uy NU, = @. By definition of conver-
gence, there exist By, B, € .7 such that By C Uy and B, C U,. By definition of
filter basis, there exists C € .# such that C C By N By, = @. This contradicts the
fact #, as a filter basis, does not contain the empty set. Hence limits are unique if
they exist.

Assume now that all filter bases have unique limits in (E; T). In particular, for
any x € E, the filter basis ¥7(x) of open neighborhoods of x in 7, has x for unique
limit. Lety # x. Suppose that for all U € ¥;(y), for all V € 7;(x), we have
UNV #@. Let:

F={UNV:Ue¥x),Vey}
By assumption, .7 is a nonempty set of elements in 7 not containing the emptyset.
Moreover, it is closed by finite intersection (as T is). Hence, it is a filter basis. Yet,
for any U € 7:(x) and any V € ¥7(y), we have U,V € .7 so .# converges to x

and y by definition. This is a contradiction. Hence, for all U € ¥;(y) there exists
V € ¥:(x) suchthat UNV = @, ice. (E, T) is Hausdorff. O

NOTATION 2.9. When (E, 7) is Hausdorff and .# is a filter basis converging to
x then we write: x = lim .#.

3. Some Applications of Filters

As arule, filters can be used to replace sequences in general topology to obtain
results limited to metric spaces. For instance:

LEMMA 3.1. Let (E, T) be a topological space. Let A C E. Let .F be a filter basis in
A which converges to x in T. Then x € A.

PROOF. Let V € ¥;(x). By definition of convergence, there exists B € .# such
that B C V. Now, B C A by assumption, so emptyset # B C VN A. So x € A
since V is arbitrary. O

THEOREM 3.2. Let (E, T) be a topological space. Let A C E. The closure of A in T
is the set of all limits in E of filters of A.
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PROOF. All limits of filters of A are in A by the previous lemma. Assume
x € A. IfU € 7¢(x) then ANU # @. It is then obvious that:

{UNA:Ue7(x)}
is a filter basis of A which converges to x. O

DEFINITION 3.3. Let E be a set, (F, T) be a topological space, .Z a filter basis
on E,and f : E — F. Then we say that f converges to x € F along .Z if f[.Z]
converges to x.

When (F, t¢) is Hausdorff, we shall write: lim & f for this limit.

THEOREM 3.4. Let (E, t¢) and (F, tr) be two topological spaces, and let f : E — F.
Let A C E,a € A. Then f has limit | at a along A if and only if for all filter bases F of
A converging to a, the filter basis f[.7| converges to | in F.

PROOF. Assume first that f converges. Let.7 be a filter basis of A converging
to a. Note that we have shown such a filter basis exists. Now, let U € 1 such that
I € U. Since f converges to [ at a along A, there exists V' € 1 with a € V such that
f(ANV) C U. Since .# converges to 4, there exists C € .# such that C C V. Since
C C A by assumption, C=CNA C VNAso f(C) C U as desired. Since U was
arbitrary, f[.#] converges to | as desired.

Conversely, assume that f[.%] converges to for all filter bases .7 of A converg-
ing to a. Let U € 1y such that ! € U. Thefilter basis # = {VNA:V € 1,a € V}
converges to a and is a subset of 2 so by assumption, f[#] converges to I. Thus,
there exists C € ¥ such that f(C) C U. Hence, by definition, there exists V € 1
such that f(V'A) C U. As U is arbitrary in ¥7, (1), we conclude that f converges
tolataalong A. O

COROLLARY 3.5. Let (E, tg) and (F, t¢) be topological spaces, x € Eand f : E —
F. Then f is continuous at x if and only if the image by f of all filter bases of E converging
to x converge to f(x).

4. Ultrafilters

DEFINITION 4.1. Let E be a set. An ultrafilter on E is a filter .%# such that for
all A C E, we have either A € .Z or (A € Z.

EXAMPLE4.2. Letx € E. Then {A C E: x € A} is an ultrafilter.

Since for no set A can we have A and CgA in a filter of E, this definition sug-
gests the following:

THEOREM 4.3. A filter on a set E is an ultrafilter if and only if it is maximal among
all filters on E (for the inclusion).

