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Abstract

We present a topological approach to real analysis. This set of notes as-
sume the notion of an ordered field, and focuses on the definitions, the-
orems and proofs, with no additional comment, as a sort of reference 
manual.
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1 The Continuum

1.1 Review: special elements related to orders
Definition 1.1. Let (𝐸,≤) be an ordered set and 𝐴 ⊆ 𝐸, 𝐴 ≠ ∅. An element 
𝑀 ∈ 𝐸 is a lower bound of 𝐴 when ∀𝑎 ∈ 𝐴 𝑀 ≤ 𝑎. An element 𝑀 ∈ 𝐸 is an 
upper bound of 𝐴 when ∀𝑎 ∈ 𝐴 𝑎 ≤𝑀 .

Definition 1.2. Let (𝐸,≤) be an ordered set, and let 𝐴 ⊆ 𝐸 be nonempty. The 
set 𝐴 is bounded above when it has an upper bound; 𝐴 is bounded below when 
it has a lower bound. Last, A is bounded when it has both an upper bound and 
a lower bound.
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Definition 1.3. Let (𝐸,≤) be an ordered set and 𝐴 ⊆ 𝐸, 𝐴 ≠ ∅. An element 
𝑥 ∈ 𝐴 is a smallest element  of 𝐴 when 𝑥 is lower bound of 𝐴. An element 𝑥 ∈ 𝐴
is a largest element  of 𝐴 when 𝑥 is an upper bound of 𝐴.

If 𝑥,𝑦 ∈ 𝐴 are two smallest elements of 𝐴 then 𝑥 ≤ 𝑦 and 𝑦 ≤ 𝑥 so 𝑥 = 𝑦
— smallest elements, if they exist, are unique. Similarly, largest elements are 
unique as well. We denote the smallest element of 𝐴, if it exists, by min𝐴, and 
the largest element of 𝐴, if it exists, by max𝐴.

Definition 1.4. Let (𝐸,≤) be an ordered set and 𝐴 ⊆ 𝐸 a nonempty subset 
of 𝐸. The infimum inf𝐴, if it exists, is the largest element of the set of lower 
bounds of 𝐴. The supremum sup𝐴, if it exists, is the smallest element of the 
set of upper bounds of 𝐴.

Suprema and infima are unique, if they exist.
Let (𝐸,≤) be an ordered set, 𝐴 ⊆ 𝐸 not empty, and 𝑥 ∈ 𝐸. The key idea is 

the following equivalence:

• 𝑥 = inf𝐴,

• 𝑥 is a lower bound of 𝐴, and ∀𝑦 ∈ 𝐸 𝑦 > 𝑥 ⟹ ∃𝑎 ∈ 𝐴 𝑎 < 𝑦.

Similarly,

• 𝑥 = sup𝐴,

• 𝑥 is an upper bound of 𝐴, and ∀𝑦 ∈ 𝐸 𝑦 < 𝑥 ⟹ ∃𝑎 ∈ 𝐴 𝑦 < 𝑎.

1.2 Archimedean Fields
Definition 1.5. An ordered field 𝔽 is Archimedean when inf{ 1𝑛 ∶ 𝑛 ∈ ℕ,𝑛 > 0} =
0.

Lemma 1.6. ℚ is an Archimedean field.

Proof. For all 𝑛 ∈ ℕ, 𝑛 > 0, we observe that 1𝑛 ≥ 0. Let 𝑞 > 0. Then 𝑞 =
𝑝
𝑛 >

1
𝑛  for some 𝑝,𝑛 ∈ ℕ∖ {0}. So inf{ 1𝑛 ∶ 𝑛 ∈ ℕ,𝑛 > 0} = 0. This concludes our 

proof. ∎

Lemma 1.7. A field 𝔽 is Archimedean if, and only if, for all 𝑥,𝑦 ∈ 𝔽, if 𝑥 > 0 and 
𝑦 > 0, then there exists 𝑛 ∈ℕ such that 𝑦 < 𝑛𝑥.
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Proof. Assume that 𝔽 is Archimedean. There exists 𝑛 ∈ ℕ such that 1𝑛 <
𝑥
𝑦

since 𝑥𝑦 > 0; since 𝑦 > 0 and 𝑛 > 0, we conclude that 𝑦 < 𝑛𝑥, as claimed.
Assume that for all 𝑥,𝑦 ∈ 𝔽, with 𝑥 > 0 and 𝑦 > 0, there exists 𝑛 ∈ ℕ such 

that 𝑥 < 𝑛𝑦. First, note that 1𝑛 > 0 for all 𝑛 ∈ ℕ, 𝑛 > 0. On the other hand, let 
𝑥 ∈ 𝔽, with 𝑥 > 0. There exists 𝑛 ∈ ℕ such that 𝑛𝑥 > 1 — in particular, 𝑛 > 0. 
Thus 𝑥 > 1

𝑛 . So inf{ 1𝑛 ∶ 𝑛 ∈ ℕ,𝑛 > 0} = 0 and 𝔽 is Archimedean. ∎

While ordered fields always contain a copy of ℚ, Archimedean fields always 
contain a dense copy of the field of rational numbers.

Theorem 1.8. If 𝔽 is an Archimedean ordered field then:

∀𝑥 ∈ 𝔽 𝑥 = inf {𝑞 ∈ ℚ ∶ 𝑥 ≤ 𝑞}
= inf {𝑞 ∈ ℚ ∶ 𝑥 < 𝑞}
= sup {𝑞 ∈ ℚ ∶ 𝑞 ≤ 𝑥}
= sup {𝑞 ∈ ℚ ∶ 𝑞 < 𝑥} .

In particular, if 𝑥,𝑦 ∈ 𝔽 and 𝑥 < 𝑦 then there exists 𝑞 ∈ℚ such that 𝑥 < 𝑞 < 𝑦.

Proof. Let 𝑥 ∈ 𝔽 with 𝑥 > 0.
Let 𝑆 = {𝑞 ∈ ℚ ∶ 𝑥 < 𝑞}. Since 𝔽 is Archimedean, there exists 𝑘 ∈ℕ such that 

𝑥 ≤ 𝑘, so 𝑘+1 ∈ 𝑆 and thus 𝑆 ≠∅.
By construction, 𝑥 is a lower bound of 𝑆. Let now 𝑦 ∈ 𝔽 with 𝑥 < 𝑦. Since 

0 = inf{ 1𝑛 ∶ 𝑛 ∈ ℕ}, there exists 𝑛 ∈ℕ such that 1𝑛 < 𝑦−𝑥.

Let 𝑁 = {𝑝 ∈ ℕ ∶ 𝑥 < 𝑝
𝑛}. Since 𝔽 is Archimedean, there exists 𝑝 ∈ ℕ such 

that 𝑝 1
𝑛𝑥 > 1 i.e. 𝑝𝑛 > 𝑥 so 𝑁  is not empty. As a nonempty subset of ℕ, the set 

𝑁  has a smallest element 𝑞. Note that since 𝑥 > 0, we have 𝑞 ≥ 1.
Now, 𝑞−1𝑛 ≤ 𝑥 since 𝑞−1 < 𝑞 and thus 𝑞−1 ∉𝑁 . Therefore:

𝑥 <
𝑞
𝑛
=
𝑞−1
𝑛

+
1
𝑛
≤ 𝑥+

1
𝑛
< 𝑥+(𝑦−𝑥) = 𝑦.

Therefore, 𝑞𝑛 ∈ 𝑆 and 𝑞𝑛 < 𝑦. Thus 𝑦 is not a lower bound for 𝑆.
Therefore, we have proven that 𝑥 = inf𝑆 as desired. Moreover, as claimed, 

there exists 𝑞𝑛 ∈ ℚ with 𝑥 < 𝑞
𝑛 < 𝑦. We note that if 𝑥′ < 𝑦′ < 0 then there exists 

𝑞 ∈ ℚ with −𝑦′ < 𝑞 < −𝑥′ and thus 𝑥′ < −𝑞 < 𝑦′. The case 𝑥′ < 0 < 𝑦′ being 
trivial here, we note that indeed, for all 𝑥′ < 𝑦′ there exists 𝑞 ∈ ℚ such that 
𝑥′ < 𝑞 < 𝑦′.
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Let now 𝑈 = {𝑞 ∈ ℚ ∶ 𝑞 < 𝑥}. As 𝑥 > 0, we have 0 ∈ 𝑈  so 𝑈  is not empty. By 
construction, 𝑥 is an upper bound for 𝑈 .

Let 𝑦 < 𝑥. As 𝔽 is Archimedean, as above, there exists 𝑛 ∈ ℕ such that 1𝑛 <
𝑥−𝑦 since 0 < 𝑥−𝑦. Let 𝑃 = {𝑝 ∈ ℕ ∶ 𝑝𝑛 ≥ 𝑥}; for the same reason as with the 
set 𝑁 , the set 𝑃 is not empty; let 𝑞 =min𝑃. By definition of 𝑃, we thus have 
𝑞−1
𝑛 ≤ 𝑥.

We then note that:

𝑦 = 𝑥+𝑦−𝑥 < 𝑥−
1
𝑛
≤
𝑞
𝑛
−
1
𝑛
=
𝑞−1
𝑛

.

Thus 𝑞−1𝑛 ∈𝑈 , and 𝑦 < 𝑞−1
𝑛 , so 𝑦 is not an upper bound of 𝑈 . Consequently, 

sup𝑈 = 𝑥 as desired.

If 𝑥 = 0 then, since { 1𝑛 ∶ 𝑛 ∈ ℕ} ⊆ 𝑆, we have 0 ≤ inf𝑆 ≤ inf{ 1𝑛 ∶ 𝑛 ∈ ℕ} = 0 so 
inf𝑆 = 0.

Now, if 𝑥 < 0 then:

𝑥 =−(−𝑥)
= − inf{𝑞 ∈ ℚ ∶ −𝑥 ≤ 𝑞}
= sup{−𝑞 ∈ ℚ ∶ −𝑥 ≤−𝑞}
= sup{𝑞 ∈ ℚ ∶ 𝑞 ≤ 𝑥}.

Similarly, 𝑥 = inf{𝑞 ∈ ℚ ∶ 𝑥 ≤ 𝑞}.

Last, let 𝑥 ∈ 𝔽. As 𝑥 is also a lower bound for 𝑆′ = {𝑞 ∈ ℚ ∶ 𝑥 ≤ 𝑞} and 𝑆 ⊆ 𝑆′
so 𝑥 ≤ inf𝑆′ ≤ inf𝑆 = 𝑥, so 𝑥 = inf𝑆′. Alternatively, if 𝑥 ∈ ℚ then of course 𝑥
is the smallest element of 𝑆′ so inf𝑆′ = 𝑥, and if 𝑥 ∉ 𝑄 then 𝑆 = 𝑆′ and thus 
inf𝑆′ = inf𝑆 = 𝑥.

Similarly, 𝑥 = sup {𝑞 ∈ ℚ ∶ 𝑞 ≤ 𝑥}. ∎

1.3 The Field ℝ of real numbers
We build a field ℝ from the field of rationals, using Dedekind cut construction.

Definition 1.9. A subset 𝐶 ⊆ℚ is a cut  when:

1. 𝐶 ≠∅,
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2. ∀𝑥,𝑦 ∈ ℚ 𝑥 < 𝑦 and 𝑥 ∈ 𝐶 ⟹ 𝑦∈𝐶 ,

3. 𝐶  is bounded below,

4. 𝐶  has no smallest element.

Notation 1.10. For any 𝑞 ∈ℚ, we write 𝑞ℝ = {𝑥 ∈ 𝑄 ∶ 𝑥 > 𝑞}; the set 𝑞ℝ is a cut.
Inclusion defines an order on the set of cuts.

Notation 1.11. If 𝑥,𝑦 are cuts, we write 𝑥 ≤ 𝑦 whenever 𝑦 ⊆ 𝑥.

Theorem 1.12. The ordering on cuts is linear, and every nonempty bounded-
below set of cuts has an infimum.

Proof. Let 𝑥,𝑦 be two cuts. Assume that 𝑥 ⊈ 𝑦. Let 𝑡 ∈ 𝑦. If for all 𝑠 ∈ 𝑥, we 
have 𝑠 ≥ 𝑡 then ∀𝑠 ∈ 𝑥 𝑠 ∈ 𝑦 as 𝑦 is a cut. Since 𝑥 ⊈ 𝑦, there exists 𝑠 ∈ 𝑥 such 
that 𝑠 < 𝑡. Since 𝑥 is a cut, 𝑡 ∈ 𝑥. So 𝑦 ⊆ 𝑥. So either 𝑥 ≤ 𝑦 or 𝑦 ≤ 𝑥.

Now, let 𝑆 be a nonempty set of cuts, bounded below. Let 𝑥 = ⋃𝑆. Of 
course, 𝑥 is the least upper bound of 𝑆 for ⊆ and thus, if 𝑥 is indeed a cut, then 
𝑥 is the infimum of 𝑆. Since cuts are not empty, 𝑥 is not empty. Since 𝑆 is 
bounded, there exists a cut 𝑚 such that 𝑚≤ 𝑡 for all 𝑡 ∈ 𝑆. Thus 𝑡 ⊆𝑚 for all 
𝑡 ∈ 𝑆, so 𝑥 ⊆𝑚. So 𝑥 is bounded below, since 𝑚 is. Let 𝑡,𝑠 ∈ ℚ with 𝑡 < 𝑠 and 
𝑡 ∈ 𝑥. By definition, there exists 𝑦 ∈ 𝑆 such that 𝑡 ∈ 𝑦. Since 𝑦 is a cut, 𝑠 ∈ 𝑦
so 𝑠 ∈ 𝑥. Last, assume 𝑥 has a smallest element 𝑚 ∈ ℚ. Then 𝑚 ∈ 𝑦 for some 
𝑦 ∈ 𝑆. Yet 𝑚 is not the smallest element of 𝑦 since cuts do not have smallest 
elements. Therefore, there exists 𝑢 ∈ 𝑦 with 𝑢 < 𝑚 — but then, 𝑢 ∈ 𝑥, which 
contradicts that 𝑚=min𝑥. So 𝑥 is a cut, as desired. ∎

Theorem 1.13. If 𝑥,𝑦 are cuts, then 𝑥+ℝ 𝑦, defined by

𝑥+ℝ 𝑦 = {𝑡 +𝑠 ∶ 𝑡 ∈ 𝑥,𝑠 ∈ 𝑦}

is a cut.

Proof. By construction, 𝑥+ℝ𝑦 is not empty. Let 𝑀𝑥 ,𝑀𝑦 ∈ ℚ be lower bounds 
for, respectively, 𝑥 and 𝑦. Let 𝑡 ∈ 𝑥 and 𝑠 ∈ 𝑦. Then 𝑀𝑥 < 𝑡 and 𝑀𝑦 < 𝑠 so 
𝑀𝑥 +𝑀𝑦 < 𝑠+𝑡. So 𝑥+ℝ 𝑦 is bounded below. Let 𝑡,𝑠 ∈ ℚ such that 𝑡 < 𝑠 and 
𝑡 ∈ 𝑥+ℝ 𝑦. By definition, 𝑡 = 𝑢+𝑣 with 𝑢 ∈ 𝑥 and 𝑣 ∈ 𝑦. Thus 𝑠−𝑢 > 𝑡−𝑢 = 𝑣
so 𝑠−𝑢 ∈ 𝑦 as 𝑦 is a cut. Thus 𝑠 = 𝑢+(𝑠−𝑢) ∈ 𝑥+ℝ 𝑦 as needed. Last, assume 
𝑠 ∈ 𝑥+ℝ 𝑦 is the smallest element of 𝑥+ℝ 𝑦. By definition, 𝑠 = 𝑢+𝑣 for some 
𝑢 ∈ 𝑥 and 𝑣 ∈ 𝑦. Let now 𝑎 ∈ 𝑥. Since 𝑎+𝑣 ∈ 𝑥+ℝ 𝑦, we have 𝑢+𝑣 = 𝑠 ≤ 𝑎+𝑣
so 𝑢 ≤ 𝑎. Hence 𝑢 is the smallest element of 𝑥, which does not exist. So 𝑥+ℝ𝑦
does not have a smallest element. ∎
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Theorem 1.14. The set of all cuts with the operation +ℝ is an Abelian group 
with neutral element 0ℝ.

Proof. Let 𝑥 ⊆ℚ be a cut. Let 𝑡 ∈ 𝑥+ℝ 0ℝ, so 𝑡 = 𝑢+𝑣 with 𝑢 ∈ 𝑥 and 𝑣 > 0. 
So 𝑡 > 𝑢 and 𝑢 ∈ 𝑥, so 𝑡 ∈ 𝑥 as 𝑥 is a cut. So 𝑥+0ℝ ⊆ 𝑥. Now, let 𝑡 ∈ 𝑥. Since 
𝑥 has no smallest element, there exists 𝑢 ∈ 𝑥 with 𝑢 < 𝑡. Let 𝜀 = 𝑡 −𝑢 > 0 — 
by definition, 𝜀 ∈ 0ℝ. Moreover, 𝑡 = 𝑢+𝜀, so 𝑡 ∈ 𝑥+ℝ 0ℝ. So 𝑥+ℝ 0ℝ = 𝑥 for all 
cuts 𝑥.

The operation +ℝ is trivially commutative by definition. It is also easy to 
check that it is associative. Let 𝑥,𝑦,𝑧 be three cuts. Let 𝑡 ∈ (𝑥+ℝ 𝑦)+ℝ 𝑧. Thus, 
𝑡 = 𝑢+𝑣 for some 𝑢 ∈ 𝑥+ℝ 𝑦 and 𝑣 ∈ 𝑧. Further, there exist 𝑠 ∈ 𝑥 and 𝑤 ∈ 𝑦
such that 𝑢 = 𝑠+𝑤. So 𝑡 = (𝑠+𝑤)+𝑣 = 𝑠+(𝑤+𝑣), i.e. 𝑡 ∈ 𝑥+ℝ (𝑦+ℝ 𝑧). We 
thus proved that (𝑥+ℝ 𝑦)+ℝ 𝑧 ⊆ 𝑥+ℝ (𝑦+ℝ 𝑧). The same argument will show 
that 𝑥+ℝ (𝑦+ℝ 𝑧) ⊆ (𝑥+ℝ 𝑦)+ℝ 𝑧, i.e. (𝑥+ℝ 𝑦)+ℝ 𝑧 = 𝑥+ℝ (𝑦+ℝ 𝑧).

It thus suffices to prove that every cut has an opposite. Let 𝑥 be a cut. We 
define:

−𝑥 = {𝑠 ∈ ℚ ∶ ∃𝑢 ∈ ℚ ∀𝑡 ∈ 𝑥 𝑠 > 𝑢 and 𝑢+𝑡 > 0} .

We first check that −𝑥 is a cut. Let 𝑀 ∈ℚ such that for all 𝑡 ∈ 𝑥, we have 𝑀 < 𝑡. 
Thus for all 𝑡 ∈ 𝑥, we have 𝑡−𝑀 > 0, and thus if 𝑠 > −𝑀  then 𝑠 ∈ −𝑥. So 𝑥 ≠∅. 
On the other hand, let 𝑡 ∈ 𝑥 and 𝑠 < −𝑡. Then 𝑠+𝑡 < 0 so 𝑠 ∉ −𝑥, and thus −𝑥
is bounded below.

By construction, if 𝑡 ∈ −𝑥 and 𝑠 > 𝑡 then 𝑠 ∈ −𝑥. Last, if 𝑡 ∈ −𝑥 then there 
exists 𝑡 ∈ ℚ such that 𝑡 > 𝑠 and ∀𝑢 ∈ 𝑥 𝑡 +𝑢 > 0. So 𝑠+𝑡2 ∈ −𝑥 and thus, −𝑥
does not have a smallest element. Hence, −𝑥 is indeed a cut.

By construction, −𝑥+𝑥 ⊆ 0ℝ. It is thus sufficient to prove the reverse inclu-
sion to conclude that (ℝ,+ℝ) is a group. Let 𝑠 ∈ 0ℝ, i.e. 𝑠 > 0. There exists 𝑡 ∈ 𝑥
such that 𝑡 −𝑠 ∉ 𝑥: indeed, pick 𝑎 ∈ 𝑥; the set {𝑛 ∈ ℕ ∶ 𝑎−𝑛𝑠 ∉ 𝑥} is not empty 
since 𝑥 is a cut (if it was empty, then 𝑎−𝑛𝑠 ∈ 𝑥 for all 𝑛 ∈ℕ, and since for any 
𝑞 ∈ ℚ, there exists 𝑛 ∈ ℕ such that 𝑎−𝑛𝑠 < 𝑞 as ℚ is Archimedean, we would 
conclude 𝑞 ∈ 𝑥 i.e. 𝑥 = ℚ, which is not a cut). Let 𝑚=min{𝑛 ∈ ℕ ∶ 𝑎 −𝑛𝑠 ∉ 𝑥}
and set 𝑡 = 𝑎 − (𝑛 − 1)𝑠 (note: 𝑛 ≥ 1 since 𝑎 ∈ 𝑥). By definition, 𝑡 ∈ 𝑥 yet 
𝑡 −𝑠 ∉ 𝑥.

Now, let 𝑢 ∈ 𝑥. Since 𝑥 is a cut and 𝑡 −𝑠 ∉ 𝑥, we have 𝑢 > 𝑡 −𝑠 (as cuts are 
closed upward). Then 𝑠 − 𝑡 +𝑢 > 𝑠−𝑡 + (𝑡 − 𝑠) = 0. Hence, 𝑠 − 𝑡 ∈ −𝑥. Since 
𝑠 = 𝑠−𝑡⎵⎵⎵⎵⎵

∈−𝑥
+ 𝑡⎵
∈𝑥

, we conclude 𝑠 ∈ −𝑥+ℝ 𝑥 as desired. So 0ℝ ⊆ −𝑥+ℝ 𝑥, and thus 

−𝑥+𝑥 = 0ℝ. ∎

Theorem 1.15. If 𝑥,𝑦,𝑧 are cuts with 𝑥 ≤ 𝑦, then 𝑥+ℝ 𝑧 ≤ 𝑦+ℝ 𝑧.
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Proof. Let 𝑡 ∈ 𝑦+ℝ 𝑧. There exist 𝑢 ∈ 𝑦 and 𝑣 ∈ 𝑧 such that 𝑡 = 𝑢+𝑣. Since 
𝑥 ≤ 𝑦, i.e. 𝑦 ⊆ 𝑥, we conclude 𝑢 ∈ 𝑥 and thus 𝑡 ∈ 𝑥+ℝ 𝑧. So 𝑦+ℝ 𝑧 ⊆ 𝑥+ℝ 𝑧, i.e. 
𝑥+ℝ 𝑧 ≤ 𝑦+ℝ 𝑧. ∎

Notation 1.16. Let ℝ+ = {𝑥 ∈ ℝ ∶ 0ℝ ≤ 𝑥}.

Theorem 1.17. If, for 𝑥,𝑦 ∈ ℝ+, we define:

𝑥𝑦 = {𝑠𝑡 ∶ 𝑠 ∈ 𝑥,𝑡 ∈ 𝑦}

then 𝑥𝑦 ∈ ℝ+. Moreover, this operation is associative and commutative on ℝ+, 
and (ℝ+∖{0}, ⋅) is an Abelian group.

Proof. Let 𝑥,𝑦 ∈ ℝ+. It is immediate that 𝑥𝑦 = 𝑦𝑥.

It is also clear that 𝑥𝑦 ≠ ∅, and that 𝑥𝑦 has 0 as a lower bound. Moreover, 
if 𝑡,𝑞 ∈ ℚ, 𝑡 ∈ 𝑥𝑦 and 𝑞 > 𝑡, then by construction, 𝑡 = 𝑢𝑣 with 𝑢 ∈ 𝑥 and 𝑣 ∈ 𝑦. 
By assumption, 𝑢 > 0, and thus 𝑡𝑢 = 𝑣. Thus 𝑞𝑢 > 𝑣. Therefore, 𝑞𝑢 ∈ 𝑦 as 𝑦 is a 
cut. Therefore, 𝑞 = 𝑢 𝑞

𝑢 ∈ 𝑥𝑦.
Last, if 𝑠 ∈ 𝑥𝑦 then 𝑠 = 𝑢𝑣 for 𝑢 ∈ 𝑥 and 𝑣 ∈ 𝑦. Since 𝑥 does not have a 

smallest element, there exists 𝑞 ∈ 𝑥 with 𝑞 < 𝑢, so 𝑞𝑣 < 𝑢𝑣, and by definition, 
𝑞𝑣 ∈ 𝑥𝑦 and 𝑞𝑣 < 𝑠. So 𝑥𝑦 has no smallest element.

So 𝑥𝑦 is indeed a cut.

Associativity is proven as with the sum.

Let 𝑥 ∈ ℝ+. Let 𝑠 ∈ 1ℝ, i.e. 𝑠 > 1. Let 𝑡 ∈ 𝑥. Then 𝑡𝑠 > 𝑡, and since 𝑡 ∈ 𝑥
and 𝑥 is cut, 𝑡𝑠 ∈ 𝑥. So 𝑥1ℝ ⊆ 𝑥. On the other hand, let 𝑡 ∈ 𝑥. Since 𝑥 is a cut, 
there exists 𝑢 ∈ 𝑥 with 𝑢 < 𝑡. Now, 𝑡 = 𝑡

𝑢𝑢, with 𝑡𝑢 > 1 i.e. 𝑡𝑢 ∈ 1ℝ, and 𝑢 ∈ 𝑥, so 
𝑡 ∈ 𝑥1ℝ. Thus 𝑥 = 𝑥1ℝ.

Last, let 𝑥 > 0ℝ. First, note that 𝑥 > 0ℝ implies that there exists 𝑢 ∈ℚ,𝑢 > 0
with ∀𝑡 ∈ 𝑥 𝑡 ≥ 𝑢. Indeed otherwise, for any 𝜀 > 0, there would exist 𝑡 ∈ 𝑥
with 𝑡 < 𝜀; in turn this implies, as 𝑥 is a cut, that 𝜀 ∈ 𝑥. We see then that 𝑥 = 0ℝ, 
which contradicts 𝑥 > 0ℝ.

Let
𝑥−1 = {𝑠 ∈ ℚ ∶ ∃𝑡 ∈ ℚ ∀𝑣 ∈ 𝑥 𝑠 > 𝑡 and 𝑠𝑣 > 1} .

Of course, 𝑥−1 is not empty since 𝑥 > 0. Moreover, 𝑥−1 is bounded below 
by 0. If 𝑠 ∈ 𝑥 and 𝑡 > 𝑠, then by construction, 𝑡 ∈ 𝑥−1. If 𝑡 ∈ 𝑥−1, then there 
exists 𝑠 ∈ 𝑥−1 with 𝑡 > 𝑠 (indeed, there exists 𝑢 ∈ ℚ such that ∀𝑎 ∈ 𝑥 𝑎𝑢 > 1; 
let 𝑠 = 𝑡+𝑢

2 ). So 𝑥−1 does not have a smallest element.
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Thus 𝑥−1 is indeed a cut.
Thus by construction, 𝑥𝑥−1 ⊆ 1ℝ. We now prove the converse inclusion. Let 

𝑠 > 1. There exists 𝑛 ∈ℕ such that, if 𝑚≥𝑛, then 𝑠 > 𝑚
𝑚−1  by the Archimedean 

property for ℚ. Let now 𝑡 ∈ 𝑥. Let 𝑞 ∈ℚ such that 0 < 𝑞 < 𝑡
𝑛 .

Let 𝑚 = min{𝑘 ≥ 𝑛 ∶ 𝑘𝑞 ∈ 𝑥} — this set is not empty, as if it where, so 
would 𝑥 be, as 𝑥 is a cut (as soon as it contains an element, which it does, it 
must contain all elements greater). By construction, (𝑚−1)𝑞 ∉ 𝑥. Therefore, 
for any 𝑡 ∈ 𝑥, we have 𝑡 > (𝑚−1)𝑞. Therefore:

𝑡
𝑠
𝑚𝑞

> (𝑚−1)𝑞
𝑠
𝑚𝑞

=
𝑚−1
𝑚

𝑠 >
𝑚−1
𝑚

𝑚
𝑚−1

= 1.

Therefore, 𝑠
𝑚𝑞 ∈ 𝑥

−1, and thus

𝑠 =𝑚𝑞⎵⎵⎵
∈𝑥

𝑠
𝑚𝑞⎵⎵⎵⎵
∈𝑥−1

so 𝑠 ∈ 𝑥𝑥−1. In all, we have showed that 𝑥𝑥−1 = 1ℝ.
This concludes our proof. ∎

Theorem 1.18. If 𝑥,𝑦,𝑧 ∈ ℝ+ then 𝑥(𝑦+ℝ 𝑧) = 𝑥𝑦+ℝ 𝑥𝑧.

Proof. This follows from the distributivity of the multiplication with re-
spect to the addition on ℚ, in a manner identical to the proof of associativ-
ity. ∎

We extent the multiplicative structure to ℝ as follows.

Definition 1.19. Form all 𝑥,𝑦 ∈ ℝ,

1. if 𝑥 > 0 and 𝑦 ≤ 0 then 𝑥𝑦 = 𝑥(−𝑦),

2. if 𝑥 ≤ 0 and 𝑦 > 0 then 𝑥𝑦 = (−𝑥)𝑦,

3. if 𝑥 ≤ 0 and 𝑦 ≤ 0 then 𝑥𝑦 = (−𝑥)(−𝑦).

Theorem-Definition 1.20. The field ℝ is an ordered field which is Dedekind 
complete, i.e with the property that every nonempty subset of ℝ with a lower 
bound has an infimum.
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Proof. We have shown that (ℝ,+) is an Abelian group, that the multipli-
cation on ℝ+ is associative, commutative, and distributive with respect to the 
addition, and that (ℝ+∖{0}, ⋅) is an Abelian group.

Of course, if 𝑥 ≥ 0 and 𝑦 ≥ 0 then 𝑥𝑦 ≥ 0. Moreover, we saw the order ≤ is 
linear on ℝ, and every nonempty bounded-below subset of ℝ has an infimum.

Last, it is a routine exercise to check that the extended multiplication to ℝ
is still associative, commutative and distributive with respect to the addition. 
Moreover, it is easy to check that if 𝑥 < 0 then (−𝑥)−1 is the inverse of 𝑥 for the 
multiplication.

As an example, let 𝑥,𝑦,𝑧 ∈ ℝ with 𝑥 ≥ 0, 𝑦 ≤ 0, 𝑧 ≥ 0 such that 𝑦+ℝ 𝑧 ≥ 0. 
Then

𝑥𝑧 = 𝑥(𝑧+ℝ 0ℝ)

= 𝑥(𝑧+ℝ 𝑦⎵⎵⎵⎵⎵⎵⎵⎵
≥0

+(−𝑦)⎵⎵⎵⎵⎵
≥0

)

= 𝑥(𝑧+ℝ 𝑦)+𝑥(−𝑦)

and thus 𝑥𝑧+𝑥𝑦 = 𝑥(𝑧+ℝ𝑦), as desired. The other cases are handled similarly.
∎

We conclude by showing that ℝ is Archimedean.

Theorem 1.21. Let 𝐴 ⊆ ℝ be not empty and bounded below. The number 𝑥 ∈ ℝ
is the infimum of 𝐴 if, and only if 𝑥 is a lower bound of 𝐴, and

∀𝜀 > 0 ∃𝑦 ∈ 𝐴 𝑦 < 𝑥+𝜀.

Proof. Assume 𝑥 = inf𝐴. By definition, 𝑥 is the largest lower bound of 𝐴. 
Let 𝜀 > 0. Since 𝑥+𝜀 > 𝑥, we conclude that 𝑥+𝜀 is not  a lower bound of 𝐴. 
Thus, there exists 𝑦 ∈ 𝐴 such that 𝑦 < 𝑥+𝜀.

Assume that 𝑥 is a lower bound of 𝐴, and that, for all 𝜀 > 0, there exists 
𝑦 ∈ 𝐴 such that 𝑦 < 𝑥+𝜀. Let 𝑧 > 𝑥. We set 𝜀 = 𝑧−𝑥 > 0. By assumption, there 
exists 𝑦 ∈ 𝐴 such that 𝑦 < 𝑥+𝜀 = 𝑧. Thus, 𝑧 is not a lower bound for 𝐴. Hence, 
𝑥 is the largest lower bound of 𝐴. ∎

Dedekind completeness implies that ℝ is an Archimedean field .

Theorem 1.22. The infimum of { 1𝑛 ∶ 𝑛 ∈ ℕ∖{0}} in ℝ is 0.
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Proof. By assumption, 𝑆 = { 1𝑛 ∶ 𝑛 ∈ ℕ∖{0}} is bounded below by 0 and not 
empty, so it has an infimum 𝑥 = inf𝑆 ≥ 0. Note that 𝑥 ≤ 1

2𝑛  for all 𝑛 ∈ℕ, 𝑛 > 0, 
and thus 𝑥+𝑥 ≤ 1

𝑛  for all 𝑛 ∈ ℕ∖{0}. Since 𝑥 is the largest lower bound for 𝑆, 
we have 𝑥+𝑥 ≤ 𝑥, i.e. 𝑥 ≤ 0. We therefore conclude 𝑥 = 0, as claimed. ∎

We note that given any Archimedean field 𝔽, there exists an injective in-
creasing field morphism from 𝔽 into ℝ, using the density of ℚ. Thus ℝ is the 
largest Archimedean field as well.

2 Basic topology of ℝ: sets

2.1 Distance from a point to a set
Definition 2.1. Let 𝐴 ⊆ ℝ be any nonempty set. The distance dist(𝑥,𝐴) from 
𝑥 ∈ ℝ to 𝐴 is:

dist(𝑥,𝐴) = inf {|𝑥−𝑦| ∶ 𝑦 ∈ 𝐴} .

Theorem 2.2. The following properties hold.

1. ∀𝐴 ⊆ ℝ 𝐴 ≠∅ ⟹ 0≤ dist(𝑥,𝐴),

2. ∀𝑥,𝑦 ∈ ℝ dist(𝑥, {𝑦}) = |𝑥−𝑦|,

3. ∀𝑥 ∈ ℝ ∀𝐴 ⊆ ℝ 𝐴 finite, not empty ⟹ dist(𝑥,𝐴) =min{|𝑥 −𝑦| ∶ 𝑦 ∈
𝐴},

4. ∀𝐴 ⊆ ℝ ∀𝑥 ∈ ℝ 𝑥 ∈ 𝐴 ⟹ dist(𝑥,𝐴) = 0,

5. ∀𝐴,𝐵 ⊆ ℝ 𝐴 ⊆ 𝐵 and 𝐴 ≠∅ ⟹ ∀𝑥 ∈ ℝ dist(𝑥,𝐵) ≤ dist(𝑥,𝐴),

6. ∀𝐴 ⊆ ℝ 𝐴 ≠∅ ⟹ ∀𝑥,𝑦 ∈ ℝ |dist(𝑥,𝐴)−dist(𝑦,𝐴)| ≤ |𝑥−𝑦|.

Proof. By construction, 0 is a lower bound of {|𝑥 −𝑦| ∶ 𝑦 ∈ 𝐴} for all 𝐴 ⊆ ℝ
with 𝐴 ≠∅ and 𝑥 ∈ ℝ. So 0 ≤ dist(𝑥,𝐴), i.e. Assertion (1) holds.

A nonempty finite subset of ℝ has a smallest element, which is also its in-
fimum, so Assertion (3) holds. In particular, let 𝑥,𝑦 ∈ ℝ. By definition, inf{|𝑥−
𝑧| ∶ 𝑧 ∈ {𝑦}} =min{|𝑥−𝑦|} = |𝑥−𝑦|. This shows that Assertion (2) holds as well.
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If 𝑥 ∈ 𝐴 then 0 = |𝑥−𝑥| ∈ {|𝑥−𝑦| ∶ 𝑦 ∈ 𝐴} so dist(𝑥,𝐴) ≤ 0 by definition. As 
0 ≤ dist(𝑥,𝐴), we conclude that dist(𝑥,𝐴) = 0. Thus, Assertion (4) holds.

Let now 𝐴,𝐵 ⊆ ℝ with 𝐴 ⊆ 𝐵 and 𝐴 ≠ ∅. Let 𝑥 ∈ ℝ. Since 𝐴 ⊆ 𝐵, we con-
clude:

{|𝑥−𝑦| ∶ 𝑦 ∈ 𝐴} ⊆ {|𝑥−𝑦| ∶ 𝑦 ∈ 𝐵}

and thus:

dist(𝑥,𝐴) = inf {|𝑥−𝑦| ∶ 𝑦 ∈ 𝐴} ≥ {|𝑥−𝑦| ∶ 𝑦 ∈ 𝐵} = dist(𝑥,𝐵).

Last, let 𝐴 ⊆ ℝ, 𝐴 ≠∅, and let 𝑥,𝑦 ∈ ℝ. Let now 𝑧 ∈ 𝐴. Since:

dist(𝑥,𝐴) ≤ |𝑥−𝑧| ≤ |𝑥−𝑦|+ |𝑦−𝑧|,

and since 𝑧 ∈ 𝐴 is arbitrary in 𝐴, we conclude that dist(𝑥,𝐴)−|𝑥−𝑦| ≤ dist(𝑦,𝐴). 
Therefore:

dist(𝑥,𝐴)−dist(𝑦,𝐴) ≤ |𝑥−𝑦|.

Similarly, dist(𝑦,𝐴)−dist(𝑥,𝐴) ≤ |𝑥−𝑦|, and thus:

|dist(𝑥,𝐴)−dist(𝑦,𝐴)| ≤ |𝑥−𝑦|,

which completes our proof. ∎

2.2 Closure of a set
In general, dist(𝑥,𝐴) = 0 does not  imply that 𝑥 ∈ 𝐴. We introduce the following 
concept.

Definition 2.3. The closure cl(𝐴) of a nonempty subset 𝐴 ⊆ ℝ is

cl(𝐴) = {𝑥 ∈ ℝ ∶ dist(𝑥,𝐴) = 0} .

We set cl(∅) = ∅.

We thus have defined an operator on the power set of ℝ, called the closure 
operator. To study this operator, we present a standard technique to prove 
inequalities, which we will use very often.

Theorem 2.4. Let 𝑎,𝑏 ∈ ℝ. If there exists 𝑀 > 0 such that, for all 𝜀 ∈ (0,𝑀), we 
have 𝑎 ≤ 𝑏+𝜀, then 𝑎 ≤ 𝑏.
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Proof. If 𝑎 > 𝑏, let 𝜀 =min{𝑀, 𝑎−𝑏2 } > 0. Then 𝑏+𝜀 ≤ 𝑏+𝑎
2 < 𝑎. Our theorem 

holds by contraposition. ∎

We remark that, as a corollary, if ∀𝜀 > 0 𝑎 ≤ 𝑏+𝜀, then 𝑎 ≤ 𝑏.

We now state the core properties of the closure operator.

Theorem 2.5. The closure operator has the following properties.

1. cl(∅) = ∅,

2. ∀𝐴 ⊆ ℝ 𝐴 ⊆ cl(𝐴),

3. ∀𝐴 ⊆ ℝ cl(cl(𝐴)) = cl(𝐴),

4. ∀𝐴,𝐵 ⊆ ℝ 𝐴 ⊆ 𝐵 ⟹ cl(𝐴) ⊆ cl(𝐵),

5. ∀𝐴,𝐵 ⊆ ℝ cl(𝐴 ∪𝐵) = cl(𝐴)∪cl(𝐵).

Proof. Assertion (1) is by definition.

If 𝐴 = ∅, then all assertions are trivial (and Assertion (5) is trivial if 𝐵 = ∅
as well). We assume henceforth that 𝐴 ≠∅.

If 𝑥 ∈ 𝐴, then dist(𝑥,𝐴) = 0 by Theorem (2.2), and thus 𝑥 ∈ cl(𝐴). So 𝐴 ⊆
cl(𝐴).

In particular, cl(𝐴) ⊆ cl(cl(𝐴)). If 𝑥 ∈ cl(cl(𝐴)) then dist(𝑥,cl(𝐴)) = 0. Let 
𝜀 > 0. There exists 𝑦 ∈ cl(𝐴) such that |𝑥 −𝑦| < 𝜀

2 . By definition of cl(𝐴), we 
have dist(𝑦,𝐴) = 0, so there exists 𝑧 ∈ 𝐴 such that |𝑦−𝑧| < 𝜀

2 . Therefore

dist(𝑥,𝐴) ≤ |𝑥−𝑧| ≤ |𝑥−𝑦|+ |𝑦−𝑧| <
𝜀
2
+
𝜀
2
= 𝜀.

Therefore dist(𝑥,𝐴) < 𝜀 for all 𝜀 > 0 and therefore, dist(𝑥,𝐴) = 0. So 𝑥 ∈ cl(𝐴). 
Therefore, we have proven that cl(cl(𝐴)) ⊆ cl(𝐴), and thus cl(𝐴) = cl(cl(𝐴)).

Now, if 𝐴 ⊆ 𝐵 and 𝑥 ∈ cl(𝐴) then dist(𝑥,𝐴) = 0 by definition of the closure, 
and since 𝐴 ⊆ 𝐵, by Theorem (2.2), we also have 0 ≤ dist(𝑥,𝐵) ≤ dist(𝑥,𝐴) = 0
so 𝑥 ∈ cl(𝐵). Thus cl(𝐴) ⊆ cl(𝐵).

Let now 𝐴,𝐵 ⊆ 𝐸. First, note that since 𝐴 ⊆ 𝐴 ∪𝐵 so cl(𝐴) ⊆ cl(𝐴 ∪𝐵). 
Similarly, 𝐵 ⊆ 𝐴∪𝐵 so cl(𝐵) ⊆ cl(𝐴 ∪𝐵). Therefore, cl(𝐴)∪cl(𝐵) ⊆ cl(𝐴 ∪𝐵).
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On the other hand, let 𝑥 ∈ cl(𝐴 ∪𝐵). Thus dist(𝑥,𝐴 ∪𝐵) = 0. Assume that 
𝑥 ∉ cl(𝐴), so that dist(𝑥,𝐴) > 0.

Let 𝜀 ∈ (0,dist(𝑥,𝐴)). There exists 𝑦 ∈ 𝐴∪𝐵 such that dist(𝑥,𝑦) < 𝜀. Since 
dist(𝑥,𝑦) < dist(𝑥,𝐴), we conclude that 𝑦 ∈ 𝐵. Thus dist(𝑥,𝐵) < 𝜀 for all 𝜀 ∈
(0,dist(𝑥,𝐴)) and thus 0 ≤ dist(𝑥,𝐵) ≤ inf(0,dist(𝑥,𝐴)) = 0, so 𝑥 ∈ cl(𝐵). Hence, 
if 𝑥 ∈ cl(𝐴 ∪𝐵), then 𝑥 ∈ cl(𝐴)∪cl(𝐵).

In conclusion, cl(𝐴)∪cl(𝐵) = cl(𝐴 ∪𝐵). This completes our theorem. ∎

Corollary 2.6. If 𝐴,𝐵 ⊆ ℝ, then

cl(𝐴 ∩𝐵) ⊆ cl(𝐴)∩cl(𝐵).

Proof. Since 𝐴 ∩ 𝐵 ⊆ 𝐴, we conclude by Theorem (2.5) that cl(𝐴 ∩𝐵) ⊆
cl(𝐴). Similarly, cl(𝐴 ∩𝐵) ⊆ cl(𝐵). Thus our theorem is proven. ∎

Remark 2.7. We note that if an operator on the power set of some set satisfies 
(5) in Theorem (2.5), then it automatically satisfies (4) as well (since 𝐴 ⊆ 𝐵 im-
plies 𝐴 ∪𝐵 = 𝐵, we have cl(𝐴)∪ cl(𝐵) = cl(𝐴 ∪𝐵) = cl(𝐵) so cl(𝐴) ⊆ cl(𝐵)); 
it is however more natural for us to follow the path of proof of Theorem (2.5). 
Properties (1),(2),(3) and (5)) together define what is called a Kuratoswky clo-
sure operator.

We now compute the closure of some basic important sets.

Theorem 2.8. If 𝐹 ⊆ ℝ is finite, then cl(𝐹) = 𝐹.

Proof. We have 𝐹 ⊆ cl(𝐹). On the other hand, if dist(𝑥,𝐹) = 0 then 𝑥 ∈ 𝐹, 
so cl(𝐹) ⊆ 𝐹. ∎

Theorem 2.9. cl(∅) = ∅ and cl(ℝ) = ℝ.

Proof. cl(∅) = ∅ by definition. On the other hand, ℝ⊆ cl(ℝ) ⊆ ℝ so cl(ℝ) =
ℝ. ∎

Definition 2.10. A subset 𝐷 ⊆ℝ of ℝ is dense in ℝ when cl(𝐷) = ℝ.

Theorem 2.11. The closure of ℚ is ℝ. The closure of ℝ∖ℚ is ℝ.

13



Proof. First, ℚ ⊆ cl(ℚ). Let 𝑥 ∈ ℝ. Let 𝜀 > 0. There exists 𝑞 ∈ ℚ such that 
𝑥 < 𝑞 < 𝑥+𝜀 by Theorem (1.8). Therefore, dist(𝑥,ℚ) ≤ |𝑥−𝑞| < 𝜀. As 𝜀 > 0 is 
arbitrary, we conclude that dist(𝑥,ℚ) = 0, i.e. 𝑥 ∈ cl(ℚ).