PROOF. Assume first that .% is an ultrafilter on E. Let ¢ be a filter on E such
that. 7 C 4. Let A € 4. Assume 0z A € .#. Then(rA € 4, and thus @ = ANCgA
isin ¢, as filters are closed under finite intersections. This is a contradiction. Since
Z is an ultrafilter, A € #. As A was arbitrary, ¥ = Z.
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Conversely, assume that .# is a maximal filter for inclusion. Assume that it
is not an ultrafilter. Let Y C E such that Y,CrY ¢ .#. Without loss of generality,
assume Y # @. Let:

9 —={CCE:3JAe.Z ANnY CC}.

Now, by construction, ¢ is not empty. Assume @ € ¥. Then there exists A € F#
such that ANY = @. Thus A C (Y. As .7 is a filter, this would imply CrY € .#
which is a contradiction. So ¢ does not contain the empty set. By construction, if
A€ ¥4 and A C CthenC € ¢. Moreover, if A1, Ay € ¢4 then thereexist By, B, € .F
such that BiNY C A; fori=1,2. ThusBiNB,NY C AN Ay.Since BjNB, € &
we conclude that A; N Ay € ¢. Thus ¥ is a filter. By definition, since ANY C A
forall A € .#,wehave .# C ¥4.SinceENY =Y and E € .#,wehave Y € ¥, yet
Y ¢ .%. This contradicts the maximality of .#. So .# is an ultrafilter. O

Maximality lends itself to the application of Zorn’s lemma to prove the exis-
tence of ultrafilters containing any given filer.

THEOREM 4.4. Let E be a set, and let % be a filter basis on E. Then there exists an
ultrafilter 4 containing F.

PROOF. Since every filter basis is contained in a filter, we will assume % is a

filter. Let:
P = {A filterson E : F C H}.

The set &7 is ordered by inclusion, and it is not empty (it contains .%. Note that &
is an upper set, and thus a maximal element of %7 is a maximal element of the set
of all filters on E. Thus, it is enough to show that & has a maximal element.

Let % be a chain in &7, i.e. a linearly ordered subset of &. Let # = |J%.
If A,B € % then there exists U,V € % such that A € U and B € V. Since %
is linearly ordered, we may assume U C V. Thus A,B € V, and V is a filter, so
ANB eV CU¥. The set # is not empty (filters never are), does not contain the
empty set (filters never do), and is an upper set: if A € % and A C C for some C,
then there exists U € % such that A € U, and since U is a filter, C € Uso C € #.
Therefore, % is a filter. Trivially %" € &. Hence, % admits an upper bound. Since
% is an arbitrary chain, Zorn’s lemma implies that & admits a maximal element
¢. Thus ¢ is a maximal filter, and hence an ultrafilter, containing .#. O

Due to this result, it is possible to rephrase the theorems in the application
section of this chapter in terms of ultrafilters only.






CHAPTER 6

Compactness

1. Compact space

DEFINITION 1.1. A topoligical space (E, T) is compact if, given any Z C T
such that E = |J %, there exists a finite subset ¥ of % suchthat E = J 7.

REMARK 1.2. A subset % of T such that E = {J % is called an open covering
of E.

THEOREM 1.3. Let (E, T) be a topological space. Then the following are equivalent:
(1) (E, ) is compact,
(2) For any set F of closed subsets of E whose intersection is empty, there exists a
finite subset 4 of F whose intersection is empty.

PROOF. The theorem follows by taking complements. 0

COROLLARY 1.4. Let (E, T) be a compact space. Let (F,),en be a decreasing se-
quence of nonempty closed subsets of E (where the order on sets in inclusion). Then:

() Fu # @

nelN

PROOF. If N,c Fn = @ then since (E, T) is compact, we can find N € IN such
that F{ N F N =+ N Fy = @. Yet since the family is decreasing, F; N F, N -+ - N Fy =
Fy which is assumed not empty. Our result follows by contraposition. O

THEOREM 1.5. Let (E, T) be a topological space. Let .7 be a set of closed subsets of
E such that given any finite ¢ C %, we have ¥ # @ (we say that F has the finite
intersection property). Then (\.F # @ if and only if (E, T) is compact.

PROOF. Assume first that (E, T) is compact and consider a set .7 of closed
subsets of E. Assume (. = @. Since E is compact, there exists a finite set 4 C .7
such that ¥ = @. This proves the necessity of our theorem by contraposition.