The same reasoning applies to ℝ∖ℚ. ∎

Theorem 2.12. If 𝑎 ∈ ℝ then

cl((−∞,𝑎)) = cl((−∞,𝑎]) = (−∞,𝑎] and cl((𝑎,∞)) = cl([𝑎,∞)) = [𝑎,∞).

If 𝑎 ≤ 𝑏 ∈ ℝ then

cl((𝑎,𝑏)) = cl([𝑎,𝑏)) = cl((𝑎,𝑏]) = cl([𝑎,𝑏]) = [𝑎,𝑏].

Proof. Let 𝑎 ∈ ℝ. If 𝑏 > 𝑎, then dist(𝑏,(−∞,𝑎]) ≥ |𝑏−𝑎| > 0, and therefore 
𝑏 ∉ cl((−∞,𝑎]); henceforth cl((−∞,𝑎]) ⊆ (−∞,𝑎]. Since (−∞,𝑎] ⊆ cl((−∞,𝑎]), 
we conclude cl((−∞,𝑎]) = (−∞,𝑎]. A similar argument shows that cl([𝑎,∞)) =
[𝑎,∞).

Let now 𝑏 > 𝑎. Of course, (𝑎,𝑏) ⊆ (−∞,𝑏], so cl((𝑎,𝑏)) ⊆ cl((−∞,𝑏]) =
(−∞,𝑏]. Similarly, cl((𝑎,𝑏)) ⊆ [𝑎,∞). Hence cl((𝑎,𝑏)) ⊆ [𝑎,𝑏]. Of course, 
(𝑎,𝑏) ⊆ cl((𝑎,𝑏)).

Let now 𝜀 > 0. Let 𝑐 = min{𝑏 −𝜀, 𝑎+𝑏2 }. By construction, 𝑐 ∈ (𝑎,𝑏), and 
dist(𝑏,(𝑎,𝑏)) ≤ |𝑏−𝑐| ≤ 𝜀. Therefore, dist(𝑏,(𝑎,𝑏)) = 0. Similarly, dist(𝑎,(𝑎,𝑏)) =
0. Hence cl((𝑎,𝑏)) = [𝑎,𝑏].

Now, (−∞,𝑎) = (−∞,𝑎−1)∪(𝑎−2,𝑎) so

cl((−∞,𝑎)) = cl((−∞,𝑎−1))∪cl((𝑎 −2,𝑎)) = (−∞,𝑎−1]∪[𝑎−2,𝑎] = (−∞,𝑎].

Similarly, cl((𝑎,∞)) = [𝑎,∞).

Last, if (𝑎,𝑏) ⊆ 𝐼 ⊆ [𝑎,𝑏], then [𝑎,𝑏] = cl((𝑎,𝑏)) ⊆ cl(𝐼) ⊆ cl([𝑎,𝑏]) =
[𝑎,𝑏], as claimed. ∎

We note that taking the closure of a bounded interval does not increase its 
diameter; this is a general observation.

Definition 2.13. If 𝐴 ⊆ ℝ is bounded and not empty, then the diameter diam(𝐴)
of 𝐴 is defined as diam(𝐴) = sup {|𝑥−𝑦| ∶ 𝑥,𝑦 ∈ 𝐴}.
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Theorem 2.14. If 𝐴 ⊆ ℝ is a bounded subset of ℝ, so is cl(𝐴), and moreover:

diam(cl(𝐴)) = diam(𝐴).

Proof. Let 𝑥,𝑦 ∈ cl(𝐴). Let 𝜀 > 0. There exists 𝑥𝜀,𝑦𝜀 ∈ 𝐴 such that |𝑥−𝑥𝜀| <
𝜀
2  and |𝑦−𝑦𝜀| < 𝜀

2 . Thus:

|𝑥−𝑦| ≤ |𝑥−𝑥𝜀|+ |𝑥𝜀 −𝑦𝜀|+ |𝑦𝜀 −𝑦| ≤ diam(𝐴)+𝜀.

As 𝜀 > 0 is arbitrary, we conclude that |𝑥−𝑦| ≤ diam(𝐴). Therefore, diam(cl(𝐴)) ≤
diam(𝐴). In particular, cl(𝐴) is bounded in ℝ.

Since 𝐴 ⊆ cl(𝐴), it is immediate by Definition (2.13) that diam(𝐴) ≤ diam(cl(𝐴)), 
thus concluding our proof. ∎

2.3 Closed Sets
The fixed points for the closure operator are called closed sets.

Definition 2.15. A subset 𝐴 ⊆ ℝ is closed in ℝ when cl(𝐴) = 𝐴.

A subset 𝐴 of ℝ is thus closed if and only if:

∀𝑥 ∈ ℝ dist(𝑥,𝐴) = 0 ⟺ 𝑥 ∈𝐴.

Example 2.16. By Theorem (2.9), both ∅ and ℝ are closed.

Example 2.17. By Theorem (2.12), for all 𝑎 ≤ 𝑏, the intervals (−∞,𝑎], [𝑎,∞)
and [𝑎,𝑏] are closed — these are, in fact, all closed intervals.

Example 2.18. Every finite subset of ℝ is closed by Theorem (2.8).

Theorem 2.19. A subset 𝐹 ⊆ ℝ of ℝ is closed if and only if there exists a subset 
𝐴 ⊆ ℝ of ℝ such that 𝐹 = cl(𝐴).

Proof. Let 𝐴 ⊆ ℝ. By Theorem (2.5), cl(cl(𝐴)) = cl(𝐴) so cl(𝐴) is closed by 
Definition (2.15).

By Definition (2.15), if 𝐹 ⊆ ℝ is closed then 𝐹 = cl(𝐹). This completes our 
proof. ∎
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Closed sets form a lattice for the inclusion.

Theorem 2.20. The following assertions hold.

1. ∅ and ℝ are closed subsets of ℝ.

2. If 𝐹,𝐺 ⊆ ℝ are closed then 𝐹∪𝐺 is closed.

3. If ℱ⊆ 2ℝ is a nonempty set of closed subsets of ℝ, then:

⋂ℱ ∶= {𝑥 ∈ ℝ ∶ ∀𝐹 ∈ℱ 𝑥 ∈ 𝐹}

is closed.

Proof. By definition, cl(∅) = ∅, and by Theorem (2.9), cl(ℝ) = ℝ.

Let 𝐹,𝐺 ⊆ 𝐸 be closed subsets of ℝ. Then

cl(𝐹 ∪𝐺) = cl(𝐹)∪cl(𝐺) = 𝐹 ∪𝐺,

and thus 𝐹∪𝐺 is closed.

Let ℱ be a subset of the power set 2ℝ whose elements are all closed subsets 
of ℝ. We first note that ⋂ℱ ⊆ cl(⋂ℱ). On the other hand, if 𝐹 ∈ℱ then ⋂ℱ ⊆
𝐹. Therefore, cl(⋂ℱ) ⊆ cl(𝐹) = 𝐹. Consequently, as 𝐹 ∈ℱ was arbitrary, we 
conclude that cl(⋂ℱ) ⊆⋂ℱ.

Therefore, cl(⋂ℱ) =⋂ℱ, i.e. by definition, ⋂ℱ is closed in ℝ. ∎

Remark 2.21. If (𝐹𝑗)𝑗∈𝐽  is a family of closed subsets of ℝ then ⋂𝑗∈𝐽 𝐹𝑗 =⋂{𝐹𝑗 ∶ 𝑗 ∈ 𝐽}
is closed by Theorem (2.20).

Theorem 2.22. If 𝐴 ⊆ ℝ is a subset of ℝ then:

cl(𝐴) =⋂{𝐹 ⊆ ℝ ∶ 𝐹 is closed and 𝐴 ⊆ 𝐹} .

In particular, cl(𝐴) is the smallest closed subset of ℝ containing 𝐴.

Proof. If 𝐴 ⊆ ℝ then cl(cl(𝐴)) = cl(𝐴) and thus cl(𝐴) is closed. Moreover 
𝐴 ⊆ cl(𝐴). So in particular:

⋂{𝐹 ⊆ ℝ ∶ 𝐹 is closed and 𝐴 ⊆ 𝐹} ⊆ cl(𝐴).
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Let 𝐹 ⊆ ℝ be a closed subset of ℝ containing 𝐴. Since 𝐴 ⊆ 𝐹, we have 
cl(𝐴) ⊆ cl(𝐹) = 𝐹. So cl(𝐴) is the smallest closed subset of ℝ containing 𝐴.

In particular:

cl(𝐴) ⊆⋂{𝐹 ⊆ ℝ ∶ 𝐹 is closed and 𝐴 ⊆ 𝐹} .

This concludes our proof. ∎

Theorem 2.23. If 𝐹 ⊆ ℝ is closed, bounded above and not empty then sup𝐹 ∈ 𝐹. 
Similarly, if 𝐹 is closed, bounded below and not empty, then inf𝐹 ∈ 𝐹.

Proof. Assume 𝐹 is not empty, closed and bounded above. For all 𝜀 > 0, 
there exists 𝑥 ∈ 𝐹 such that sup𝐹−𝜀 < 𝑥 ≤ sup𝐹, so dist(sup𝐹,𝐹) ≤ |sup𝐹−
𝑥| < 𝜀. Hence dist(sup𝐹,𝐹) = 0, so sup𝐹 ∈ cl(𝐹) = 𝐹.

The same reasoning applies to show inf𝐹 ∈ 𝐹 whenever 𝐹 is closed, not 
empty and bounded below. ∎

While closed sets form a sub-lattice of 2ℝ, they do not form a Boolean sub-
algebra: indeed, ℝ∖[𝑎,𝑏] = (−∞,𝑎)∪(𝑏,∞) is not closed since cl((−∞,𝑎)∪(𝑏,∞)) =
cl((−∞,𝑎)) ∪ cl((𝑏,∞)) = (−∞,𝑎] ∪ [𝑏,∞). We now study the geometry of 
complements of closed sets.

2.4 Open Sets
Definition 2.24. A subset 𝑈  of ℝ is open when ℝ∖𝑈  is closed in ℝ.

The set of all open sets of a ℝ satisfies properties inherited from the struc-
ture of the closed sets.

Theorem 2.25. The following assertions hold.

1. ∅ and ℝ are open subsets of ℝ.

2. If 𝑈,𝑉 ⊆ ℝ are open then 𝑈 ∩𝑉 is open.

3. If 𝒰⊆2ℝ is a nonempty set of open subsets of ℝ, then:

⋃𝒰 ∶= {𝑥 ∈ ℝ ∶ ∃𝑈 ∈𝒰 𝑥 ∈𝑈}

is open.
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Proof. This follows from Theorem (2.20) by taking complements. ∎

Definition 2.26. The collection of all open subsets of ℝ is called the topology 
of ℝ.

A fundamental example of open subset of ℝ is given by open intervals.

Theorem 2.27. For all 𝑎 ≤ 𝑏, the open interval (𝑎,𝑏) is open in ℝ.

Proof. Simply note that ℝ∖ (𝑎,𝑏) = (−∞,𝑎] ∪ [𝑏,∞) is the union of two 
closed subsets, which is closed by Theorem (2.20). ∎

A simple but useful consequence of Theorem (2.27) is the Hausdorff prop-
erty of the topology of ℝ.

Theorem 2.28. If 𝑥,𝑦 ∈ ℝ and 𝑥 ≠ 𝑦, then there exist two disjoint open subsets 
𝑈  and 𝑉 such that 𝑥 ∈𝑈  and 𝑦 ∈ 𝑉.

Proof. Let 𝛿 = |𝑥−𝑦|
2 > 0. Set 𝑈 = (𝑥−𝛿,𝑥+𝛿) and 𝑉 = (𝑦−𝛿,𝑦+𝛿). ∎

The main characterization of open sets is the following theorem, which il-
lustrates the important role, in ℝ, of open intervals.

Theorem 2.29. A subset 𝑈 ⊆ℝ of ℝ is open if and only if:

∀𝑥 ∈𝑈 ∃𝛿𝑥 > 0 (𝑥−𝛿𝑥 ,𝑥+𝛿𝑥) ⊆ 𝑈 . (2.1)

Proof. Let 𝑥 ∈ 𝑈 . Thus 𝑥 ∉ ℝ ∖𝑈 . Now, by Definition (2.24), ℝ ∖𝑈 =
cl(ℝ∖𝑈). Therefore, dist(𝑥,ℝ∖𝑈) > 0, by Definition (2.15). Let 𝛿𝑥 = dist(𝑥,ℝ∖
𝑈).

Let 𝑦 ∈ (𝑥 −𝛿𝑥 ,𝑥 + 𝛿𝑥). Then |𝑥 −𝑦| < 𝛿𝑥 , so 𝑦 ∉ ℝ∖𝑈 , therefore 𝑦 ∈ 𝑈 . 
Therefore, if 𝑈  is open, then Assertion (2.1) holds.

Assume now that Assertion (2.1) holds for some subset 𝑈  of ℝ. Thus, for 
all 𝑥 ∈ 𝑈 , there exists 𝛿𝑥 > 0 such that if 𝑦 ∈ 𝐸 and dist(𝑥,𝑦) < 𝛿𝑥 , then 𝑦 ∈ 𝑈 . 
In other words, for all 𝑥 ∈𝑈 , there exists 𝛿𝑥 > 0 such that (𝑥−𝛿𝑥 ,𝑥+𝛿𝑋 ) ⊆ 𝑈 . 
Then 𝑈 = ⋃𝑥∈𝑈(𝑥 − 𝛿𝑥 ,𝑥 + 𝛿𝑥). As (𝑥 − 𝛿𝑥 ,𝑥 + 𝛿𝑥) is open for all 𝑥 ∈ 𝑈 , we 
conclude that 𝑈  is open in ℝ, by Theorem (2.25). ∎
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Corollary 2.30. A subset 𝑈  of ℝ is open if, and only if,

𝑈 =⋃{𝐼 ⊆𝑈 ∶ 𝐼  is an open interval} .

Proof. By construction, ⋃{𝐼 ⊆𝑈 ∶ 𝐼  is an open interval } ⊆ 𝑈 . The converse 
inclusion follows from Theorem (2.29). ∎

We can characterize closure yet again using open sets.

Theorem 2.31. If 𝐴 ⊆ ℝ is a subset ℝ then:

cl(𝐴) = {𝑥 ∈ ℝ ∶ ∀𝑈 ⊆ ℝ 𝑈  open and 𝑥 ∈𝑈 ⟹ 𝑈∩𝐴 ≠∅} .

Metric Method. Let 𝑥 ∈ cl(𝐴). If 𝑉 ⊆ ℝ is open in ℝ and 𝑥 ∈ 𝑉, then there 
exists 𝛿 > 0 such that (𝑥−𝛿,𝑥+𝛿) ⊆ 𝑉. Since dist(𝑥,𝐴) = 0, there exists 𝑦 ∈ 𝐴
such that dist(𝑥,𝑦) < 𝛿, and thus 𝑦 ∈ 𝑉∩𝐴. So 𝑉∩𝐴 ≠∅.

If, for all open subset 𝑉 of ℝ such that 𝑥 ∈ 𝑉, we have 𝐴∩𝑉 ≠ ∅, then for 
all 𝜀 > 0, there exists 𝑦 ∈ 𝐴∩(𝑥−𝜀,𝑥+𝜀), i.e.

dist(𝑥,𝐴) ≤ |𝑥−𝑦| < 𝜀.

Thus dist(𝑥,𝐴) = 0, i.e. 𝑥 ∈ cl(𝐴). ∎

Topological Method. Let 𝑥 ∉ cl(𝐴). Thus 𝑥 ∈ ℝ∖ cl(𝐴). If 𝑉 = ℝ∖ cl(𝐴)
then 𝑉 is an open neighborhood of 𝑥 in ℝ. On the other hand, 𝐴 ⊆ cl(𝐴) so 
ℝ∖cl(𝐴) ⊆ ℝ∖𝐴 and thus 𝑉∩𝐴 = ℝ∖cl(𝐴)∩𝐴 ⊆ ℝ∖𝐴∩𝐴 =∅.

If there exists an open subset 𝑉 ⊆ℝ of ℝ such that 𝐴∩𝑉 =∅, then 𝐴 ⊆ ℝ∖𝑉
and ℝ∖𝑉 is closed, so cl(𝐴) ⊆ ℝ∖𝑉. In particular, 𝑥 ∉ cl(𝐴). ∎

We note the following useful result about closure.

Theorem 2.32. If 𝐴 ⊆ ℝ, and if 𝑈 ⊆ℝ is an open set, then cl(𝐴)∩𝑈 ⊆ cl(𝐴 ∩𝑈).

Metric proof. Let 𝑎 ∈ cl(𝐴)∩𝑈 . Since 𝑈  is open, there exists 𝛿 > 0 such 
that (𝑎−𝛿,𝑎+𝛿) ⊆𝑈 . Since 𝑎 ∈ cl(𝐴), for all 𝜀 ∈ (0,𝛿), there exists 𝑏 ∈ 𝐴 such 
that |𝑏 −𝑎| < 𝜀, i.e. 𝑏 ∈ 𝑈 ∩𝐴. Thus dist(𝑎,𝐴 ∩𝑈) ≤ |𝑏 −𝑎| < 𝜀. We conclude 
that dist(𝑎,𝐴 ∩𝑈) = 0, i.e. 𝑎 ∈ cl(𝐴 ∩𝑈). ∎

Topological proof. Let 𝑥 ∈ cl(𝐴)∩𝑈 . Let 𝑉 ⊆ℝ be an open subset of ℝ with 
𝑥 ∈ 𝑉. Since 𝑥 ∈ 𝑈 ∩𝑉, and since 𝑥 ∈ cl(𝐴), by Theorem (2.31), we conclude 
that (𝑉∩𝑈)∩𝐴 ≠∅. Thus, again by Theorem (2.31), we thus have 𝑉∩(𝐴∩𝑈) ≠
∅, so 𝑥 ∈ cl(𝐴 ∩𝑈). ∎

19



2.5 Optional: Isolated points, Accumulation points
Definition 2.33. Let 𝐴 ⊆ ℝ. A point 𝑥 ∈ 𝐴 is isolated when there exists an open 
set 𝑈  of ℝ such that 𝑈 ∩𝐴 = {𝑥}.

Definition 2.34. Let 𝐴 ⊆ ℝ. A point 𝑥 ∈ ℝ is an accumulation point  of 𝐴 when 
for all open subset 𝑉 of ℝ, if 𝑥 ∈ 𝑉 then 𝑉∩(𝐴∖{𝑥}) ≠ ∅.

Accumulation points behave, in a sense, in the opposite manner to iso-
lated points.

Theorem 2.35. Let 𝐴 ⊆ ℝ. A point 𝑥 is an accumulation point of 𝐴 if and only 
if for all open neighborhood 𝑉 of 𝐴, the set 𝑉∩𝐴 is infinite.

Proof. Suppose 𝑉∩𝐴 is finite for some open subset 𝑉 of ℝ containing 𝑥. 
Let

𝑉∩𝐴∖{𝑥} = {𝑥1,…,𝑥𝑛}.
Let 𝜀 = dist(𝑥, {𝑥1,…,𝑥𝑚}) > 0. We then note that the set 𝑊 defined by 𝑊 =
𝑉∩(𝑥−𝜀,𝑥+𝜀) is open, as the intersection of two open subsets of ℝ. By con-
struction, 𝑥 ∈ 𝑊; moreover, 𝑥1 ∉ 𝑊,…,𝑥𝑛 ∉ 𝑊, so (𝐴 ∖ {𝑥}) ∩𝑊 = ∅. Thus 
𝑥 is not an accumulation point of 𝐴. By contraposition, if 𝑥 is an accumula-
tion point of 𝐴 and 𝑉 is an open neighborhood of 𝑥 in ℝ, then (𝐴∖{𝑥})∩𝑉 is 
infinite. Therefore, 𝐴∩𝑉 is also infinite.

If 𝐴∩𝑉 is infinite then 𝐴∖{𝑥}∩𝑉 is infinite as well, and in particular, not 
empty. So 𝑥 is an accumulation point of 𝐴. ∎

Theorem 2.36. If 𝐴 ⊆ ℝ, if ℐ(𝐴) is the set of all isolated points of 𝐴, and if 𝐴′ is 
the set of all accumulation points of 𝐴 in ℝ then:

cl(𝐴) =ℐ(𝐴)∪𝐴′ and ℐ(𝐴)∩𝐴′ =∅.

Proof. If 𝑥 ∈ℐ(𝐴) then there exists an open neighborhood 𝑉 of 𝑥 in ℝ such 
that 𝑉∩𝐴 = {𝑥}, so 𝑉∩(𝐴∖{𝑥}) = ∅ and thus 𝑥 ∉ 𝐴′. Thus ℐ(𝐴)∩𝐴′ =∅.

Of course, ℐ(𝐴) ⊆ 𝐴 ⊆ cl(𝐴). On the other hand, let 𝑥 ∈ 𝐴′ be an accumu-
lation point of 𝐴. Let 𝑉 be an open neighborhood of 𝑥 in ℝ. By definition of 
𝐴′, we have 𝑉∩𝐴 ≠∅. Thus 𝑥 ∈ cl(𝐴). So ℐ(𝐴)∪𝐴′ ⊆ cl(𝐴).

Let now 𝑥 ∈ cl(𝐴). If there exists an open subset 𝑉 of ℝ containing 𝑥 such 
that (𝐴 ∖ {𝑥})∩𝑉 = ∅ then 𝐴∩𝑉 = {𝑥} since 𝐴∩𝑉 ≠ ∅. Thus 𝑥 ∈ ℐ(𝐴); oth-
erwise 𝑥 ∈ 𝐴′. So 𝑥 ∈ ℐ(𝐴)∪𝐴′. We have shown that cl(𝐴) ⊆ ℐ(𝐴)∪𝐴′ and 
therefore our theorem is proven. ∎
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Theorem 2.37. If 𝐴 ⊆ ℝ, then the set ℐ(𝐴) of isolated points in 𝐴 is at most 
countable.

Proof. If 𝑥 ∈ℐ(𝐴), then there exists 𝛿 > 0 such that (𝑥−𝛿,𝑥+𝛿)∩𝐴 = {𝑥}. 
By density of ℚ in ℝ, there exists (𝑞(𝑥),𝑟(𝑥)) ∈ ℚ2 such that (𝑞(𝑥),𝑟(𝑥)) ⊆
(𝑥−𝛿,𝑥+𝛿) so 𝐴∩(𝑞(𝑥),𝑟(𝑥)) = {𝑥}. Let now 𝑥,𝑦 ∈ℐ(𝐴) with (𝑞(𝑥),𝑟(𝑥)) =
(𝑞(𝑦),𝑟(𝑦)). Then {𝑥} = 𝐴 ∩ (𝑞(𝑥),𝑟(𝑥)) = 𝐴 ∩ (𝑞(𝑦),𝑟(𝑦)) = {𝑦}. So 𝑥 ∈
ℐ(𝐴)↦ (𝑞(𝑥),𝑟(𝑥)) ∈ ℚ2 is an injection. Since ℚ2 is countable, the set ℐ(𝐴)
is at most countable. ∎

The set of isolated points need not be closed (for instance, consider 𝑆 =
{ 1
𝑛+1 ∶ 𝑛 ∈ ℕ}). On the other hand, the set of accumulation points is closed.

Theorem 2.38. If 𝐴 ⊆ ℝ then the set 𝐴′ of the accumulation points of 𝐴 is closed.

Proof. Let 𝑥 ∈ cl(𝐴′). Let 𝑉 be an open subset of ℝ containing 𝑥. By The-
orem (2.31), there exists 𝑦 ∈ 𝑉 ∩𝐴′. Thus, 𝑦 ∈ 𝐴′ so 𝑉 ∩ (𝐴 ∖ {𝑦}) is infinite. 
Therefore 𝑉∩ (𝐴 ∖ {𝑥,𝑦}) is also infinite, and thus 𝑉∩ (𝐴 ∖ {𝑥}) is infinite as 
well. So 𝑥 ∈ 𝐴′. So cl(𝐴′) = 𝐴′. ∎

Definition 2.39. A subset 𝑃 ⊆ ℝ is perfect  when 𝑃 = 𝑃 ′, i.e. 𝑃 is the set of all 
its accumulation points.

Definition 2.40. A subset 𝐴 ⊆ ℝ is discrete when 𝐴 =ℐ(𝐴).

By Theorem (2.38), if a set is perfect, it is closed. By Theorem (2.36), a set is 
perfect if it is closed and has no isolated points.

2.6 Optional: Interior of a set
Complementation implements by definition a duality between closed and open 
subsets. It is natural to ask what the complement of the closure operator is, in 
terms of open sets. Theorem (2.22) describes the closure of a set 𝐴 as the small-
est closed subset of a metric space containing 𝐴, owing to the observation in 
Theorem (2.20) that arbitrary intersections of closed sets are closed. Noting 
the duality between Theorem (2.25) and Theorem (2.20), we thus introduce 
the notion of the interior  of a set.

We begin with the definition of an interior point, by observing that it can 
be equivalently described in metric terms or in topological terms.
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Theorem 2.41. Let 𝐴 ⊆ ℝ and 𝑥 ∈ 𝐴. The following assertions are equivalent:

1. there exists an open subset 𝑈  of ℝ with 𝑥 ∈𝑈  and 𝑈 ⊆𝐴,

2. there exists 𝜀 > 0 such that if 𝑦 ∈ ℝ and |𝑥−𝑦| < 𝜀 then 𝑦 ∈ 𝐴.

Proof. If there exists an open set 𝑈  of ℝ such that 𝑥 ∈𝑈  and 𝑈 ⊆𝐴, then by 
Theorem (2.29), there exists 𝜀 > 0 such that if 𝑦 ∈ ℝ and |𝑥−𝑦| < 𝜀 then 𝑦 ∈ 𝑈
and thus 𝑦 ∈ 𝐴. Thus Assertion (1) implies Assertion (2).

If Assertion (2) holds, then let 𝑈 = (𝑥−𝜀,𝑥 + 𝜀). By Theorem (2.29), 𝑈  is 
open in ℝ. By Assertion (2), 𝑈 ⊆𝐴, and thus Assertion (1) holds. ∎

As the topological perspective is more general, we choose it for our defini-
tion.

Definition 2.42. Let 𝐴 ⊆ ℝ. A point 𝑥 ∈ 𝐴 is an interior point of 𝐴 if there exists 
an open subset 𝑈  of ℝ such that 𝑥 ∈𝑈  and 𝑈 ⊆𝐴.

Definition 2.43. A neighborhood 𝐴 of a point 𝑥 ∈ ℝ is a subset 𝐴 ⊆ ℝ of ℝ such 
that 𝑥 is an interior point of 𝐴.

Definition 2.44. The interior  int(𝐴) of a subset 𝐴 ⊆ ℝ of ℝ is the set of all the 
interior points of 𝐴.

The interior of a set is a sort of dual concept to the closure of a set — seen 
for instance with the following result, which we invite the reader to compare 
with Theorem (2.22).

Theorem 2.45. Let 𝐴 ⊆ ℝ. The interior int(𝐴) of 𝐴 is the largest open subset of 
ℝ contained in 𝐴.

Proof. Let:
𝑈 =⋃{𝑉 ⊆𝐴 ∶ 𝑉 is open in ℝ} .

By Theorem (2.25), the set 𝑈  is open in ℝ. Moreover, 𝑈 ⊆ 𝐴 by construction. 
If 𝑉 ⊆ ℝ is open in ℝ and 𝑉 ⊆ 𝐴 then 𝑉 ⊆ 𝑈  by construction. Thus, 𝑈  is the 
largest open subset of ℝ containing 𝐴.

If 𝑥 ∈𝑈  then 𝑥 is an interior point of 𝐴 since 𝑈 ⊆𝐴. So 𝑈 ⊆ int(𝐴).

If 𝑥 ∈ 𝐴 is an interior point of 𝐴, then there exists an open subset 𝑉 of ℝ
such that 𝑥 ∈ 𝑉 and 𝑉 ⊆𝐴. Thus 𝑉 ⊆𝑈  and thus 𝑥 ∈𝑈 . Thus int(𝐴) ⊆𝑈 .

Therefore 𝑈 = int(𝐴) as claimed. ∎
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Just as a set is closed if, and only if it equals its closure, we obtain the fol-
lowing characterization of open sets in terms of their interior.

Corollary 2.46. A subset 𝑈  of ℝ is open if, and only if, 𝑈 = int(𝑈).

Proof. Since int(𝑈) is an open set, if 𝑈 = int(𝑈) then 𝑈  is of course open.
If 𝑈  is open, then 𝑈  is an open set contained in itself, and thus 𝑈 ⊆ int(𝑈)

by Theorem (2.45). Since int(𝑈) ⊆𝑈  by Definition (2.42), we indeed conclude 
that 𝑈 = int(𝑈). ∎

The duality between interior and closure is clarified with the following the-
orem.

Theorem 2.47. For all 𝐴 ⊆ ℝ, the following assertion holds:

cl(ℝ∖𝐴) = ℝ∖ int(𝐴) and int(ℝ∖𝐴) = ℝ∖cl(𝐴).

Proof. Since int(𝐴) is open, the set ℝ∖ int(𝐴) is closed. Moreover, since 
int(𝐴) ⊆ 𝐴, we also conclude that ℝ∖𝐴 ⊆ ℝ∖ int(𝐴). Therefore, cl(ℝ∖𝐴) ⊆
ℝ∖ int(𝐴) by Theorem (2.22).

Let now 𝑥 ∈ cl(ℝ∖𝐴). If 𝑥 ∈ int(𝐴), since int(𝐴) is open, then by Theorem 
(2.31), we have ℝ∖𝐴 ∩ int(𝐴) ≠ ∅, which contradicts int(𝐴) ⊆ 𝐴. So 𝑥 ∈ ℝ∖
int(𝐴). Thus, we have proven that cl(ℝ∖𝐴) = ℝ∖ int(𝐴).

We then note that, if 𝐵 = ℝ∖𝐴, then:

ℝ∖cl(ℝ∖𝐵) = ℝ∖(ℝ∖ int(𝐵)) = int(ℝ∖𝐴).

This completes our proof. ∎

Hence, Theorem (2.5) together with Theorem (2.47) gives us:

Theorem 2.48. The following assertions hold:

1. int(∅) = ∅,

2. ∀𝐴 ⊆ ℝ int(𝐴) ⊆ 𝐴,

3. ∀𝐴 ⊆ ℝ int(int(𝐴)) = int(𝐴),

4. ∀𝐴 ⊆ 𝐵 ⊆ ℝ int(𝐴) ⊆ int(B),
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5. ∀𝐴,𝐵 ⊆ ℝ int(𝐴 ∩𝐵) = int(𝐴)∩ int(𝐵),

6. ∀𝐴,𝐵 ⊆ ℝ int(𝐴)∪ int(𝐵) ⊆ int(𝐴 ∪𝐵).

Proof. These assertions are obtained from Theorem (2.5) by taking the com-
plement and using Theorem (2.47). ∎

If 𝐴 ⊆ ℝ, then it is quite possible that 𝐴 is neither  open nor closed.

Example 2.49. The set [0,1) is neither open nor closed — it is a strict subset 
of its closure [0,1] which is the smallest possible closed set containing [0,1)
and it is a strict superset of its interior [0,1), the largest open set contained in 
[0,1).

The closure and interior operators both provide a mean to replace a set by, 
respectively, a closed set or an open set, which are best approximations in the 
sense of the order given on sets by inclusion. We also note that some sets, such 
as ∅, are both closed and open — such sets are sometimes called clopen sets. 
So in no way does the power set of ℝ gets partitioned in open sets and closed 
sets.

3 Basic Topology of ℝ: functions — Continuity and 
Limit of Functions

3.1 Continuity on a set
Informally, a function 𝑓 ∶ 𝐷 → ℝ is continuous when, for any set 𝐴, it maps 
a point in 𝐷 which is “almost” in 𝐴 to a point “almost” in 𝑓(𝐴 ∩𝐷), which 
indeed captures the motivation behind the notion of continuity — a function 
is continuous when it does not jump and create gaps.

Definition 3.1. A function 𝑓 ∶ 𝐷 → ℝ is continuous on 𝐷 when, for all subset 
𝐴 ⊆𝐷,

𝑓(cl(𝐴)∩𝐷) ⊆ cl(𝑓(𝐴)).

Theorem 3.2. Let 𝑓 ∶ 𝐷 → ℝ and 𝑔 ∶ 𝐹 → ℝ with 𝑓(𝐷) ⊆ 𝐹. If 𝑓 is continuous 
on 𝐷 and 𝑔 is continuous on 𝐹, then 𝑔 ∘𝑓 is continuous over 𝐷.
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Proof. Let 𝐴 ⊆𝐷. Since 𝑓 is continuous on 𝐷, we conclude that 𝑓(cl(𝐴)∩
𝐷) ⊆ cl(𝑓(𝐴)). Since 𝑓(𝐷) ⊆ 𝐹, we conclude that 𝑓(𝐴) ⊆ 𝐹. Since 𝑔 is continu-
ous over 𝐹, 𝑔(𝐹∩cl(𝑓(𝐴))) ⊆ cl(𝑔(𝑓(𝐴))). Thus 𝑔∘𝑓(cl(𝐴)∩𝐷) ⊆ cl(𝑔(𝑓(𝐴))). 
Therefore, 𝑔 ∘𝑓 is continuous over 𝐷. ∎

Theorem 3.3. If 𝑓 ∶ 𝐷 → ℝ is continuous over 𝐷, and if 𝐵 ⊆ 𝐷, then the restric-
tion 𝑓|𝐵  of 𝑓 to 𝐵 is continuous over 𝐵.

Proof. We simply note that for all 𝐴 ⊆ ℝ,

𝑓|𝐵(cl(𝐴)∩𝐵) = 𝑓(cl(𝐴)∩𝐵) ⊆ 𝑓(cl(𝐴)∩𝐷) ⊆ cl(𝑓(𝐴)).

This concludes our proof. ∎

An interesting proper subset of continuous functions is given by the Lips-
chitz functions:

Definition 3.4. Let 𝐷 ⊆ ℝ be a nonempty set. A function 𝑓 ∶ 𝐷 → ℝ is 𝑘-
Lipschitz, for some 𝑘 ≥ 0, when

∀𝑥,𝑦 ∈ 𝐷 |𝑓(𝑥)−𝑓(𝑦)| ≤ 𝑘|𝑥−𝑦|.

Theorem 3.5. If 𝑓 ∶ 𝐷 ⊆ ℝ is Lipschitz over some 𝐷 ⊆ ℝ, then 𝑓 is continuous 
over 𝐷.

Proof. Let 𝑘 > 0 such that, for all 𝑥,𝑦 ∈ 𝐷, we have |𝑓(𝑥)−𝑓(𝑦)| ≤ 𝑘|𝑥−𝑦|. 
Let 𝐴 ⊆𝐷 and let 𝑥 ∈ cl(𝐴)∩𝐷. Since dist(𝑥,𝐴) = 0, for all 𝜀 > 0, there exists 𝑦 ∈
𝐴 such that |𝑥−𝑦| < 𝜀

𝑘 , and thus dist(𝑓(𝑥),𝑓(𝐴)) ≤ |𝑓(𝑥)−𝑓(𝑦)| ≤ 𝑘|𝑥−𝑦| < 𝜀. 
As 𝜀 > 0 is arbitrary, we conclude that dist(𝑓(𝑥),𝑓(𝐴)) = 0, i.e. 𝑓(𝑥) ∈ cl(𝑓(𝐴)). 
So 𝑓 is continuous on 𝐷. ∎

Corollary 3.6. For any nonempty set 𝐷 ⊆ℝ, every constant function over 𝐷, the 
canonical injection functions 𝑥 ∈ 𝐷 ↦ 𝑥, and the function 𝑥 ∈ ℝ↦ dist(𝑥,𝐷), 
are all continuous; thus in particular, the absolute value is continuous as well 
over ℝ.

Proof. All the listed functions are 1-Lipschitz (see Theorem (2.2) for dist).
∎
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Continuity can be understood as a type of morphism between classes of 
closed sets or between topologies. Note that the following result is topological 
in nature: it only depends on the properties of closure, closed sets and open 
sets.

Theorem 3.7. Let 𝑓 ∶ 𝐷 →ℝ. The following assertions are equivalent:

1. 𝑓 is continuous over 𝐷.

2. For all closed subset 𝐹 ⊆ ℝ of ℝ, there exists a closed subset 𝐺 of ℝ such 
that 𝑓−1(𝐹) = 𝐺∩𝐷.

3. For all open subset 𝑉 ⊆ℝ of ℝ, there exists an open subset 𝑈  of ℝ such that 
𝑓−1(𝑉) =𝑈 ∩𝐷.

Proof. Assume (1), so 𝑓 ∶ 𝐷 →ℝ is continuous on 𝐷. Let 𝐹 ⊆ ℝ be a closed 
subset of ℝ. Of course, 𝑓−1(𝐹) ⊆ cl (𝑓−1(𝐹)) and since 𝑓−1(𝐹) ⊆ 𝐷 by defini-
tion, we end up with:

𝑓−1(𝐹)∩𝐷 ⊆ cl (𝑓−1(𝐹))∩𝐷.

We now prove the converge inclusion. By continuity:

𝑓(cl(𝑓−1(𝐹))⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵
≕𝐴

∩𝐷) ⊆ cl(𝑓(𝐴)) = cl (𝑓(𝑓−1(𝐹)))

⊆ cl(𝐹)⎵⎵⎵⎵⎵⎵
𝑓(𝑓−1(𝐹))⊆𝐹

=𝐹 since 𝐹 is closed.

So cl (𝑓−1(𝐹)) ⊆ 𝑓−1(𝐹). In summary, cl (𝑓−1(𝐹)) = 𝑓−1(𝐹), we obtain (2) by 
setting 𝐺≔ cl (𝑓−1(𝐹)).

Assume (2), so for all closed subset 𝐹 ⊆ ℝ of ℝ, there exists a closed subset 
𝐺 ⊆ ℝ of ℝ such that 𝑓−1(𝐹) = 𝐺∩𝐷. Let 𝐴 ⊆ ℝ. Let 𝐺 ⊆ ℝ be a closed subset 
of ℝ such that 𝐺∩𝐷 = 𝑓−1(cl(𝑓(𝐴))). Then:

𝐴 ⊆ 𝑓−1(𝑓(𝐴)) ⊆ 𝑓−1(cl(𝑓(𝐴))) = 𝐺∩𝐷 ⊆𝐺.

Since 𝐺 is closed, we thus have cl(𝐴) ⊆ cl(𝐺) = 𝐺. Thus cl(𝐴)∩𝐷 ⊆ 𝐺∩𝐷 =
𝑓−1(cl(𝑓(𝐴))). So

𝑓(cl(𝐴)∩𝐷) ⊆ cl(𝑓(𝐴)).
Therefore, (1) holds.
(2) and (3) are equivalent simply by taking complements. ∎
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We now get a metric characterization of continuity: the 𝜀-𝛿 characteriza-
tion of continuity.

Theorem 3.8. A function 𝑓 ∶ 𝐷 → ℝ is continuous on 𝐷 if, and only if, for all 
𝑥 ∈𝐷:

∀𝜀 > 0 ∃𝑦 ∈ 𝐷 |𝑦−𝑥| < 𝛿 ⟹ |𝑓(𝑦)−𝑓(𝑥)| < 𝜀. (3.1)

Proof. Assume Expression (3.1). Let 𝐴 ⊆ ℝ. Let 𝑦 ∈ 𝑓(cl(𝐴) ∩ 𝐷). Let 
𝑥 ∈ cl(𝐴)∩𝐷 such that 𝑦 = 𝑓(𝑥). Let 𝜀 > 0. By assumption, there exists 𝛿 > 0
such that, if 𝑡 ∈ 𝐷, |𝑡 − 𝑥| < 𝛿, then |𝑓(𝑡) − 𝑓(𝑥)| < 𝜀. Since 𝑥 ∈ cl(𝐴) ∩𝐷, 
we conclude that dist(𝑥,𝐴) = 0. Thus, there exists 𝑡 ∈ 𝐴 with |𝑡 − 𝑥| < 𝛿. 
Therefore 𝑓(𝑡) ∈ 𝑓(𝐴), and dist(𝑓(𝑥),𝑓(𝐴)) ≤ |𝑓(𝑥)−𝑓(𝑡)| < 𝜀. Consequently, 
dist(𝑓(𝑥),𝑓(𝐴)) = 0. Therefore, 𝑓(𝑥) ∈ cl(𝑓(𝐴)). We thus have shown that 
𝑓(cl(𝐴)∩𝐷) ⊆ cl(𝑓(𝐴)).

Suppose now that for some 𝑥 ∈𝐷 and some 𝜀 > 0, for all 𝛿 > 0, there exists 
𝑡 ∈ 𝐷 such that |𝑡−𝑥| < 𝛿 and |𝑓(𝑡)−𝑓(𝑥)| ≥ 𝜀. Let 𝐴 = {𝑡 ∈ 𝐷 ∶ |𝑓(𝑡)−𝑓(𝑥)| ≥ 𝜀}, 
and note that by our assumption, 𝐴 ≠ ∅. Moreover, for all 𝛿 > 0, there exists 
𝑡 ∈ 𝐴 with |𝑡 −𝑥| < 𝛿. Thus, dist(𝑥,𝐴) < |𝑥−𝑡| < 𝛿, and thus dist(𝑥,𝐴) = 0, so 
𝑥 ∈ cl(𝐴). Of course, 𝑥 ∈𝐷 so 𝑥 ∈ cl(𝐴)∩𝐷.

On the other hand, if 𝑡 ∈ 𝐴, then |𝑓(𝑡)−𝑓(𝑥)| ≥ 𝜀, so dist(𝑓(𝑡),𝑓(𝐴)) ≥ 𝜀. 
Hence 𝑓(𝑥) ∉ cl(𝑓(𝐴)). Our proof follows by contraposition. ∎

We note that Theorem (3.8) gives an easy proof that Lipschitz functions are 
in fact continuous:

Alternate proof of Theorem (3.5). Let 𝑘 > 0 such that ∀𝑥,𝑦 ∈ 𝐷 |𝑓(𝑥) −
𝑓(𝑦)| ≤ 𝑘|𝑥−𝑦|. Let 𝜀 > 0. Set 𝛿 = 𝜀

𝑘 > 0. If 𝑥,𝑦 ∈ 𝐷 then |𝑥−𝑦| < 𝛿 then

|𝑓(𝑥)−𝑓(𝑦)| ≤ 𝑘𝛿 = 𝑘
𝜀
𝑘
= 𝜀.

This concludes our proof by Theorem (3.8). ∎

Remark 3.9. The choice of 𝛿 in the proof of Theorem (3.5) does not depend on 
the choice of 𝑥 ∈ 𝐷, which is stronger than what we need, and is a manifes-
tation of the fact that Lipschitz functions are in fact uniformly continuous, a 
concept we will return to later on.

We can use the 𝜀-𝛿 characterization of continuity to recover Theorem (3.7) 
via metric methods.
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Alternate proof of Theorem (3.7). Assume (1). Let 𝐹 ⊆ ℝ and let 𝐺 = cl (𝑓−1(𝐹)). 
By construction, 𝑓−1(𝐹) ⊆ 𝐺∩𝐷. Let now 𝑥 ∈ 𝐺∩𝐷. Let 𝜀 > 0. Since 𝑓 is con-
tinuous at 𝑥, there exists 𝛿 > 0 such that, if 𝑡 ∈ 𝐷 and |𝑡 −𝑥| < 𝛿, then |𝑓(𝑡)−
𝑓(𝑥)| < 𝜀. Since 𝐺 = cl (𝑓−1(𝐹)) and 𝑥 ∈ 𝐺, we conclude dist(𝑥,𝑓−1(𝐹)) = 0, so 
there exists 𝑡 ∈ 𝑓−1(𝐹) such that |𝑡 −𝑥| < 𝛿. Since 𝑓(𝑡) ∈ 𝐹, we conclude that 
dist(𝑓(𝑥),𝐹) ≤ |𝑓(𝑥)−𝑓(𝑡)| < 𝜀. As 𝜀 > 0 is arbitrary, 𝑓(𝑥) ∈ cl(𝐹) = 𝐹 — as 𝐹
is closed. Thus 𝑥 ∈ 𝑓−1(𝐹). Thus 𝑓−1(𝐹) = 𝐺∩𝐷, i.e. (2) holds.

Assume (2). Let 𝑈 ⊆ ℝ be an open subset. By (2), there exists a closed 
subset 𝐺 ⊆ℝ such that

𝐷∖𝑓−1(𝑈) = 𝑓−1(ℝ∖𝑈) = 𝐺∩𝐷

since ℝ∖𝑈  is closed. Therefore, 𝑓−1(𝑈) = (ℝ∖𝐺)∩𝐷, and 𝑉 = ℝ∖𝐺 is open 
in ℝ. We thus have proven (3).