Conversely, assume that for all sets .%# of closed subsets of E with the finite
intersection property, (1% # @. Let # be a set of closed subsets of E such that
N# = @. Then by our assumption, there exists at least one finite subset ¥ C .7
such that ¥ = @. O

EXAMPLE 1.6. The space (E,2F) is compact if and only if E is finite.

EXAMPLE 1.7. It is striaghtforward that if U, = (—n,00) in R for alln € IN
then {U, : n € IN} is an open covering of R which has no finite subcovering. So R
is not compact.

39
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2. Compact Subspaces

DEFINITION 2.1. Let (E, T) be a topological space. Let A C E. Then A is a
compact subspace of (E, ) if (A, 74) is a compact space (where T4 is the trace
topology on A).

REMARK 2.2. We will say that A is compact in E when A is a compact subspace
of E.

THEOREM 2.3. Let (E, T) be a topological space. Let A C E. Then A is compact if
and only if for all % C T such that A C U, thereexistsn € Nand Uy, ..., U, € %
such that:

C=

AC | U

k

PROOF. Assume that (A, T4) is compactin (E, 7). Let % C 7 such that A C

U#%. Then A = U{UNA : U € %}. By definition, UNA € T4 for allll €

7. Hence by compactness of A, there exists {Uj,..., U} C % such that A =
T (ANnU;). Hence A C UL, U;.

1

Assume now that any open covering of A in E admits a finite covering. Let
¥ C 14 such that A = |J 7. By definition of 74, for each V' € 7 there exists
Uy € tsuchthat V = UyNA. Thus A C U{Uy : V € 7}, so there exists
Uy,,..., Uy, € Tsuchthat A C U, Uy. Hence A = UL, V.. O

THEOREM 2.4. Let (E, ) be a topological space. Let A C E. Then A is compact if
and only if for any family (F;)ie; of closed sets in E such that:

AN ﬂ FE=9
icl
there exists a finite subset | C I such that:
AN F=2.
ic]
PROOF. Take complements in previous theorem. O

THEOREM 2.5. Let (E, T) be a Hausdorff topological space. Then if A C E is com-
pact, then A is closed.

PROOE. Let x € CrA and y € A. Since T is Hausdorff, there exists Uy, y, Vy, €
T such that Uy, N Vyy = @, withy € Uy and x € Vyy. Let % = {Uy, : y € A}.
By construction:

Ac ]
and thus, since A is compact, there exists n € IN and y4, Idots,y,, € A such that:

C=

AC | Uyy,.

k=1

Let:

n

Wy = () Vi,
k=1
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As a finite intersection of open sets, Wy is open. Moreover:
n
A C Uy
k=1

n
U CEVx/yk

k=1

= Ce([) Vay,) = CeWs.
k=1

N

Hence, W, C CrA. Therefore:

CeA=|J Wy
x€EA

and thus Cg A is open, so A is closed as desired. O

THEOREM 2.6. Let (E, T) be a compact space. Then if A C E is closed, then it is
compact.

PROOF. Let % C 7 such that A C |J% and let A be closed. Then (A € tau
so,if ¥ = % U{CgA}, then E = |J ¥ Since (E, T) is compact, there exists a finite
set # C ¥ such that E = U # . Now, if 2 = # \ {CgA}, one checks readily that
A C U Z and by construction, 2 C % with & finite. O

COROLLARY 2.7. Let (E, T) be a compact Hausdorff space. Then A C E is compact
if and only if A is closed.

3. Continuous image of a compact space

THEOREM 3.1. Let (E, ) be a compact space, (F,tr) be a topological space, and
f +E — F be a continuous function. Then f(E) is a compact subspace of F.

PROOF. Let  C 7 such that f(E) C U%. Since f is continuous, for all
Ue€ %, wehave f71(U) € 1z. Let ¥ = {f1(U) : U € %}. Then ¥ C ¢
and by construction, |J# = E. Since (E, T) is compact, there exists n € N and
Uy,..., U, € % such that E = U}_, f~1(Uy). Hence f(E) C Uy_; Uy as desired.

Il

COROLLARY 3.2. Let (E,tg) and (F, ) be topological spaces. If f : E — F is
continuous, and A C E is compact, then f(A) is compact.