Assume (3). Let 𝜀 > 0 and 𝑥 ∈ 𝐷. Let 𝑈 = (𝑓(𝑥)− 𝜀,𝑓(𝑥)+ 𝜀). Since 𝑈  is 
open, we conclude that there exists an open subset 𝑉 of ℝ such that 𝑓−1(𝑈) =
𝑉∩𝐷. Of course, 𝑥 ∈ 𝑉. Since 𝑉 is open, there exists 𝛿 > 0 such that (𝑥−𝛿,𝑥+
𝛿) ⊆ 𝑉. By construction, 𝑓((𝑥−𝛿,𝑥+𝛿)∩𝐷) ⊆ 𝑓(𝑉∩𝐷) ⊆𝑈 . So, for all 𝑡 ∈ 𝐷
such that |𝑡 −𝑥| < 𝛿, we conclude that |𝑓(𝑡)−𝑓(𝑥)| < 𝜀. This proves (1).

Our proof is now complete. ∎

Remark 3.10. As a corollary of Theorem (3.7), if 𝑓 ∶ 𝑈 → ℝ, and if 𝑈  is open, 
then 𝑓 is continuous on 𝑈  if, and only if, the preimage 𝑓−1(𝑉) of any open 
subset of ℝ is open; if 𝑓 ∶ 𝐹 →ℝ, and if 𝐹 is closed, then 𝑓 is continuous over 𝐹
if, and only if, the preimage 𝑓−1(𝐹) of 𝐹 is closed.

3.2 Limit at a point
We start from the characterization of continuity over a set given by Theorem 
(3.8), and we make it local by removing the quantification over the entire set, 
while allowing for more general limits. We are led to the following definition.

Definition 3.11. Let 𝑓 ∶ 𝐷 → ℝ be a function over a set 𝐷. Let 𝑎 ∈ cl(𝐷) and 
𝑙 ∈ ℝ. We say that 𝑓 converges to 𝑙 at 𝑎 along 𝐷, when

∀𝜀 > 0 ∃𝛿 > 0 ∀𝑡 ∈ 𝐷 |𝑡 −𝑎| < 𝛿 ⟹ |𝑓(𝑡)−𝑙| < 𝜀.
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Lemma 3.12. Let 𝑙, 𝑙′ ∈ ℝ. If |𝑙− 𝑙′| < 𝜀 for all 𝜀 > 0, then 𝑙 = 𝑙′.

Proof. Our assumption implies that |𝑙− 𝑙′| = 0, so 𝑙 = 𝑙′. ∎

Theorem 3.13. Let 𝑓 ∶ 𝐷 →ℝ and 𝑎 ∈ cl(𝐷). If 𝑓 converges to 𝑙 and 𝑙′ at 𝑎 along 
𝐷, then 𝑙 = 𝑙′.

Proof. Let 𝜀 > 0. There exists 𝛿1 > 0 such that, for all 𝑡 ∈ 𝐷, if |𝑡 −𝑎| < 𝛿1, 
then |𝑓(𝑡) − 𝑙| < 𝜀

2 . There exists 𝛿2 > 0 such that, for all 𝑡 ∈ 𝐷, if |𝑡 −𝑎| < 𝛿2, 
then |𝑓(𝑡)−𝑙′| < 𝜀

2 .
Therefore, if 𝑡 ∈ 𝐷 such that |𝑡 − 𝑎| < min{𝛿1,𝛿2} (which exists since 𝑎 ∈

cl(𝐷)), then
|𝑙− 𝑙′| ≤ |𝑙−𝑓(𝑡)|+ |𝑓(𝑡)−𝑙′| <

𝜀
2
+
𝜀
2
= 𝜀.

Thus 𝑙 = 𝑙′. ∎

Notation 3.14. If 𝑓 ∶ 𝐷 →ℝ converges to 𝑙 at 𝑎 ∈ cl(𝐷), then we write

𝑙 = lim
𝑥→𝑎
𝑥∈𝐷

𝑓(𝑥).

If 𝐷 = {𝑥 ∈ ℝ ∶ 𝑃(𝑥)} then we can also write

𝑙 = lim
𝑥→𝑎
𝑃(𝑥)

𝑓(𝑥).

Convention 3.15. Let 𝑓 ∶ 𝐼 → ℝ where 𝐼  is some interval, and let 𝑎 ∈ 𝐼 . We 
use the following notations (whenever they are well-defined): lim𝑥→𝑎+ 𝑓(𝑥)
is meant for lim 𝑥→𝑎

𝑥∈𝐷,𝑥>𝑎
𝑓(𝑥); lim𝑥→𝑎− 𝑓(𝑥) is meant for lim 𝑥→𝑎

𝑥∈𝐷,𝑥<𝑎
𝑓(𝑥); last, 

lim𝑥→𝑎 𝑓(𝑥) is meant for lim 𝑥→𝑎
𝑥∈𝐷,𝑥≠𝑎

𝑓(𝑥). In each of these notations, one must 
check that indeed, 𝑎 is in the closure of the set along which we take our limit. 
Also note that in all these cases, 𝑎 is removed from the domain prior to taking 
the limit; this is important as one can check that if 𝑎 ∈𝐷 and 𝑓 has a limit at 𝑎
along 𝐷 then the only possible limit is 𝑓(𝑎).

Limits live in the closure of the range of the function under consideration.

Theorem 3.16. If 𝑓 ∶ 𝐷 →ℝ converges to 𝑙 at 𝑎 along 𝐷 then 𝑙 ∈ cl(𝑓(𝐷)).
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Proof. Let 𝜀 > 0. Since 𝑓 converges to 𝑙 at 𝑎 along 𝐷, there exists 𝛿 > 0 such 
that if 𝑥 ∈𝐷 and |𝑥−𝑎| < 𝛿 then |𝑓(𝑥)−𝑙| < 𝜀. Since 𝑎 ∈ cl(𝐷), there exists 𝑥 ∈
𝐷 with |𝑥−𝑎| < 𝛿. Therefore, dist(𝑙,𝑓(𝐷)) ≤ |𝑙−𝑓(𝑥)| < 𝜀. So dist(𝑙,𝑓(𝐷)) = 0
i.e. 𝑙 ∈ cl(𝑓(𝐷)). ∎

Remark 3.17. It is usually difficult to determine the exact range of a function. 
However, if 𝑓 ∶ 𝐷 → ℝ and if we know that 𝑓(𝐷) ⊆ 𝐵, then we can conclude 
that lim𝑥→𝑎

𝑥∈𝐷
𝑓(𝑥) ∈ cl(𝐵) by Theorem (3.16), and using its notation.

Limits are indeed a local concept.

Theorem 3.18. Let 𝐷,𝐴 ⊆ ℝ. Let 𝑎 ∈ cl(𝐷∩𝐴). If 𝑓 ∶ 𝐷 → ℝ has converges to 𝑙
at 𝑎 along 𝐷, then 𝑓 converges to 𝑙 at 𝑎 along 𝐷∩𝐴.

Proof. Let 𝜀 > 0. Since 𝑓 has limit 𝑙 at 𝑎 along 𝐷, there exists 𝛿 > 0 such 
that, for all 𝑡 ∈ 𝐷, if |𝑡 −𝑎| < 𝛿, then |𝑓(𝑡)− 𝑙| < 𝜀. Therefore, for all 𝑡 ∈ 𝐷∩𝐴, 
if |𝑡 −𝑎| < 𝛿, then |𝑓(𝑡)−𝑙| < 𝜀. ∎

Theorem 3.19. Let 𝐷 ⊆ ℝ. Let 𝑓 ∶ 𝐷 → ℝ, 𝑎 ∈ cl(𝐷) and 𝑙 ∈ ℝ. The following 
assertions are equivalent:

1. 𝑓 has limit 𝑙 at 𝑎 along 𝐷.

2. For all open subset 𝑈 ⊆ℝ with 𝑎 ∈𝑈 , 𝑓 has limit 𝑙 at 𝑎 along 𝐷∩𝑈 .

3. For all 𝛿 > 0, 𝑓 has limit 𝑙 at 𝑎 along 𝐷∩(𝑎−𝛿,𝑎 +𝛿).

4. There exists an open subset 𝑈 ⊆ ℝ with 𝑎 ∈ 𝑈 , 𝑓 has limit 𝑙 at 𝑎 along 
𝐷∩𝑈 .

5. There exists 𝛿 > 0 such that 𝑓 has limit 𝑙 at 𝑎 along 𝐷∩(𝑎−𝛿,𝑎 +𝛿).

Proof. Assume (1). Let 𝛿 > 0. By (1), for all 𝜀 > 0, there exists 𝛼 > 0 such 
that for all 𝑡 ∈ 𝐷, if |𝑡 −𝑎| < 𝛼, then |𝑓(𝑥)−𝑙| < 𝜀; of course, it follows that for 
all 𝑡 ∈ 𝐷∩(𝑎−𝛿,𝑎 +𝛿), we have |𝑓(𝑥)−𝑙| < 𝜀. So (2) holds.

Assume (1). Let 𝑈 ⊆ℝ be open with 𝑎 ∈𝑈 . We first note that 𝑎 ∈ cl(𝐷∩𝑈)
by Theorem (2.32). Then (2) follows from Theorem (3.18).

Assume (2). Let 𝛿 > 0. Set 𝑈 = (𝑎 −𝛿,𝑎 +𝛿). Applying (2) to the open set 
𝑈 , we have established (3).
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Of course, (2) implies (4) and (3) implies (5). Moreover, just as above, (4) 
implies (5).

Assume (5). Let 𝜀 > 0. There exists 𝛼 > 0 such that, for all 𝑥 ∈𝐷∩(𝑎−𝛿,𝑎+
𝛿), if |𝑥 −𝑎| < 𝛼 then |𝑓(𝑥)− 𝑙| < 𝜀. Let 𝛼′ = min{𝛿,𝛼} > 0. For all 𝑥 ∈ 𝐷, if 
|𝑥−𝑎| < 𝛼′ then 𝑥 ∈𝐷∩(𝑎−𝛿,𝑎+𝛿) and |𝑥−𝑎| < 𝛼, hence |𝑓(𝑥)−𝑙| < 𝜀. So 
(1) holds, and our proof is complete. ∎

Definition 3.20. We say that 𝑓 is continuous at 𝑥 ∈𝐷 when lim𝑡→𝑥
𝑡∈𝐷

𝑓(𝑡) = 𝑓(𝑥).

Therefore, we note that 𝑓 ∶ 𝐷 → ℝ is continuous on 𝐷 exactly when ∀𝑥 ∈
𝐷 lim𝑡→𝑥 𝑓(𝑡) = 𝑓(𝑥), by definition.

3.3 Limits and Order
Theorem 3.21. Let 𝐷 ⊆ ℝ. Let 𝑓 ∶ 𝐷 → ℝ, and let 𝑥 ∈ cl(𝐷). If 𝑓 has a limit at 
𝑥 along 𝐷, then there exists an open neighborhood 𝑈  of 𝑥 such that {𝑓(𝑡) ∶ 𝑡 ∈
𝑈 ∩𝐷} is bounded, with diameter at most 1.

Proof. Let 𝑙 = lim𝑡→𝑥
𝑡∈𝐷

𝑓(𝑡). There exists 𝛿 > 0 such that if 𝑡 ∈ (𝑥−𝛿,𝑥+𝛿)∩
𝐷, then |𝑙−𝑓(𝑡)| < 1

2 . Thus, if 𝑡,𝑡′ ∈ (𝑥−𝛿,𝑥+𝛿)∩𝐷 then

|𝑓(𝑡)−𝑓(𝑡′)| ≤ |𝑓(𝑡)−𝑙|+ |𝑦−𝑓(𝑡′)| < 1.

Thus diam(𝑓((𝑥−𝛿,𝑥+𝛿)∩𝐷))𝑑𝐹 ≤ 1. ∎

Theorem 3.22. Let 𝐷 ⊆ ℝ. Let 𝑓 ∶ 𝐷 → ℝ, 𝑔 ∶ 𝐷 → ℝ, and 𝑎 ∈ cl(𝐷). If 𝑓 and 𝑔
have limits at 𝑎 along 𝐷, and if

∃𝛿 > 0 ∀𝑥 ∈ (𝑎−𝛿,𝑎 +𝛿) 𝑓(𝑥) ≤ 𝑔(𝑥)

then
lim
𝑥→𝑎
𝑥∈𝐷

𝑓(𝑥) ≤ lim
𝑥→𝑎
𝑥∈𝐷

𝑔(𝑥).

Proof. Let 𝜀 > 0. Writing 𝑙 = lim𝑥→𝑎
𝑥∈𝐷

𝑓(𝑥), there exists 𝛿1 > 0 such that, if 
𝑥 ∈𝐷 and |𝑎−𝑥| < 𝛿1 then |𝑓(𝑥)−𝑙| < 𝜀

2 . Writing 𝑙′ = lim𝑥→𝑎
𝑥∈𝐷

𝑔(𝑥), there exists 
𝛿2 > 0 such that, if 𝑥 ∈𝐷 and |𝑎 −𝑥| < 𝛿2 then |𝑔(𝑥)−𝑙′| < 𝜀

2 .
Consequently, for 𝑥 ∈𝐷 with |𝑥−𝑎| <min{𝛿1,𝛿2}, we conclude:

𝑙−
𝜀
2
≤ 𝑓(𝑥) ≤ 𝑔(𝑥) ≤ 𝑙′+

𝜀
2

,

so 𝑙 ≤ 𝑙′+𝜀. Since 𝜀 > 0 is arbitrary, we conclude 𝑙 ≤ 𝑙′, as claimed. ∎
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Theorem 3.23. Let 𝐷 ⊆ℝ.
Let 𝑓 ∶ 𝐷 →ℝ, 𝑔 ∶ 𝐷 →ℝ, and ℎ ∶ 𝐷 →ℝ. Let 𝑥 ∈ cl(𝐷).
If:

∀𝑡 ∈ 𝐷 𝑓(𝑡) ≤ 𝑔(𝑡) ≤ ℎ(𝑡)

if 𝑓 and ℎ have limits at 𝑥 along 𝐷, and if

lim
𝑡→𝑥
𝑡∈𝐷

𝑓(𝑡) = lim
𝑡→𝑥
𝑡∈𝐷

ℎ(𝑡)

then 𝑔 has a limit at 𝑥 along 𝐷 and

lim
𝑡→𝑥
𝑡∈𝐷

𝑔(𝑡) = lim
𝑡→𝑥
𝑡∈𝐷

𝑓(𝑡).

Proof. Let 𝜀 > 0. By assumption, there exists 𝛿𝑓 > 0 such that if 𝑡 ∈ 𝐷 and 
dist(𝑡,𝑥) < 𝛿𝑓  then |𝑙−𝑓(𝑡)| < 𝜀. In particular, if 𝑡 ∈ 𝐷 and dist(𝑡,𝑥) < 𝛿𝑓  then 
𝑓(𝑡) < 𝑙+𝜀. Similarly, there exists 𝛿𝑔 > 0 such that if 𝑡 ∈ 𝐷 and dist(𝑥,𝑡) < 𝛿𝑔
then |𝑙−ℎ(𝑡)| < 𝜀, so in particular 𝑙−𝜀 < ℎ(𝑡).

Therefore, if 𝑡 ∈ 𝐷 and dist(𝑡,𝑥) <min{𝛿𝑓 ,𝛿𝑓} then:

𝑙−𝜀 < 𝑓(𝑡)−𝑙 < 𝑔(𝑡)−𝑙 < ℎ(𝑡)−𝑙 < 𝑙+𝜀

i.e. |𝑔(𝑡)− 𝑙| < 𝜀. Note that min{𝛿𝑓 ,𝛿𝑓} > 0, therefore, our claimed is proven.
∎

A common way to apply Theorem (4.7) is given in the following corollary. 
In its proof, we use the obvious, but noteworthy, observation that for any func-
tion 𝑓 ∶ 𝐷 →ℝ from a subset 𝐷 ⊆ℝ, if 𝑥 ∈ cl(𝐷) and 𝑦 ∈ ℝ, then:

lim
𝑡→𝑥
𝑡∈𝐷

𝑓(𝑡) = 𝑦 ⟺ lim
𝑡→𝑥
𝑡∈𝐷

|𝑓(𝑡)−𝑦| = 0.

Corollary 3.24. Let 𝐷 ⊆ℝ and 𝑥 ∈ cl(𝐷). Let 𝑦 ∈ ℝ. If 𝑓 ∶ 𝐷 →ℝ and 𝑔 ∶ 𝐷 →ℝ
are two functions such that:

∀𝑡 ∈ 𝐷 |𝑓(𝑡)−𝑦| ≤ 𝑔(𝑡)

and if lim𝑡→𝑥
𝑡∈𝐷

𝑔(𝑡) = 0, then
lim
𝑡→𝑥
𝑡∈𝐷

𝑓(𝑡) = 𝑦.
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Proof. By assumption, for all 𝑡 ∈ 𝐷, the following assertion holds:

0 ≤ |𝑓(𝑡)−𝑦| ≤ 𝑔(𝑡).

Since lim𝑡→𝑥
𝑡∈𝐷

0 = lim𝑡→𝑥
𝑡∈𝐷

𝑔(𝑡) = 0, we conclude by Theorem (4.7) that

lim
𝑡→𝑥
𝑡∈𝐷

|𝑓(𝑡)−𝑦| = 0.

which in turn, is equivalent to the conclusion of our corollary. ∎

3.4 Limits and Algebra
Theorem 3.25. Let 𝐷 ⊆ℝ and let 𝑥 ∈ cl(𝐷).

Let 𝑓 ∶ 𝐷 →ℝ and 𝑔 ∶ 𝐷 →ℝ. If 𝑓 and 𝑔 both have a limit at 𝑥 along 𝐷, and 
if 𝜆 ∈ ℝ, then 𝜆𝑓+𝑔 has a limit at 𝑥 along 𝐷, and:

lim
𝑡→𝑥
𝑡∈𝐷

(𝜆𝑓(𝑡)+𝑔(𝑡)) = 𝜆 lim
𝑡→𝑥
𝑡∈𝐷

𝑓(𝑡)+ lim
𝑡→𝑥
𝑡∈𝐷

𝑔(𝑡).

Proof. Write 𝑙𝑓 = lim𝑡→𝑥
𝑡∈𝐷

𝑓(𝑡) and 𝑙𝑔 = lim𝑡→𝑥
𝑡∈𝐷

𝑔(𝑡).
Let 𝜀 > 0.
By definition, there exists 𝛿𝑓 > 0 such that if 𝑡 ∈ 𝐷 and dist(𝑡,𝑥) < 𝛿𝑓 , we 

have |𝑓(𝑥)−𝑙𝑓| < 𝜀
2(|𝜆|+1) .

By definition, there exists 𝛿𝑔 > 0 such that if 𝑡 ∈ 𝐷 and dist(𝑡,𝑥) < 𝛿𝑔 , we 
have |𝑔(𝑥)−𝑙𝑔| < 𝜀

2 .
Let 𝛿 =min{𝛿𝑓 ,𝛿𝑔} and note that 𝛿 > 0. Moreover, if 𝑡 ∈ 𝐷 and dist(𝑡,𝑥) <

𝛿, then:

|(𝜆𝑓(𝑡)+𝑔(𝑡))− (𝜆𝑙𝑓 +𝑙𝑔)| ≤ |𝜆(𝑓(𝑡)−𝜆𝑓)|+ |𝑔(𝑡)−𝑙𝑔|
= |𝜆||𝑓(𝑡)−𝜆𝑓|+ |𝑔(𝑡)−𝑙𝑔|

≤ |𝜆|
𝜀

2(|𝜆|+1)
+
𝜀
2

≤ 𝜀,

which completes our proof. ∎

Theorem 3.26. Let 𝐷 ⊆ ℝ. Let 𝑓 ∶ 𝐷 → ℝ and 𝑔 ∶ 𝐷 → ℝ, and let 𝑥 ∈ cl(𝐷). If 𝑓
and 𝑔 both have a limit at 𝑥 along 𝐷, then 𝑓𝑔 has a limit at 𝑥 along 𝐷, and:

lim
𝑡→𝑥
𝑡∈𝐷

𝑓(𝑡)𝑔(𝑡) = lim
𝑡→𝑥
𝑡∈𝐷

𝑓(𝑡) ⋅ lim
𝑡→𝑥
𝑡∈𝐷

𝑔(𝑡).
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Proof. Write 𝑙𝑓 = lim𝑡→𝑥
𝑡∈𝐷

𝑓(𝑡) and 𝑙𝑔 = lim𝑡→𝑥
𝑡∈𝐷

𝑔(𝑡).
Let 𝜀 > 0.
Since 𝑓 has a limit at 𝑥 along 𝐷, there exists 𝑀 > 0 and a 𝛿0 > 0 such that if 

𝑡 ∈ 𝐷 and dist(𝑡,𝑥) < 𝛿0 then |𝑓(𝑡)| ≤𝑀 , using Theorem (3.21).
Moreover, there exists 𝛿1 > 0 such that if 𝑡 ∈ 𝐷 and dist(𝑡,𝑥) < 𝛿1 then 

|𝑓(𝑡)−𝑙𝑓| < 𝜀
2(|𝑙𝑔 |+1)

.
Since 𝑔 has a limit at 𝑥 along 𝐷, there exists 𝛿3 > 0 such that if 𝑡 ∈ 𝐷 and 

dist(𝑡,𝑥) < 𝛿3 then |𝑔(𝑡)−𝑙𝑔| < 𝜀
2𝑀 , again using Theorem (3.21).

Let 𝛿 =min{𝛿0,𝛿1,𝛿2} and note that 𝛿 > 0. Moreover, if 𝑡 ∈ 𝐷 and dist(𝑡,𝑥) <
𝛿 then:

|𝑓(𝑡)𝑔(𝑡)−𝑙𝑓𝑙𝑔| = |𝑓(𝑡)𝑔(𝑡)−𝑓(𝑡)𝑙𝑔 +𝑓(𝑡)𝑙𝑔 −𝑙𝑓𝑙𝑔|
≤ |𝑓(𝑡)||𝑔(𝑡)−𝑙𝑔|+ |𝑙𝑔||𝑓(𝑡)−𝑙𝑓|

≤𝑀
𝜀
2𝑀

+|𝑙𝑔|
𝜀

2(|𝑙𝑔|+1)
≤ 𝜀,

which concludes our proof. ∎

Putting together Theorems (3.25) and (3.26), we then obtain a new class 
of continuous functions: polynomial functions over ℝ. We first record the fol-
lowing basic rules about continuous functions.

Corollary 3.27. Let 𝐷 ⊆ ℝ. If 𝑓 ∶ 𝐷 ⊆ 𝐹 and 𝑔 ∶ 𝐷 → 𝐹 are functions which are 
continuous at 𝑥 ∈𝐷, then 𝜆𝑓+𝑔 is continuous at 𝑥 for all 𝜆 ∈ ℝ.

Proof. By assumption, lim𝑡→𝑥 𝑓(𝑡) = 𝑓(𝑥) and lim𝑡→𝑥 𝑔(𝑡) = 𝑔(𝑥). There-
fore, by Theorem (3.25), for all 𝜆 ∈ ℝ, we have:

lim
𝑡→𝑥

(𝜆𝑓(𝑡)+𝑔(𝑡)) = 𝜆𝑓(𝑥)+𝑔(𝑥),

and thus 𝑓+𝜆𝑔 is continuous at 𝑥 ∈𝐷. ∎

We are now ready to prove that polynomials are continuous. In fact, poly-
nomials can be proven to be locally Lipschitz, but the following proof is much 
more natural.

Corollary 3.28. If 𝑃 is a polynomial function over ℝ then 𝑃 is continuous on ℝ.
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Proof. Of course 𝑋 ∶ 𝑥 ∈ ℝ ↦ 𝑥 is continuous. If for some 𝑛 ∈ ℕ∖ {0}, the 
function 𝑋𝑛 ∶ 𝑥 ∈ ℝ ↦ 𝑥𝑛  is continuous, then 𝑋 ⋅ 𝑋𝑛 ∶ 𝑥 ∈ ℝ ↦ 𝑥 ⋅ 𝑥𝑛 = 𝑥𝑛+1
is continuous by Theorem (3.26). Thus by induction, 𝑋𝑛  is continuous for all 
𝑛 ∈ℕ∖{0}.

If, for some 𝑛 ∈ ℕ∖ {0}, every function 𝑃 = ∑𝑛
𝑗=1𝑎𝑗𝑋 𝑗  is continuous on ℝ, 

and if 𝑄 ∶ ℝ → ℝ is given by 𝑄 = ∑𝑛+1
𝑗=0 𝑎𝑗𝑋 𝑗 , then 𝑄 = 𝑃 +𝑎𝑛+1𝑋𝑛+1, which is 

continuous on ℝ by Theorem (3.25). By induction, we have thus shown that if 
𝑃 ∶ ℝ→ℝ is a polynomial function such that 𝑃(0) = 0 then 𝑃 is continuous on 
ℝ. We conclude, thanks to Theorem (3.25), that all polynomial functions over 
ℝ are continuous. ∎

We next prove that the multiplicative inverse function is also continuous 
on its domain. Notably, it is sufficient to know that a function has a nonzero 
limit at a point to conclude that it is nonzero on some neighborhood of that 
point.

Theorem 3.29. Let 𝐷 ⊆ ℝ. If 𝑓 ∶ 𝐷 → ℝ, if 𝑥 ∈ cl(𝐷), and if 𝑓 has a nonzero 
limit at 𝑥 along 𝐷, then:

1. there exists an open neighborhood 𝑈  of 𝑥 such that 𝑓(𝑦) ≠ 0 for all 𝑦 ∈𝑈 ,

2. lim 𝑡→𝑥
𝑡∈𝐷∩𝑈

1
𝑓(𝑡) =

1
lim𝑡→𝑥

𝑡∈𝐷
𝑓(𝑡) .

Proof. Let 𝑙 = lim𝑡→𝑥
𝑡∈𝐷

𝑓(𝑡).

Let 𝛼 = |𝑙|
2 > 0. There exists 𝛿0 > 0 such that if 𝑡 ∈ 𝐷 such that dist(𝑡,𝑥) < 𝛿0

then |𝑓(𝑡)−𝑙| < 𝛼, and thus in particular |𝑓(𝑡)| > 𝛼. Thus setting 𝑈 =𝐸(𝑥,𝛿0), 
we have proven Assertion (1).

Let 𝜀 > 0. There exists 𝛿1 > 0 such that if 𝑡 ∈ 𝐷 and dist(𝑡,𝑥) < 𝛿1 then 
|𝑓(𝑡)− 𝑙| < 𝜀|𝑙|𝛼 (note that |𝑙|𝛼 > 0). If 𝑡 ∈ 𝐷 and dist(𝑥,𝑡) <min{𝛿0,𝛿1} > 0, 
then:

|
1

𝑓(𝑡)
−
1
𝑙
| = |

𝑙−𝑓(𝑡)
𝑙𝑓(𝑡)

|

≤ |𝑙−𝑓(𝑡)|
1
𝑙𝛼

≤ 𝜀.

Thus Assertion (2) is proven as well. ∎
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Corollary 3.30. Let 𝐷 ⊆ ℝ. If 𝑓 ∶ 𝐷 →ℝ, 𝑔 ∶ 𝐷 →ℝ, if 𝑥 ∈ cl(𝐷), if 𝑓 has a limit 
at 𝑥 along 𝐷, and if 𝑔 has a nonzero limit at 𝑥 along 𝐷, then:

lim
𝑡→𝑥
𝑡∈𝐷

𝑓(𝑡)
𝑔(𝑡)

=
lim𝑡→𝑥

𝑡∈𝐷
𝑓(𝑡)

lim𝑡→𝑥
𝑡∈𝐷

𝑔(𝑡)
.

Proof. By Theorem (3.29), lim 𝑡→𝑥
𝑡∈𝐷∩𝑈

1
𝑔(𝑡) =

1
lim𝑡→𝑥

𝑡∈𝐷
𝑔(𝑡) . By Theorem (3.26), 

we then conclude our theorem. ∎

Corollary 3.31. Let 𝐷 ⊆ ℝ. Let 𝑓 ∶ 𝐷 → ℝ and 𝑔 ∶ 𝐷 → ℝ. If 𝑥 ∈ 𝐷, if 𝑓 is 
continuous at 𝑥, if 𝑔 is continuous at 𝑥, and 0 ∉ 𝑔(𝐸), then 𝑓𝑔  is continuous at 
𝑥. In particular, if 𝑓 and 𝑔 are both continuous on 𝐷, then 𝑓𝑔  is continuous on 
𝐷

Proof. This is immediate. ∎

We can thus prove that rational functions are also continuous. Again, ra-
tional functions are locally Lipschitz on their domain, but the following proof 
is again much easier.

Corollary 3.32. If 𝑅 is a rational function, then 𝑅 is continuous on its domain.

Proof. This follows from Corollary (3.28) and Corollary (3.30). ∎

3.5 Composition of Limits
Theorem 3.33. Let 𝐷 ⊆ℝ and 𝐻 ⊆ℝ. Let 𝑎 ∈ cl(𝐷).

If 𝑓 ∶ 𝐷 →ℝ and 𝑔 ∶ 𝐻 →ℝ are two functions such that:

1. 𝑓 converges to 𝑙 at 𝑎 along 𝐷,

2. 𝑔 converges to 𝑦 at 𝑙 along 𝐻 ,

3. 𝑓(𝐷) ⊆𝐻 ,

then 𝑔 ∘𝑓 converges to 𝑦 at 𝑎 along 𝐷.
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Proof. Note first that since 𝑓(𝐷) ⊆ 𝐻  and 𝑙 ∈ cl(𝑓(𝐷)), we indeed have 
𝑙 ∈ cl(𝐻) as required.

Let 𝜀 > 0. There exists 𝛿𝑔 > 0 such that if 𝑡 ∈ 𝐻  and |𝑡−𝑙| < 𝛿𝑔  then |𝑔(𝑡)−
𝑦| < 𝜀. Now there exists 𝛿𝑓 > 0 such that if 𝑥 ∈ 𝐷 and |𝑥−𝑎| < 𝛿𝑓  then |𝑓(𝑥)−
𝑙| < 𝛿𝑔 .

Thus, if 𝑥 ∈ 𝐷 and |𝑥−𝑎| < 𝛿𝑓 , then 𝑓(𝑥) ∈ 𝐻  and |𝑓(𝑥)−𝑙| < 𝛿𝑔  and thus 
|𝑔(𝑓(𝑥))−𝑦| < 𝜀. ∎

Remark 3.34. It is very important that 𝑔 converges to 𝑦 at 𝑙 along a set contain-

ing the range of 𝑓. Consider for instance the function 𝑓 ∶ 𝑥 ∈ ℝ↦{
1 if 𝑥 ≠ 0
0 at 0

, 

and 𝑔 ∶ 𝑥 ∈ ℝ∖ {0} ↦ 𝑥 sin( 1𝑥 ). Of course lim0𝑔 = 0. But 0 ∈ 𝑔(ℝ), and while 
lim𝑥→0 𝑓(𝑥) = 1, recall that this is the limit along ℝ∖{0}. Therefore our theorem 
does not apply, and indeed in this case, 𝑓∘𝑔 does not converge to anything in 
this case, as it takes both values 0 and 1 on any open interval containing 0.

4 Sequences
Sequences are functions from ℕ which may be used to characterize all the 
topological concepts of ℝ, thanks to the notion of convergence of sequences. 
In essence, convergent sequences provide approximations of their limits. Two 
core concepts which make sequences helpful are: the ability to prove a se-
quence has a limit without knowledge of what the limit might be, and the no-
tion of a subsequence.

4.1 Convergence of Sequences
Let (𝑥𝑛)𝑛∈ℕ be a sequence of real numbers. If we set 𝑓 ( 1

𝑛+1) = 𝑥𝑛  for each 
𝑛 ∈ ℕ, then we define a function 𝑓 ∶ 𝑆 → ℝ with 𝑆 = { 1

𝑛+1 ∶ 𝑛 ∈ ℕ}. Since ℝ is 
Archimedean, 0 = inf𝑆; thus 0 ∈ cl(𝑆). We thus have a ready-made notion of 
limit at 0 (along 𝑆) for 𝑓: the function 𝑓 converges to 𝑙 at 0 when for all 𝜀 > 0, 
there exists 𝛿 > 0 such that if 𝑡 ∈ 𝑆 and |𝑡| < 𝛿, then |𝑓(𝑡)−𝑙| < 𝜀. Now, 𝑡 ∈ 𝑆 if 
and only if 𝑡 = 1

𝑛+1  for some 𝑛 ∈ℕ. If 𝑁 = ⌈ 1𝛿 ⌉, then we note that 𝑛 ≥𝑁  implies 
that 1

𝑛+1 < 𝛿, and thus |𝑥𝑛 −𝑙| = |𝑓 ( 1
𝑛+1)− 𝑙| < 𝜀. It is easily checked that this 

last statement is in fact equivalent to lim0 𝑓 = 𝑙.
Informally, convergence of 𝑓 at 0 is understood as the convergence of (𝑥𝑛)𝑛∈ℕ

at ∞. Thus the notion of convergence for sequences is nothing more than a 
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very special case of our general study of limits of functions. All the theory de-
veloped there applies to sequences directly.

We restate the definition of convergence of sequence for reference.

Definition 4.1. A sequence (𝑥𝑛)𝑛∈ℕ in ℝ converges to 𝑙 ∈ ℝ when

∀𝜀 > 0 ∃𝑁 ∈ℕ ∀𝑛 ∈ℕ 𝑛 ≥𝑁 ⟹ |𝑥𝑛 −𝑙| < 𝜀.

Our theory of limits for functions immediately applies to prove that limits 
are unique, if they exist, and satisfy various properties related to order and 
algebra. We will include proofs once more as this is an important topic.

Theorem 4.2. If (𝑥𝑛)𝑛∈ℕ is a sequence converging to both 𝑙 and 𝑙′, then 𝑙 = 𝑙′.

Proof. Let 𝜀 > 0. Since (𝑥𝑛)𝑛∈ℕ converges to 𝑙, there exists 𝑁1 ∈ ℕ such 
that, for all 𝑛 ∈ ℕ, if 𝑛 ≥ 𝑁1, then |𝑥𝑛 −𝑙| < 𝜀

2 . Since (𝑥𝑛)𝑛∈ℕ converges to 𝑙′, 
there exists 𝑁2 ∈ ℕ such that, for all 𝑛 ∈ ℕ, if 𝑛 ≥ 𝑁2, then |𝑥𝑛 −𝑙′| < 𝜀

2 . Thus, 
for 𝑛 =max{𝑁1,𝑁2}, we conclude:

|𝑙− 𝑙′| ≤ |𝑙−𝑥𝑛|+ |𝑥𝑛 −𝑙′| <
𝜀
2
+
𝜀
2
= 𝜀.

As 𝜀 > 0 is arbitrary, we conclude that 𝑙 = 𝑙′. ∎

Notation 4.3. If (𝑥𝑛)𝑛∈ℕ converges to 𝑙, then we write lim𝑛→∞𝑥𝑛 = 𝑙.

4.2 Limit and Order
Theorem 4.4. If a sequence (𝑥𝑛)𝑛∈ℕ in ℝ converges, then it is bounded.

Proof. Let 𝑙 = lim𝑛→∞𝑥𝑛. There exists 𝑁 ∈ ℕ such that for all 𝑛 ≥ 𝑁 , we 
have |𝑥𝑛 − 𝑙| < 1 so |𝑥𝑛| < |𝑙| + 1. Let 𝑀 = max{|𝑙| + 1, |𝑥𝑛| ∶ 𝑛 ∈ ℕ,𝑛 ≤ 𝑁}. 
Then for all 𝑛 ∈ℕ we have |𝑥𝑛| ≤𝑀 . ∎

Theorem 4.5. Let (𝑥𝑛)𝑛∈ℕ and (𝑦𝑛)𝑛∈ℕ be two convergent sequences in ℝ. If 
there exists 𝑁 ∈ ℕ such that for all 𝑛 ≥ 𝑁  we have 𝑥𝑛 ≤ 𝑦𝑛, then lim𝑛→∞𝑥𝑛 ≤
lim𝑛→∞𝑦𝑛.
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Proof. Let 𝑙𝑥 = lim𝑛→∞𝑥𝑛  and 𝑙𝑦 = lim𝑛→∞𝑦𝑛. If 𝑙𝑥 > 𝑙𝑦 . There exists 𝑁𝑥 ∈
ℕ such that for all 𝑛 ∈ℕ with 𝑛 ≥𝑁𝑥 , we have 𝑙𝑥 − 𝜀

2 < 𝑥𝑛 < 𝑙𝑥 + 𝜀
2 .

There exists 𝑁𝑦 ∈ ℕ such that for all 𝑛 ≥𝑁𝑦  we have 𝑙𝑦 − 𝜀
2 < 𝑦𝑛 < 𝑙𝑦 + 𝜀

2 .
For 𝑛 ≥max{𝑁𝑥 ,𝑁𝑦}, we have 𝑙𝑥− 𝜀

2 ≤ 𝑥𝑛 ≤ 𝑦𝑛 ≤ 𝑙𝑦+ 𝜀
2 . Therefore, 𝑙𝑥 ≤ 𝑙𝑦+𝜀

for all 𝜀 > 0. Hence 𝑙𝑥 ≤ 𝑙𝑦, as claimed. ∎

Theorem 4.6. If (𝑥𝑛)𝑛∈ℕ converges to 𝑙 > 0 then there exists 𝑁 ∈ℕ such that for 
all 𝑛 ≥𝑁  we have 𝑥𝑛 > 𝑙

2 .

Proof. Let 𝜀 = 1
2𝑙. There exists 𝑁 ∈ ℕ such that for all 𝑛 ≥𝑁  we have 𝑥𝑛 >

𝑙−𝜀 = 𝑙
2 . ∎

Theorem 4.7  (Squeeze Theorem). Let (𝑥𝑛)𝑛∈ℕ, (𝑦𝑛)𝑛∈ℕ and (𝑧𝑛)𝑛∈ℕ be three 
sequences in ℝ such that:

1. there exists 𝑁 ∈ℕ such that for all 𝑛 ≥𝑁  we have 𝑥𝑛 ≤ 𝑦𝑛 ≤ 𝑧𝑛,

2. the sequences (𝑥𝑛)𝑛∈ℕ and (𝑧𝑛)𝑛∈ℕ converge and lim𝑛→∞𝑥𝑛 = lim𝑛→∞ 𝑧𝑛.

Then (𝑦𝑛)𝑛∈ℕ converges and lim𝑛→∞𝑦𝑛 = lim𝑛→∞𝑥𝑛.

Proof. Let 𝑙 = lim𝑛→∞𝑥𝑛 = lim𝑛→∞ 𝑧𝑛. Let 𝜀 > 0. There exists 𝑁𝑥 ∈ ℕ such 
that for all 𝑛 ≥𝑁𝑥  we have |𝑥𝑛 −𝑙| < 𝜀 so 𝑙−𝜀 < 𝑥𝑛. There exists 𝑁𝑧 ∈ ℕ such 
that for all 𝑛 ≥ 𝑁𝑧  we have |𝑧𝑛 −𝑙| < 𝜀 so 𝑧𝑛 < 𝑙+𝜀. Let 𝑛 ≥max{𝑁,𝑁𝑥 ,𝑁𝑧}. 
Then:

𝑙−𝜀 < 𝑥𝑛 ≤ 𝑦𝑛 ≤ 𝑧𝑛 < 𝑙+𝜀.

This concludes our proof. ∎

Corollary 4.8. If (𝑥𝑛)𝑛∈ℕ converges to 𝑙 ∈ ℝ then (|𝑥𝑛|)𝑛∈ℕ converges to |𝑙|.

Proof. For all 𝑛 ∈ℕ we have 0 ≤ ||𝑥𝑛|−|𝑙|| ≤ |𝑥𝑛−𝑙|. Conclude by applying 
Theorem (4.7). ∎

4.2.1 Limits and Algebra

Theorem 4.9. If (𝑥𝑛)𝑛∈ℕ and (𝑦𝑛)𝑛∈ℕ are two convergent sequences and 𝑡 ∈ ℝ
then (𝑥𝑛 +𝑡𝑦𝑛)𝑛∈ℕ converges to lim𝑛→∞𝑥𝑛 +𝑡 lim𝑛→∞𝑦𝑛.

39



Proof. Let 𝑙𝑥 = lim𝑛→∞𝑥𝑛  and 𝑙𝑦 = lim𝑛→∞𝑦𝑛. Let 𝜀 > 0. There exists 𝑁𝑥 ∈
ℕ such that for all 𝑛 ≥𝑁𝑥  we have |𝑥𝑛 −𝑙𝑥| < 𝜀

2 . There exists 𝑁𝑦 ∈ ℕ such that 
for all 𝑛 ≥𝑁𝑦  we have |𝑦𝑛 −𝑙𝑦| ≤ 𝜀

2(|𝑡|+1) .
Let 𝑛 ≥max{𝑁𝑥 ,𝑁𝑦}. Then:

|(𝑥𝑛 +𝑡𝑦𝑛)− (𝑙𝑥 +𝑡𝑙𝑦)| ≤ |𝑥𝑛 −𝑙𝑥|+ |𝑡||𝑦𝑛 −𝑙𝑦| < 𝜀.

This concludes our proof. ∎

Theorem 4.10. If (𝑥𝑛)𝑛∈ℕ and (𝑦𝑛)𝑛∈ℕ are two convergent sequences then (𝑥𝑛𝑦𝑛)𝑛∈ℕ
converges to lim𝑛→∞𝑥𝑛 ⋅ lim𝑛→∞𝑦𝑛.

Proof. Let 𝑙𝑥 = lim𝑛→∞𝑥𝑛  and 𝑙𝑦 = lim𝑛→∞𝑦𝑛. Since (𝑦𝑛)𝑛∈ℕ converges, it 
is bounded: there exists 𝑀 ∈ℝ such that for all 𝑛 ∈ℕ we have |𝑦𝑛| ≤𝑀 . For all 
𝑛 ∈ℕ we have:

0 ≤ |𝑥𝑛𝑦𝑛 −𝑙𝑥𝑙𝑦| = |𝑥𝑛𝑦𝑛 −𝑙𝑥𝑦𝑛 +𝑙𝑥𝑦𝑛 −𝑙𝑥𝑙𝑦|
≤ |𝑥𝑛 −𝑙𝑥||𝑦𝑛|+ |𝑦𝑛 −𝑙𝑦||𝑙𝑥|
≤ |𝑥𝑛 −𝑙𝑥|𝑀 +|𝑦𝑛 −𝑙𝑦||𝑙𝑥|.

By assumption, (|𝑥𝑛 − 𝑙𝑥|)𝑛∈ℕ and (|𝑦𝑛 − 𝑙𝑦|)𝑛∈ℕ converge to 0. By Theorem 
(4.9), (|𝑥𝑛 −𝑙𝑥|𝑀 + |𝑦𝑛 −𝑙𝑦||𝑙𝑥|)𝑛∈ℕ converges to 0 as well. By Theorem (4.7), 
we conclude (|𝑥𝑛𝑦𝑛−𝑙𝑥𝑙𝑦|)𝑛∈ℕ converges to 0. Hence (𝑥𝑛𝑦𝑛)𝑛∈ℕ converges to 
𝑙𝑥𝑙𝑦. ∎

Theorem 4.11. If (𝑥𝑛)𝑛∈ℕ is a sequence in ℝ converging to some 𝑙 ∈ ℝ∖{0}, then 
there exists 𝑁 ∈ℕ such that for all 𝑛 ∈ℕ we have 𝑥𝑛 ≠ 0, and moreover ( 1

𝑥𝑛
)
𝑛≥𝑁

converges to 1𝑙 .

Proof. If 𝑙 < 0, then replace (𝑥𝑛)𝑛∈ℕ by (−𝑥𝑛)𝑛∈ℕ, so that we may assume 
𝑙 > 0. By Theorem (4.6), there exists 𝑁 ∈ ℕ such that for all 𝑛 ≥ 𝑁  we have 
𝑥𝑛 ≥ 𝑙

2 > 0. Now let 𝜀 > 0. There exists 𝑃 ∈ ℕ such that for all 𝑛 ≥ 𝑃 we have 
|𝑥𝑛 −𝑙| < 2𝜀

𝑙2 . Thus, for all 𝑛 ≥max{𝑃,𝑁} we have:

|
1
𝑥𝑛

−
1
𝑙
| =

|𝑙−𝑥𝑛|
𝑙|𝑥𝑛|

≤
|𝑥𝑛 −𝑙|

1
2𝑙

2

< 𝜀.

This completes our proof. ∎
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4.3 Sequences and Topology
Theorem 4.12. If 𝐴 ⊆ ℝ, then

cl(𝐴) = {𝑙 ∈ ℝ ∶ ∃(𝑥𝑛)𝑛∈ℕ sequence in 𝐴 𝑙 = lim
𝑛→∞

𝑥𝑛} .

Proof. Write

𝑆 = {𝑙 ∈ ℝ ∶ ∃(𝑥𝑛)𝑛∈ℕ sequence in 𝐴 𝑙 = lim
𝑛→∞

𝑥𝑛} .