THEOREM 3.3. Let (E, T ) be a compact space, and (F, T¢) be a Hausdorff topological
space. Let f : E — F be a continuous bijection. Then f is a homeomorphism.

PROOF. It suffices to show that f ~1 is continuous. Let A C E be a closed
set. Then A is compact since E is compact. So f(A) is compact in F. Since F is
Hausdorff, f(A) is closed. Since f is a bijection, (f~1)~1(A) = f(A). So f~!is
continuous. 0
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4. Compact Metric Spaces

THEOREM 4.1. Let (E,d) be a metric space. Then the following are equivalent:

(1) E is compact in its metric topology.
(2) Bolzanno-Weierstrass Every sequence in E admits a convergent subsequence.

PROOF. First, assume that E is compact. Let (x,),cn be a sequence in E. Let
Xy = {x¢:k € N,k > n} for all n € IN. The sequence (X;),en is a decreasing
sequence of nonempty closed subsets of E, which is compact, so ,en Xn 7# ©. By
Theorem (3.2), this implies that (x,),cn admits a convergent subsequence.

Second, assume that the Bolzanno-Weierstass axiom<holds for E. We first
prove a few lemmas.

LEMMA 4.2 (Lebesgues number). Let % C 714 be an open covering of E. There
exists € > 0 such that for all x € E, there exists U € % such that the open ball B(x, €) of
center x and radius € is contained in U.

PROOF. Assume that for all € > 0, there exists x € E such that forall U € %,
we have B(x,e) € U. Let n € IN. There exists x, € E such that B(x,, %H) ¢ U for
all U € 7. The sequence (x,)nen admits a convergent subsequence (x¢(,,))nen
by the Bolzanno-Weierstrass axiom. Let I € E be its limit. Since % covers E, there
exists U € % such that ] € U. Since U is open, there exists § > 0 such that
B(1,6) C U. Since (xp(,))nen converges to [, there exists N € IN such that for all
n > N,, we have Xp(n) € B(l,%). Let N € IN such that ﬁ < % and N > N,. Let

z € B(xy(n)s —L__) Then:

$(N)+1
1 é
d(z,1) < d(z,x¢(N)) +d(x¢(N),l) < W + 5 <9
since ¢(N) > N. Hence, z € B(l,9) so B(er(N)'i(p(]\]l)H) C B(l,6) C U. Thisis a
contradiction. O

LEMMA 4.3 (Precompact). For any € > O there existsn € Nand x1,...,x, € E
such that:

n

E = | B(xj€).

=1

PROOF. Assume that there exists € > 0 such E is not the union of finitely many
open balls of radius €. Let xq € E: since E C B(xy, €), there exists x1 € E such that
d(xp,x1) > €.

Assume we have constructed xo,...,x, € E such that d(x;, x]-) > efori #
j€{0,...,n}. Since E C U}LOB(X]'/ €), there exists x, 11 € E\ ( i B(xj,€)), ie.
d(x,41,x;) > €.

By induction, we have constructued a sequence (x; ),en which admits no con-
vergent subsegence. This contradicts the Bolzanno-Weierstrass axiom. g

We can now conclude our proof. Assume % is an open covering of E. There
exists € > 0 such that any open ball of radius € or less is contained in some U € % .
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Now, there exists x1,...,x; € E such that E = U]V-’:1 B(xj,e). Let U; € % such that
B(x]-,e) C U;. Then E = U};l Uj. So E is compact, as desired. O

COROLLARY 4.4. A compact metric space is bounbed.

PROOF. The precompact lemma shows that a compact metric space can be
covered with finitely many balls of radius 1. O

REMARK 4.5. The definition of compacity by means of open covering is re-
ferred to the Heine-Borel axioms of compactity. Thus we have shown that in met-
ric spaces, Heine-Borel and Bolzanno-Weierstrass are equivalent.

5. Compacts of R

We provide two proofs of the following result, both based on your real analysis
class.

THEOREM 5.1. A subset A of R is compact if and only if it is closed and bounded.