Let 𝑙 ∈ cl(𝐴). Let 𝑛 ∈ ℕ. Since dist(𝑙,𝐴) = 0, there exists 𝑥𝑛 ∈ 𝐴 such that 
|𝑥𝑛 − 𝑙| < 1

𝑛+1 . By Theorem (4.7), we have lim𝑛→∞𝑥𝑛 = 𝑙. Hence 𝑙 ∈ 𝑆, i.e. 
cl(𝐴) ⊆ 𝑆.

Let 𝑙 ∈ 𝑆. By definition of 𝑆, there exists (𝑥𝑛)𝑛∈ℕ in 𝐴 such that 𝑙 = lim𝑛→∞𝑥𝑛. 
Let now 𝜀 > 0. There exists 𝑁 ∈ ℕ such that for all 𝑛 ∈ ℕ, if 𝑛 ≥ 𝑁  then 
|𝑥𝑁 −𝑙| < 𝜀. Hence, dist(𝑙,𝐴) ≤ |𝑥𝑁 −𝑙| < 𝜀 (since 𝑥𝑁 ∈ 𝐴). Thus dist(𝑙,𝐴) = 0, 
i.e. 𝑙 ∈ cl(𝐴). Hence 𝑆 ⊆ cl(𝐴). ∎

Corollary 4.13. A subset 𝐹 in ℝ is closed if, and only if, the limit of every con-
vergent sequence of elements of 𝐹 is also in 𝐹.

Proof. Immediate. ∎

Theorem 4.14. Let 𝐷 ⊆ ℝ. Let 𝑓 ∶ 𝐷 → ℝ, 𝑎 ∈ cl(𝐷) and 𝑙 ∈ ℝ. The function 𝑓
converges to 𝑙 at 𝑎 along 𝐷 if, and only if, for all sequences (𝑥𝑛)𝑛∈ℕ of elements 
of 𝐷 converging to 𝑎, the sequence (𝑓(𝑥𝑛))𝑛∈ℕ converges to 𝑙.

Proof. Assume that lim𝑥→𝑎
𝑥∈𝐷

𝑓(𝑥) = 𝑙. Let (𝑥𝑛)𝑛∈ℕ be a sequence in 𝐷 con-
verging to 𝑎. We could employ Theorem (3.33) directly to conclude that lim𝑛→∞ 𝑓(𝑥𝑛) =
𝑙. We however provide an explicit proof here, for didactic purposes. Let 𝜀 > 0. 
Since lim𝑥→𝑎

𝑥∈𝐷
𝑓(𝑥) = 𝑙, there exists 𝛿 > 0 such that, for all 𝑡 ∈ 𝐷, if |𝑡 −𝑎| < 𝛿, 

then |𝑓(𝑡)− 𝑙| < 𝜀. Since lim𝑛→∞𝑥𝑛 = 𝑎, there exists 𝑁 ∈ ℕ such that, for all 
𝑛 ≥𝑁 , we have |𝑥𝑛−𝑎| < 𝛿. Therefore, for all 𝑛 ≥𝑁 , we conclude |𝑓(𝑥𝑛)−𝑙| <
𝜀. Thus, lim𝑛→∞ 𝑓(𝑥𝑛) = 𝑙.

Assume now that there exists 𝜀 > 0 such that, for all 𝛿 > 0, there exists 
𝑡 ∈ 𝐷 such that |𝑡 −𝑎| < 𝛿 and |𝑓(𝑡)− 𝑙| ≥ 𝜀. For each 𝑛 ∈ ℕ, let 𝑡𝑛 ∈ 𝐷 such 
that |𝑡𝑛 −𝑎| < 1

𝑛+1  and |𝑓(𝑡𝑛) − 𝑙| ≥ 𝜀. By Theorem (4.7), we conclude that 
lim𝑛→∞ 𝑡𝑛 = 𝑎. By construction, (𝑓(𝑡𝑛))𝑛∈ℕ does not converge to 𝑙. Thus, our 
result follows by contraposition. ∎
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4.4 Monotone Sequences in ℝ
Definition 4.15. A sequence (𝑥𝑛)𝑛∈ℕ of real numbers is increasing  when

∀𝑛 ∈ℕ 𝑥𝑛 ≤ 𝑥𝑛+1.

A sequence (𝑥𝑛)𝑛∈ℕ of real numbers is decreasing  when

∀𝑛 ∈ℕ 𝑥𝑛 ≥ 𝑥𝑛+1.

A sequence (𝑥𝑛)𝑛∈ℕ is monotone when it is increasing or decreasing.

Remark 4.16. A sequence is strictly increasing, strictly decreasing and strictly 
monotone, when we replace the order by the strict order in Definition (4.15), 
though this will not be a very important concept for us.

The Dedekind completeness of the field ℝ of real numbers imply the fol-
lowing very important theorem.

Theorem 4.17  (Monotone Convergence Theorem). If (𝑥𝑛)𝑛∈ℕ is a monotone 
sequence of real numbers, then (𝑥𝑛)𝑛∈ℕ converges if and only if (𝑥𝑛)𝑛∈ℕ is bounded.

Proof. Assume first that (𝑥𝑛)𝑛∈ℕ is an increasing, bounded sequence. The 
set {𝑥𝑛 ∶ 𝑛 ∈ ℕ} is not empty and bounded by assumption, thus 𝐿 = sup {𝑥𝑛 ∶ 𝑛 ∈ ℕ}
exists.

Let 𝜀 > 0. By characterization of suprema, there exists 𝑁 ∈ ℕ such that 
𝐿−𝜀 < 𝑥𝑀 ≤ 𝐿. Since (𝑥𝑛)𝑛∈ℕ is increasing, if 𝑛 ≥𝑁 , we have 𝐿−𝜀 < 𝑥𝑁 ≤ 𝑥𝑛. 
Moreover 𝑥𝑛 ≤ 𝐿. Thus for all 𝑛 ≥𝑁 , we conclude 𝐿−𝜀 < 𝑥𝑛 ≤ 𝐿, i.e. |𝑥𝑛−𝐿| <
𝜀. So (𝑥𝑛)𝑛∈ℕ converges to 𝐿.

If (𝑥𝑛)𝑛∈ℕ is a decreasing, bounded sequence, then (−𝑥𝑛)𝑛∈ℕ is an increas-
ing, bounded sequence, and thus it converges. Therefore, (𝑥𝑛)𝑛∈ℕ converges.

If (𝑥𝑛)𝑛∈ℕ is any convergent sequence — monotone or not — it is bounded. 
Thus our theorem is proven. ∎

We record an interesting application of the monotone convergence theo-
rem, which may be seen either as a special case of compactness, or as a special 
case of completeness.

Theorem 4.18. If (𝐼𝑛)𝑛∈ℕ is a sequence of nested closed intervals, i.e. ∀𝑛 ∈
ℕ 𝐼𝑛+1 ⊆ 𝐼𝑛, then ⋂𝑛∈ℕ 𝐼𝑛 ≠∅.
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Proof. For each 𝑛 ∈ℕ, we write 𝐼𝑛 = [𝑎𝑛,𝑏𝑛]. Since 𝐼𝑛+1 ⊆ 𝐼𝑛, we conclude 
that 𝑎𝑛 ≤ 𝑎𝑛+1 and 𝑏𝑛+1 ≤ 𝑏𝑛. In particular, (𝑎𝑛)𝑛∈ℕ is an increasing, bounded 
above (by 𝑏0) sequence, and thus it converges to some 𝑥 ∈ ℝ. Of course, 𝑥 ≥ 𝑎𝑛
for all 𝑛 ∈ ℕ. Similarly, the sequence (𝑏𝑛)𝑛∈ℕ is increasing and bounded, so it 
converges to some 𝑦 ∈ ℝ; moreover 𝑦 ≤ 𝑏𝑛  for all 𝑛 ∈ ℕ. Since 𝑎𝑛 ≤ 𝑏𝑛  for all 
𝑛 ∈ ℕ, we also have 𝑥 ≤ 𝑦. Thus, for all 𝑛 ∈ ℕ, we have 𝑎𝑛 ≤ 𝑥 ≤ 𝑦 ≤ 𝑏𝑛  i.e. 
[𝑥,𝑦] ⊆ ⋂𝑛∈ℕ. ∎

4.5 Subsequences
Definition 4.19. A subsequence of a sequence (𝑥𝑛)𝑛∈ℕ in a set 𝐸 is a sequence 
of the form (𝑥𝜙(𝑛))𝑛∈ℕ for some strictly increasing function 𝜙 ∶ ℕ→ℕ.

It is helpful to record the following result.

Lemma 4.20. Let 𝜙 ∶ ℕ → ℕ be strictly increasing. Then for all 𝑛 ∈ ℕ we have 
𝜙(𝑛) ≥ 𝑛.

Proof. By definition, 𝜙(0) ≥ 0. Assume that for some 𝑛 ∈ℕ we have 𝜙(𝑛) ≥
𝑛. Then by assumption, 𝜙(𝑛+1) > 𝜙(𝑛) ≥ 𝑛 so 𝜙(𝑛+1) ≥ 𝑛+1. The lemma 
holds by the theorem of induction. ∎

Subsequences of a convergent sequence converge as well, and to the same 
limit. This tool may be used to show that a sequence such as ((−1)𝑛)𝑛∈ℕ does 
not have a limit.

The set of all limits of subsequences of a fixed sequence can actually be 
nicely described using the closure of tails, and is always a closed subset.

Theorem 4.21. Let (𝑥𝑛)𝑛∈ℕ be a sequence. The closed set:

⋂
𝑛∈ℕ

cl({𝑥𝑘 ∶ 𝑘 ≥ 𝑛})

is the set of all limits of subsequences of (𝑥𝑛)𝑛∈ℕ.

Proof. Let 𝑙 ∈ ⋂𝑛∈ℕ cl({𝑥𝑘 ∶ 𝑘 ≥ 𝑛}). Since 𝑙 ∈ cl({𝑥𝑘 ∶ 𝑘 ≥ 0}), there exists 
𝜑(0) ∈ ℕ such that |𝑥𝜑(0) −𝑙| ≤ 1. Assume now that we have constructed, for 
some 𝑛 ∈ ℕ, natural numbers 𝜑(0) < 𝜑(1) <… < 𝜑(𝑛) such that |𝑥𝜑(𝑘) −𝑙| <
1

𝑘+1  for all 𝑘 ∈ {0,…,𝑛}. Since 𝑙 ∈ cl({𝑥𝑘 ∶ 𝑘 ≠ 𝜑(𝑛)+1}), there exists 𝜑(𝑛+1) >
𝜑(𝑛) such that |𝑥𝜑(𝑛+1) −𝑙| < 1

𝑛+2 . Thus by induction, we have constructed a 
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subsequence (𝑥𝜑(𝑛))𝑛∈ℕ of (𝑥𝑛)𝑛∈ℕ such that |𝑥𝜑(𝑛)−𝑙| < 1
𝑛+1  for all 𝑛 ∈ ℕ. By 

the Squeeze Theorem, we conclude that (𝑥𝜑(𝑛))𝑛∈ℕ converges to 𝑙.

Let now 𝑙 ∈ ℝ be the limit of some subsequence (𝑥𝜑(𝑛))𝑛∈ℕ of (𝑥𝑛)𝑛∈ℕ. Thus 
𝑙 is the limit of (𝑥𝜑(𝑛))𝑛≥𝑁  for all 𝑁 ∈ℕ, and thus 𝑙 ∈ cl({𝑥𝑘 ∶ 𝑘 ≥ 𝜑(𝑛)}) for all 
𝑛 ∈ℕ; hence 𝑙 ∈ ⋂𝑛∈ℕ cl({𝑥𝑘 ∶ 𝑘 ≥ 𝜑(𝑛)}). Since 𝜑(𝑛) ≥ 𝑛 for all 𝑛 ∈ℕ, we have 
{𝑥𝑘 ∶ 𝑘 ≥ 𝜑(𝑛)} ⊆ {𝑥𝑘 ∶ 𝑘 ≥ 𝑛} and thus cl({𝑥𝑘 ∶ 𝑘 ≥ 𝜑(𝑛)}) ⊆ cl({𝑥𝑘 ∶ 𝑘 ≥ 𝑛}). 
Therefore, 𝑙 ∈ ⋂𝑛∈ℕ cl({𝑥𝑘 ∶ 𝑘 ≥ 𝑛}), as desired. ∎

Theorem 4.22. If a sequence (𝑥𝑛)𝑛∈ℕ in ℝ converges to 𝑙 ∈ ℝ, then all subse-
quences of (𝑥𝑛)𝑛∈ℕ converge to 𝑙 as well.

Proof. Assume that (𝑥𝑛)𝑛∈ℕ converges to 𝑙 and let 𝜙 ∶ ℕ → ℕ be a strictly 
increasing function. Let 𝜀 > 0. By Definition (4.1), there exists 𝑁 ∈ℕ such that 
for all 𝑛 ≥𝑁  we have |𝑥𝑛 −𝑙| < 𝜀. Therefore, if 𝑛 ≥𝑁  then |𝑥𝜙(𝑛), 𝑙| < 𝜀, since 
𝜙(𝑛) ≥ 𝑛 ≥𝑁 . Hence the subsequence (𝑥𝜙(𝑛))𝑛∈ℕ converges to 𝑙 as well. ∎

Theorem 4.23  (Monotone Subsequence Theorem). If (𝑥𝑛)𝑛∈ℕ is a sequence in 
ℝ, then there exists a monotone subsequence (𝑥𝜑(𝑛))𝑛∈ℕ of (𝑥𝑛)𝑛∈ℕ.

Proof. Let

𝒫= {𝑛 ∈ ℕ ∶ ∀𝑘 ∈ ℕ 𝑘 ≥𝑛 ⟹ 𝑥𝑛 ≥ 𝑥𝑘}.

If 𝒫 is infinite, then let 𝜑(0) = min𝒫. Assume that for some 𝑛 ∈ ℕ we 
have constructed 𝜑(0) < … < 𝜑(𝑛) ∈ 𝒫. The set 𝒫∖ {𝑗 ∶ 𝑗 ≤ 𝜑(𝑛)} is not 
empty since 𝒫 is infinite. Let 𝜑(𝑛+1) be its smallest element. Now 𝜑 ∶ ℕ→ℕ
is strictly increasing, and by construction, if 𝑛 ≤ 𝑚 then 𝑥𝜑(𝑚) ≤ 𝑥𝜑(𝑛). Thus 
(𝑥𝜑(𝑛))𝑛∈ℕ is decreasing.

If 𝒫 is finite, then 𝒫 is bounded by 𝑀 . Let 𝜑(0) =𝑀 +1. Now assume we 
have constructed 𝜑(0) < … < 𝜑(𝑛) for some 𝑛 ∈ ℕ with 𝑥𝜑(𝑗) ≤ 𝑥𝜑(𝑗+1) for all 
0 ≤ 𝑗 ≤ 𝑛−1. Since 𝜑(𝑛) ∉𝒫 there exists 𝜑(𝑛+1) > 𝜑(𝑛) such that 𝑥𝜑(𝑛+1) ≥
𝑥𝜑(𝑛). The sequence (𝑥𝜑(𝑛))𝑛∈ℕ thus constructed by induction is increasing.

Our theorem is thus proven. ∎
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4.6 Sequentially Compact Subsets of ℝ
Closed subsets of ℝ share with finite subsets of ℝ the property that a point 
almost in the set is in fact in the set. When working with sequences, in partic-
ular, finite sets have another desirable property: any sequence in a finite set 
must contain a constant, hence convergent, subsequence. Closed sets do not 
possess this property (consider ℕ), but this property is important enough to 
warrant the following definition.

Definition 4.24. A subset 𝐾 ⊆ ℝ of ℝ is (sequentially) compact when every 
sequence in 𝐾  has a convergent subsequence whose limit is in 𝐾 .

Theorem 4.25. A subset 𝐾  of ℝ is sequentially compact if, and only if, it is closed 
and bounded.

Proof. Assume that 𝐾  is closed and bounded. Let (𝑥𝑛)𝑛∈ℕ be a sequence 
in 𝐾 . By Theorem (4.23), there exists a monotone subsequence (𝑥𝜑(𝑛))𝑛∈ℕ
of (𝑥𝑛)𝑛∈ℕ. Since 𝐾  is closed, (𝑥𝜑(𝑛))𝑛∈ℕ is bounded as well. Thus by Theo-
rem (4.17), the bounded monotone sequence (𝑥𝜑(𝑛))𝑛∈ℕ converges to some 𝑙. 
Since 𝐾  is closed, we conclude that 𝑙 ∈ 𝐾 . Therefore, 𝐾  is compact.

Assume that 𝐾  is not closed or not bounded. If 𝐾  is not bounded, then 
for all 𝑛 ∈ ℕ, there exists 𝑥𝑛 ∈ 𝐾  such that |𝑥𝑛| ≥ 𝑛. Thus no subsequence of 
(𝑥𝑛)𝑛∈ℕ is bounded, and thus no subsequence of (𝑥𝑛)𝑛∈ℕ converges. So 𝐾  is 
not sequentially compact.

If 𝐾  is not closed, then there exists a convergent sequence (𝑥𝑛)𝑛∈ℕ of ele-
ments of 𝐾  converging to 𝑙 ∈ ℝ∖𝐾 . All the subsequences of (𝑥𝑛)𝑛∈ℕ converge 
to 𝑙. Thus 𝐾  is not sequentially compact.

By contraposition, if 𝐾  is sequentially compact, then 𝐾  is closed and bounded.
∎

Corollary 4.26. If 𝐾 ⊆ℝ is sequentially compact and 𝐹 ⊆ ℝ is closed, then 𝐾∩𝐹
is sequentially compact.

Proof. The set 𝐾 ∩𝐹 ⊆𝐾  is included in 𝐾 , so 𝐾 ∩𝐹 is bounded. Moreover, 
the intersection of two closed sets is closed. As a closed, bounded subset of ℝ, 
𝐾 ∩𝐹 is sequentially compact in ℝ. ∎

Theorem 4.27. If 𝐾 ⊆ ℝ is sequentially compact, if 𝑓 ∶ 𝐾 → ℝ is continuous, 
then 𝑓(𝐾) is sequentially compact.
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Proof. Let (𝑦𝑛)𝑛∈ℕ be a sequence in 𝑓(𝐾). By definition of 𝑓(𝐾), there ex-
ists 𝑥𝑛 ∈ 𝐾  such that 𝑓(𝑥𝑛) = 𝑦𝑛, for each 𝑛 ∈ ℕ. Since 𝐾  is sequentially com-
pact, and (𝑥𝑛)𝑛∈ℕ is a sequence in the sequentially compact 𝐾 , there exists a 
convergent subsequence (𝑥𝜑(𝑛))𝑛∈ℕ of (𝑥𝑛)𝑛∈ℕ with limit 𝑙 ∈ 𝐾 . Since 𝑓 is con-
tinuous on 𝐾 , we conclude 𝑙 = lim𝑛→∞ 𝑓(𝑥𝜑(𝑛)), i.e. (𝑦𝜑(𝑛))𝑛∈ℕ = (𝑓(𝑥𝜑(𝑛)))𝑛∈ℕ
converges. Thus 𝑓(𝐾) is sequentially compact. ∎

Corollary 4.28. If 𝑓 ∶ 𝐾 → ℝ is continuous over a sequentially compact subset 
𝐾 ⊆ℝ of ℝ, then there exists 𝑚,𝑀 ∈𝐾  such that

∀𝑥 ∈ 𝐾 𝑓(𝑚) ≤ 𝑓(𝑥) ≤ 𝑓(𝑀).

Proof. Since 𝑓(𝐾) is sequentially compact, it is closed and bounded. Hence 
sup𝐾 ∈ 𝐾 , so there exists 𝑀 ∈ 𝐾  such that 𝑓(𝑀) = sup𝐾 , and inf𝐾 ∈ 𝐾 , so 
there exists 𝑚∈𝐾  such that 𝑓(𝑚) = inf𝐾 . ∎

We can now use sequential compactness to prove that ℝ is uncountable.

Theorem 4.29. If 𝑃 ⊆ ℝ is a nonempty perfect subset of ℝ, then 𝑃 is uncountable. 
In particular, ℝ is uncountable.

Proof. Since 𝑃 is perfect, 𝑃 is not finite. Assume 𝑃 = {𝑥𝑛 ∶ 𝑛 ∈ ℕ}.
Let 𝑎0,𝑏0 ∈ ℝ such that 𝑎0 < 𝑥0 < 𝑏0 (for instance 𝑎0 = 𝑥0 − 1 and 𝑏0 =

𝑥0 +1). Let 𝐼0 = [𝑎0,𝑏0]. Set 𝜑(0) = 0. Since 𝑃 is perfect, the set {𝑛 ∈ ℕ,𝑛 >
0 ∶ 𝑥𝑛 ∈ 𝑃 ∩(𝐼0∖{𝑥0})} is infinite. Let 𝜑(1) be the minimum of this set. Setting 
𝛿1 =min{|𝑎0 −𝑥𝜑(1)|, |𝑏0 −𝑥𝜑(1)|,

|𝑥𝜑(1)−𝑥0|
2 }, we define 𝑎1 = 𝑥𝜑(1) −𝛿1 and 𝑏1 =

𝑥𝜑(1)+𝛿1. We thus observe: 𝑥0 ∉ 𝐼1, 𝑥𝜑(1) ∈ 𝐼1 and 𝐼1 ⊆ 𝐼0.
We proceed by induction to construct a sequence (𝐼𝑛)𝑛∈ℕ of nested closed 

intervals and a strictly increasing function 𝜑 ∶ ℕ → ℕ such that for all 𝑛 ∈ ℕ, 
we have 𝑥𝑛 ∉ 𝐼𝑛+1, yet 𝑥𝜑(𝑛) ∈ 𝐼𝑛 ∩𝑃.

Since 𝐼0 ∩𝑃 is compact, the sequence (𝑥𝜑(𝑛))𝑛∈ℕ has a convergent subse-
quence (𝑥𝜑∘𝜓(𝑛))𝑛∈ℕ with limit in 𝑃, hence with limit 𝑥𝑁  for some 𝑁 ∈ℕ.

By construction, (𝑥𝜑∘𝜓(𝑛))𝑛≥𝑁+1 lies in the closed set 𝑃 ∩𝐼𝑁+1, which does 
not contain 𝑥𝑁 . This is a contradiction. Hence 𝑃 is not countable.

We conclude noting that ℝ is perfect. ∎
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Sequentially Compact sets can be infinite — for instance, [0,1] is sequen-
tially compact and uncountably infinite since perfect — and have rather com-
plex topology — consider the Cantor set — but they share two properties of 
finite sets: any point almost in a sequentially compact set is in fact in the se-
quentially compact set, and any sequence in a sequentially compact set has a 
convergent subsequence. Thus sequentially compactness is an analysis-motivated 
extension of the notion of a finite set. We will return to this important fact 
when trying to gain a deeper topological insight into sequentially compact-
ness.