NECESSITY. Since R is Hausdorff, compact subsets are closed. Since R is met-
ric, compact subsets are bounded. O

FIRST PROOF OF SUFFICIENCY: MONOTONICITY. Assume that A C R is closed
and bounded. Let (x,),cn be a sequence in A. By the monotone subsequence
theorem, there exists a monotone subsequence of (xy),en. Since A is bounded,
this subsequence must converge. Hence A satisfies Bolzanno-Weierstrass axiom
in a metric space and is thus compact. g

SECOND PROOF OF SUFFICIENCY: DICHOTOMY. Let ag < by be real numbers.
Let (x,)nen bea sequence in [ag, by]. Set ¢(0) = 0.

Assume that for some n € IN we have constructed ¢(0) < ... < ¢(n), a9 <
m<...<a,<byanday < b, <...<Dy suchthatx¢(k) S [le,bk] and by — a; =
zik(bo —ag). Letm, = ”—"‘{—b”. If {n € N:n > ¢(n)Ax, € [ay, my]} is infinite,
then let ¢(n + 1) be its smallest element. We also let a,.1 = a,, by = my.
Otherwise, we set ¢(n + 1) to be the smallest element of the (necessarily infinite)
set{n € N:n > ¢n)Ax, € [my,by]}, and we leta, 1 = my, by;1 = by. One
checks that by induction, we have constructed an subsequence (x,(,))nen and
monotone sequences (a,),en and (b, ) e such that:

(1) (ay)nen is increasing and bounded above by by so it converges.

(2) (bn)uen is decreasing and bounded above by 4 so it converges.

(3) We have limy,_,c a; — by, = 080 limy, 00 4, = limy; 00 by,

(4) Thus by the squeeze theorem, lim;, s Xp(n) = im0 ay.
Hence again we have proven the Bolzanno-Weierstrass axiom for all closed inter-
vals. Now, if A C R is closed and bounded, then it is a closed subset of some
closed interval, i.e. of a compact space. Hence it is compact, as needed. O

REMARK 5.2. The second proof is longer but can be applied as is to prove
that compact subsets of R" are closed bounded subsets of R". Indeed, rather than cut
an interval in two, one can repeat the argument, cutting a square in four, a cube in
eight, and so forth. This process works well as long as we divide an hypercube into
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finitely many hypercubes at each stage. This proofs fails for infinite dimensional
normed vector spaces, and in fact so does the result: one can show that locally
compact normed vector spaces are all finite dimensional.

6. Uniform Continuity and Heine Theorem

DEFINITION 6.1. Let (E, dg) and (F, dr) be metric spaces. A function f : E — F
is uniformly continuous when:

Ve >036>0Vx,y € E de(x,y) <6 = dp(f(x), f(y)) <e.
PROPOSITION 6.2. A uniformly continuous function is continuous.
PROOF. Obvious. O

EXAMPLE 6.3. A L-Lipshitz function is uniformly continuous: take 6 = £ if
L > 0 (i.e. nonconstant functions), and ¢ arbitrary for constants.

EXAMPLE 6.4. The function x € R + x? is not uniformly continuous in R.
Indeed basic precalculus shows that x> < kx if and only if x € (—k, k).

The following shows that continuity can be strengthened to uniform continu-
ity when working on a compact metric space.

THEOREM 6.5. Let (E,dg) be a compact metric space. Let (F,dp) be a metric space.
Let f : E — F be given. Then f is continuous if and only if f is uniformly continuous on
E.

PROOF. If f is uniformly continuous then it is continuous. Let us prove the
converse. Assume f is continuous on E. Let € > 0. Then for all x € E there
exists 0y > 0 such that if y € B(x,dy) then dr(f(y), f(x)) < 5. Now, since E =

Sy,
Uyer B(x, %), and E is compact, there exists x1, .. ., x, such that E = U}Ll B(x]-, =).

Letd = %min{éxj :j=1,...,n} >0. Letx,y € E withdg(x,y) < J. There exists
j €41,...,n} such that x € B(x;, dx,). Then

1
de(y,xj) < de(y,x) +de(x,xj) <o+ Eéx/. < Oy,

Thus:
dr(f(x), f(v)) < de(f(x), f(x;)) +d(f(x)), f(y)) <€

as desired.
O

ALTERNATE, USE REAL ANALYSIS. If f is uniformly continuous then it is con-
tinuous. Let us prove the converse. Assume f is continuous but not uniformly
continuous. There exists € > 0 such that for all § > 0 there exists x,y € E such
that dg(x,y) < ¢ and dp(f(x),f(y)) > €. Forn € I let x,,,y, € E such that
de(xn, yn) < nlﬁ and dp(f(xn), f(yn)) > €. Since E is compact, there exists a
convergent subsequence (x¢(n) Jnen. Then there exists a convergent subsequence

(Wp(p(n))Inen Of (Yp(u) Jnew. Let L = liMu—seo Xp(y(n)) and Ly = Limmneo Yp(p(ny)-

Now Iy — I, = limy e Yo(p(n)) — Xp(p(n)) = 0. On the other hand, using the
continuity of f, we have € < dr(f(ly), f(I,)) which is a contradiction. O
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REMARK 6.6. The notion of completeness of metric spaces is not topological:
there exist two homeomorphic metric spaces, one complete and one not. A possi-
ble choice of morphisms for the category of metric spaces are the uniformly con-
tinuous functions, in which case isomorphic metric spaces are either all complete
or all not complete.

Now, if E and F are compact metric spaces, and if they are homeomorphic, then
E is complete if and only if F is complete. This is a very remarkable fact: a purely
topological notion (compactness) imposes a metric notion (completeness). This is
seen by observing that a Cauchy sequence has at most one accumulation point,
and we have seen that every sequence of a compact space has at least one. With
the Heine theorem, we see a different reason: an homeomorphism between com-
pact metric spaces is always bi-uniformly continuous, and hence preserve Cauchy
sequences.

7. Filter characterization of compactness

THEOREM 7.1. Let (E, T) be a topological space. (E,T) is compact if and only if
every ultrafilter in E converge.

PROOF. Assume that (E, T) is compact. Let .# be an ultrafilter in E. Assume
it does not converge. Then for all x € E there exists U, € T with x € U, such
that U, ¢ %. As .7 is an ultrafilter, CtU, € Z. Now, E = Uxeg Uy, and as
T is compact, there exists a finite subset F of E such that E = [J,cr Uyx. Now,
@ = Nyer CeUy € 7 which is a contradiction. So .7 converges.

Assume now that all ultrafilters in E converge in T. Assume T is not compact.
Let # C T such that E = %/, with # infinite, and such that no finite subset of
W covers E. Let:

F ={Cg | J U:F C ¥, finite}.
UeF

Since no finite subset of % covers E, the emptyset is not in .%. By construction, .7
is closed by finite intersections, and thus it is a filter basis. Let % be an ultafilter
containing F. There exists x € E such that % converges to x by assumption. Now,
there exists W € # such that x € W and thus W € . Yet E\W € %, so
@ =WNE\W € % which is a contradiction. O

8. Tychonoff theorem

THEOREM 8.1. Let (E;, T;)ic be a family of compact topological spaces. Let T be the
product topology of (7;)icr. Then (IT;es E;, T) is compact.

PROOF. Let .# be an ultrafilter on [];c; E;. Leti € I. Let p; : [ljer Ej — Eibe
the canonical surjection. Let F; = p;[F|. Now, let A € F; and C C E; such that
A C C. By definition of F;, there exists B € F such that A = p;(B). Now B C
p; (pi(B)) = p; 1 (A) C p;1(C); as Fis afilter, p; '(A) € F, hence p; }(C) € F.
So pi(pl-_l(C)) = Cisin F; (note: p; is surjective).

If A, B € F; then a similar reasoning proves that AN B € F;.Moreover, @ ¢ F;
since @ ¢ F. So F is a filter.
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Let now A C E; for some i € I. Since F is an ultrafilter, then either pl._l (A) or
p; 1(Ei\ A) lies in F. As p; is a surjection, either A = p;(p; ' (A)) or its comple-
ment lies in F;. Hence F; converges to some x; as T; is compact.

Let us now show that F converges to (x;);c; in the product topology. Let
U € 7 containing (x;);c;. Let W € T and J C I finite such that p;(W) = E; for
ielI\J,and W C U, (x;)ie; € W. Write W; = p;(W) for all i € I, and note that
x; € W, with W; € 7; foralli € I. Alsonote that W = ¢, pi_l(Wi). Now, since F;
converges to x;, we have W; € F;. Hence, as above, plfl(Wi) € F. As F is closed
under finite intersection, W € F. As F is a filter, U € F. So F converges to (x;)ic]
as desired. O