4.7 Uniform Continuity
Compactness is a helpful tool to obtain some uniformity results in analysis. A 
very important example of this phenomenon is the following strengthening of 
the notion of continuity.

Definition 4.30. A function 𝑓 ∶ 𝐷 →ℝ is uniformly continuous over the subset 
𝐷 ⊆ℝ of ℝ when

∀𝜀 > 0 ∃𝛿 > 0 ∀𝑥,𝑦 ∈ 𝐷 |𝑥−𝑦| < 𝛿 ⟹ |𝑓(𝑥)−𝑓(𝑦)| < 𝜀.

It is immediate that a uniformly continuous function is always continuous.

Example 4.31. If 𝑓 ∶ 𝐷 →ℝ is 𝑘-Lipschitz, then 𝑓 is uniformly continuous over 
𝐷: for all 𝜀 > 0, if 𝑥,𝑦 ∈ 𝐷 with |𝑥−𝑦| < 𝜀

𝑘  then |𝑓(𝑥)−𝑓(𝑦)| ≤ 𝑘|𝑥−𝑦| < 𝜀.

We note that the composition of uniformly continuous functions are uni-
formly continuous.

Theorem 4.32. If 𝑓 ∶ 𝐷 →ℝ and 𝑔 ∶ 𝐸 →ℝ are both uniformly continuous, and 
if 𝑓(𝐷) ⊆ 𝐸, then 𝑔 ∘𝑓 ∶ 𝐷 →ℝ is uniformly continuous.

Proof. Let 𝜀 > 0. Since 𝑔 is uniformly continuous, there exists 𝛿𝑔 > 0 such 
that if 𝑥,𝑦 ∈ 𝐸 with |𝑥 −𝑦| < 𝛿𝑔 , then |𝑔(𝑥)−𝑔(𝑦)| < 𝜀. Since 𝑓 is uniformly 
continuous, there exists 𝛿𝑓 > 0 such that, if 𝑥,𝑦 ∈ 𝐷 with |𝑥 − 𝑦| < 𝛿𝑓  then 
|𝑓(𝑥)−𝑓(𝑦)| < 𝛿𝑔 . Thus if 𝑥,𝑦 ∈ 𝐷 with |𝑥−𝑦| < 𝛿𝑓  then |𝑔(𝑓(𝑥))−𝑔(𝑓(𝑦))| <
𝜀, as needed. ∎

A core observation is the following theorem.
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Theorem 4.33. If 𝑓 ∶ 𝐾 → ℝ is a continuous function over a sequentially com-
pact subset 𝐾 ⊆ℝ of ℝ, then 𝑓 is uniformly continuous over 𝐾 .

Proof. Assume that there exists 𝜀 > 0 such that, for all 𝛿 > 0, there exists 
𝑥,𝑦 ∈ 𝐾  such that |𝑥 − 𝑦| < 𝛿 and |𝑓(𝑥) − 𝑓(𝑦)| ≥ 𝜀. For each 𝑛 ∈ ℕ, there 
exists 𝑥𝑛,𝑦𝑛 ∈ 𝐾  such that |𝑥𝑛 − 𝑦𝑛| < 1

𝑛+1  and |𝑓(𝑥𝑛) − 𝑓(𝑦𝑛)| ≥ 𝜀. Since 
𝐾  is sequentially compact, there exists a convergent subsequence (𝑥𝜑(𝑛))𝑛∈ℕ
of (𝑥𝑛)𝑛∈ℕ converging to 𝑙 ∈ 𝐾 . Since lim𝑛→∞𝑥𝑛 −𝑦𝑛 = 0, we conclude that 
lim𝑛→∞𝑦𝜑(𝑛) = 𝑙. Since |𝑓(𝑥𝜑(𝑛))−𝑓(𝑦𝜑(𝑛))| ≥ 𝜀, at least one of the sequences 
(𝑓(𝑥𝜑(𝑛)))𝑛∈ℕ or (𝑓(𝑦𝜑(𝑛)))𝑛∈ℕ does not converge to 𝑓(𝑙). Thus 𝑓 is not con-
tinuous over 𝐾 .

Our theorem is proven by contraposition. ∎

4.8 Continuous image of intervals
Theorem 4.34. If 𝑓 ∶ 𝐷 →ℝ is continuous over 𝐷 ⊆ℝ, and if 𝐼 ⊆ 𝐷 is an interval, 
then 𝑓(𝐼) is an interval.

Proof. Let 𝑎,𝑏 ∈ 𝐼 . Let 𝜉 between 𝑓(𝑎) and 𝑓(𝑏). Without loss of generality, 
assume 𝑎 ≤ 𝑏 and 𝑓(𝑎) ≤ 𝜉 < 𝑓(𝑏) (if 𝑓(𝑏) ≤ 𝑓(𝑎) then work with −𝑓).

Set 𝑎0 = 𝑎 and 𝑏0 = 𝑏. Assume that, for some 𝑛 ∈ℕ, we have constructed:

𝑎0 ≤ 𝑎1 ≤…≤𝑎𝑛 < 𝑏𝑛 ≤ 𝑏𝑛−1 ≤…≤𝑏1 ≤ 𝑏0,

with 𝑏𝑗−𝑎𝑗 = 1
2𝑗 (𝑏−𝑎) and 𝑓(𝑎𝑗) ≤ 𝜉 ≤ 𝑓(𝑏𝑗) for all 𝑗 ∈ {0,…,𝑛}. Note that the 

assumption holds in particular for 𝑛 = 0.
Let 𝑚𝑛 = 𝑎𝑛+𝑏𝑛

2 . If 𝑓(𝑚𝑛) ≤ 𝜉 then set 𝑎𝑛+1 = 𝑚𝑛  and 𝑏𝑛+1 = 𝑏𝑛; other-
wise set 𝑏𝑛+1 = 𝑚𝑛  and 𝑎𝑛+1 = 𝑎𝑛. We check that we then have proven our 
induction hypothesis for 𝑛+1.

The sequence (𝑎𝑛)𝑛∈ℕ thus constructed is increasing and bounded above, 
so it converges by Theorem (4.17). Let 𝑐 = lim𝑛→∞𝑎𝑛. We then note that 𝑓(𝑐) =
lim𝑛→∞ 𝑓(𝑎𝑛) ≤ 𝜉.

Since lim𝑛→∞(𝑏𝑛 − 𝑎𝑛) = 0, we conclude that lim𝑛→∞𝑏𝑛 = 𝑐, and thus 
𝑓(𝑐) = lim𝑛→∞ 𝑓(𝑏𝑛) ≥ 𝜉. Thus 𝑓(𝑐) = 𝜉, and our theorem is proven. ∎

5 Cauchy Sequences
Sequences are a powerful tool of analysis, and their power get revealed when 
one realizes that one can use sequence to prove the existence of certain limits, 
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without knowing the limit. This leads us to the concept of a Cauchy sequence, 
and the associated notions, such as functions preserving Cauchy sequences. 
The latter is best understood via a uniform version of continuity. We will con-
nect these ideas with compactness as well, offering a metric view of sequential 
compactness.

5.1 Cauchy Property
The Cauchy criterion for sequence allows the discussion of convergence with-
out knowledge of the limit.

Definition 5.1. A sequence (𝑥𝑛)𝑛∈ℕ is a Cauchy sequence when

∀𝜀 > 0 ∃𝑁 ∈ℕ ∀𝑝,𝑞 ∈ ℕ (𝑝 ≥𝑁  and 𝑞 ≥𝑁) ⟹ |𝑥𝑝 −𝑥𝑞| < 𝜀.

Theorem 5.2. If (𝑥𝑛)𝑛∈ℕ is a convergent sequence, then (𝑥𝑛)𝑛∈ℕ is a Cauchy 
sequence.

Proof. Write 𝑙 = lim𝑛→∞𝑥𝑛. Let 𝜀 > 0. Since (𝑥𝑛)𝑛∈ℕ converges, there ex-
ists 𝑁 ∈ℕ such that, if 𝑛 ≥𝑁 , then |𝑥𝑛 −𝑙| < 𝜀

2 .
Thus, if 𝑝,𝑞 ∈ ℕ and 𝑝 ≥𝑁 , 𝑞 ≥𝑁 , then

|𝑥𝑝 −𝑥𝑞| ≤ |𝑥𝑝 −𝑙|+ |𝑙−𝑥𝑞| ≤
𝑙
2
+
𝑙
2
= 𝑙.

Thus, (𝑥𝑛)𝑛∈ℕ is a Cauchy sequence. ∎

Theorem 5.3. If (𝑥𝑛)𝑛∈ℕ is a Cauchy sequence, then (𝑥𝑛)𝑛∈ℕ is bounded.

Proof. Since (𝑥𝑛)𝑛∈ℕ is Cauchy, there exists 𝑁 ∈ℕ such that, if 𝑛 ≥𝑁 , then 
|𝑥𝑛 −𝑥𝑁 | ≤ 1, i.e. |𝑥𝑛| ≤ |𝑥𝑁 |+1. Thus, for all 𝑛 ∈ℕ, we have

|𝑥𝑛| ≤max{1+ |𝑥𝑁 |, |𝑥𝑗| ∶ 𝑗 ∈ {1,…,𝑁 −1}}.

This completes our proof. ∎

Of central importance is the observation that a Cauchy sequence wants to 
converge, and the only reason it might not is that its limit may not exist in the 
space where the sequence is defined.
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Theorem 5.4. If (𝑥𝑛)𝑛∈ℕ is a Cauchy sequence with a convergent subsequence, 
then (𝑥𝑛)𝑛∈ℕ converges.

Proof. We thus assume (𝑥𝜑(𝑛))𝑛∈ℕ converges to some 𝑙 ∈ ℝ. Let 𝜀 > 0. Since 
(𝑥𝑛)𝑛∈ℕ is Cauchy, there exists 𝑁 ∈ℕ such that, for all 𝑝,𝑞 ≥𝑁 , we have |𝑥𝑝 −
𝑥𝑞| < 𝜀

2 .
Since (𝑥𝜑(𝑛))𝑛∈ℕ converges to 𝑙, there exists 𝑀 ∈ℕ such that, for all 𝑛 ≥𝑀 , 

we have |𝑥𝜑(𝑛)−𝑙| < 𝜀
2 .

Let now 𝑛 ≥max{𝑁,𝑀}. Note that 𝜑(𝑛) ≥ 𝑛 ≥max{𝑀,𝑁}. thus

|𝑥𝑛 −𝑙| ≤ |𝑥𝑛 −𝑥𝜑(𝑛)|+ |𝑥𝜑(𝑛)−𝑙|

≤
𝜀
2
+
𝜀
2
= 𝜀.

This concludes our proof. ∎

5.2 Completeness
All Cauchy sequences in ℝ converge.

Theorem 5.5. If (𝑥𝑛)𝑛∈ℕ is a Cauchy sequence in ℝ, then it converges.

Proof. Since (𝑥𝑛)𝑛∈ℕ is Cauchy, it is bounded. By Theorem (4.23), (𝑥𝑛)𝑛∈ℕ
has a monotone subsequence (𝑥𝜑(𝑛))𝑛∈ℕ. By Theorem (4.17), (𝑥𝜑(𝑛))𝑛∈ℕ con-
verges. By Theorem (5.4), the sequence (𝑥𝑛)𝑛∈ℕ converges. ∎

We can now ask a more subtle question: if 𝐴 ⊆ ℝ, under what condition do 
all Cauchy sequences of 𝐴 converge in 𝐴?

Definition 5.6. A subset 𝐴 of ℝ is complete when all Cauchy sequences in 𝐴
converge in 𝐴.

Thus, in particular, ℝ is complete. More generally,

Theorem 5.7. A subset 𝐴 of ℝ is complete if, and only if 𝐴 is closed.

Proof. If 𝐴 ⊆ ℝ is complete, then given any sequence (𝑥𝑛)𝑛∈ℕ in 𝐴 con-
verging to some 𝑥 ∈ ℝ, we have 𝑥 ∈ 𝐴, otherwise, (𝑥𝑛)𝑛∈ℕ (as a convergent 
sequence in ℝ which takes values in 𝐴) is a Cauchy sequence in 𝐴 which can 
not converge, and thus 𝐴 is not complete. So 𝐴 contains the limits of all its 
convergent sequences, and thus 𝐴 is closed.

If 𝐴 ⊆ ℝ is closed, and if (𝑥𝑛)𝑛∈ℕ is a Cauchy sequence of element in 𝐴, then 
(𝑥𝑛)𝑛∈]𝑁  converges as ℝ is complete, and its limit lies in 𝐴 as 𝐴 is closed. ∎
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It is not true in general that completeness and closed-ness are synony-
mous. Indeed, the notion of completeness makes sense in ℚ endowed with 
its usual metric. We can define a topology on ℚ using this metric, but suffices 
to say that ℚ itself would be closed for this topology and yet, it is not com-
plete (there are sequences in ℚ approaching √2 in ℝ). It is however true that 
completeness always implies closeness.

5.3 Total boundedness
We noted the importance of the notion of sequential compactness, where any 
sequence has a convergent subsequence. As we introduced the notion of a 
Cauchy sequence, it is reasonable to wonder what property of a set guarantees 
the existence of a Cauchy subsequence to any sequence in the set. We are led 
to the following.

Definition 5.8. A subset 𝐹 of a subset 𝐴 of ℝ is 𝛿-dense when

∀𝑥 ∈ 𝐴 ∃𝑦 ∈ 𝐹 |𝑥−𝑦| < 𝛿.

Definition 5.9. A subset 𝐴 ⊆ ℝ is totally bounded when, for all 𝛿 > 0, there 
exists a finite 𝛿-dense subset 𝐹 ⊆𝐴 of 𝐴.

Theorem 5.10. If a subset 𝐴 ⊆ ℝ is totally bounded, then it is bounded.

Proof. Since 𝐴 is totally bounded, it contains a 1-dense finite subset 𝐹. Let 
𝑀 = max{|𝑥 − 𝑦| ∶ 𝑥,𝑦 ∈ 𝐹}. If 𝑎,𝑏 ∈ 𝐴 then there exists 𝑥,𝑦 ∈ 𝐹 such that 
|𝑎 −𝑥| < 1 and |𝑏 −𝑦| < 1. Thus

|𝑎 −𝑏| ≤ |𝑎 −𝑥|+ |𝑥−𝑦|+ |𝑦−𝑏| < 2+𝑀 .

Thus diam(𝐴) ≤ 2+𝑀  and our proof is complete. ∎

A simple feature of total boundedness is that it is automatically inherited 
by subsets.

Theorem 5.11. A subset 𝐴 ⊆ ℝ is totally bounded if, and only if, for all 𝛿 > 0, 
there exists a finite subset 𝐹 of ℝ such that 𝐴 ⊆⋃𝑥∈𝐹(𝑥−𝛿,𝑥+𝛿).
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Proof. The condition is necessary by definition. Let us now assume that, 
for all 𝛿 > 0 there exists a finite subset 𝐹 ⊆ ℝ of ℝ such that 𝐴 ⊆ ⋃𝑥∈𝐹(𝑥 −
𝑑𝑒𝑙𝑡𝑎,𝑥+𝛿). Let 𝛿 > 0 be chosen, and 𝐹 ⊆ ℝ be given so that 𝐴 ⊆⋃𝑥∈𝐹 (𝑥− 𝛿

2 ,𝑥+
𝛿
2 ).

As our result is obvious for 𝐴 = ∅, we henceforth assume that we fixed 
𝑧 ∈ 𝐴. For each 𝑥 ∈ 𝐹, let 𝑦(𝑥) be either any element of 𝐴 ∩ (𝑥− 𝛿

2 ,𝑥+
𝛿
2 ) — 

if the latter intersection is not empty — or 𝑦(𝑥) = 𝑧 otherwise.
By construction, 𝑦 is a surjection from the finite set 𝐹 onto 𝐺 = {𝑦(𝑥) ∶ 𝑥 ∈

𝐹}, so the latter set is finite. Moreover, 𝐺 is a subset of 𝐴 by construction. Last, 
if 𝑎 ∈ 𝐴, then there exists 𝑥 ∈ 𝐹 such that |𝑎 − 𝑥| < 𝛿

2 . In particular, 𝑦(𝑥) ∈
𝐴∩(𝑥− 𝛿

2 ,𝑥+
𝛿
2 ) (since 𝑎 ∈ 𝐴∩(𝑥− 𝛿

2 ,𝑥+
𝛿
2 )). So |𝑥−𝑦(𝑥)| < 𝛿

2  and thus

|𝑎 −𝑦(𝑥)| ≤ |𝑎 −𝑥|+ |𝑥−𝑦(𝑥)| <
𝛿
2
+
𝛿
2
= 𝛿.

The set {𝑦(𝑥) ∶ 𝑥 ∈ 𝐹} is thus a finite 𝛿-dense subset of 𝐴, and our proof is 
complete. ∎

Corollary 5.12. If 𝐴 ⊆ ℝ is totally bounded and if 𝐵 ⊆ 𝐴, then 𝐵 is totally 
bounded.

Proof. This is immediate from Theorem (5.11). ∎

The crucial observation about total boundedness is its relation with Cauchy 
sequences.

Theorem 5.13. A subset 𝐴 of ℝ is totally bounded if, and only if, every sequence 
in 𝐴 has a Cauchy subsequence.

Proof. Assume that 𝐴 ⊆ ℝ is totally bounded.
Let (𝑥𝑛)𝑛∈ℕ be a sequence of elements in 𝐴. We define the sets:

𝑋𝑛,𝑝 ={𝑘 >𝑛 ∶ |𝑥𝑘 −𝑥𝑛| <
diam(𝐴)
𝑝+1

} .

We define 𝜑 ∶ ℕ → ℕ by induction. Set 𝜑(0) = 0 and note that 𝑋0,0 = ℕ. 
Assume we have built 𝜑(0) < … < 𝜑(𝑛) for some 𝑛 ∈ ℕ in such a way that 
𝑋𝜑(𝑛),𝑛  is infinite, and 𝑋𝜑(𝑛),𝑛 ⊆𝑋𝜑(𝑛−1),𝑛−1 ⊆⋯⊆𝑋0,0.

Since 𝐴 is totally bounded, there exists a finite diam(𝐴)
2(𝑛+2) -dense subset 𝐹𝑛  of 

𝐴. For each 𝑥 ∈ 𝐹𝑛, let 𝐴𝑛,𝑥 = {𝑘 ∈ 𝑋𝜑(𝑛),𝑛 ∶ |𝑥𝑘 −𝑥| < 1
2(𝑛+2) |}. Since 𝑋𝜑(𝑛),𝑛 =
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⋃𝑥∈𝐹𝑛 𝐴𝑛,𝑥  is infinite by the induction hypothesis, while 𝐹𝑛  is finite, there exists 
𝑥 ∈ 𝐹𝑛  such that 𝐴𝑛,𝑥  is infinite. Let 𝜑(𝑛+1) =min𝐴𝑛,𝑥 . By construction, if 
𝑘 ∈ 𝐴𝑛,𝑥 , then 𝑘 >𝜑(𝑛), and

|𝑥𝑘 −𝑥𝜑(𝑛+1)| ≤ |𝑥𝑘 −𝑥|+ |𝑥−𝑥𝜑(𝑛+1)|

≤
1

2(𝑛+2)
+

1
2(𝑛+2)

=
1

𝑛+2
.

Since 𝐴𝑛,𝑥  is infinite and 𝐴𝑛,𝑥 ⊆ 𝑋𝑛+1 = {𝑘 > 𝜑(𝑛+1) ∶ |𝑥𝑘 −𝑥𝜑(𝑛)| < 1
𝑛+2}, we 

conclude that we have met out induction hypothesis at 𝑛+1. The subsequence 
(𝑥𝜑(𝑛))𝑛∈ℕ thus constructed is indeed Cauchy. Let 𝜀 > 0. There exists 𝑁 ∈ ℕ
such that 1

𝑁+1 <
𝜀
2  (since ℝ is Archimedean). By construction, for all 𝑝,𝑞 ≥𝑁 , 

we have

|𝑥𝜑(𝑝)−𝑥𝜑(𝑞)| < |𝑥𝜑(𝑝)−𝑥𝜑(𝑁)|+ |𝑥𝜑(𝑁)−𝑥𝜑(𝑞)|

<
1
𝑁
+
1
𝑁

< 𝜀.

We thus have shown that every sequence in a totally bounded set has a 
Cauchy subsequence.

Let us now assume that 𝐴 is not totally bounded. Let 𝑥0 ∈ 𝐴. Since 𝐴 is 
not totally bounded, there exists 𝑥1 ∈ 𝐴∖(𝑥0−1,𝑥0+1). Suppose now that we 
have constructed 𝑥0,𝑥1,…,𝑥𝑛 ∈ 𝐴 such that |𝑥𝑗 −𝑥𝑘| ≥ 1 for all 0 ≤ 𝑗 ≠ 𝑘 ≤ 𝑛. 
Since 𝐴 is not totally bounded, there exists 𝑥𝑛+1 ∈ 𝐴∖⋃𝑛

𝑗=0(𝑥𝑗−1,𝑥𝑗+1). Thus, 
by induction, there exists a sequence (𝑥𝑛)𝑛∈ℕ such that, for all 𝑗,𝑘 ∈ ℕ, if 𝑗 ≠ 𝑘
then |𝑥𝑗 −𝑥𝑘| ≥ 1. Therefore, (𝑥𝑛)𝑛∈ℕ has no Cauchy subsequence. ∎

We are thus led to an important result. The correct way to understand se-
quential compactness (in the general metric space situation) is given in the 
following corollary.

Corollary 5.14. A subset 𝐷 ⊆ℝ is sequentially compact if, and only if, 𝐷 is com-
plete and totally bounded.

Proof. If 𝐷 is sequentially compact, then every sequence of elements of 𝐷
has a convergence, hence Cauchy, subsequence. So 𝐷 is totally bounded. As 𝐷
is sequentially compact, it is closed, and hence complete, since ℝ is complete.

If 𝐷 is complete and totally bounded, then every sequence in 𝐷 has a Cauchy 
subsequence, which must converge in 𝐷 since 𝐷 is complete. So 𝐷 is sequen-
tially compact. ∎
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We invite the reader to note that [0,1]∩ℚ is a totally bounded subset of ℚ, 
yet it contains sequences with no convergent subsequences. The character-
ization of sequentially compactness in metric space as complete and totally 
bounded subsets is very important; it is sometimes obscured by the easier 
observation that sequentially compact subsets of ℝ are simply closed (which 
is equivalent to complete since ℝ is complete) and bounded (which, in the 
very special case of finite dimensional vector spaces, is equivalent to totally 
bounded). We can see from the theory so far that the following result is now 
easy, though it is instructive to give it a direct proof as well.

Theorem 5.15. A subset of ℝ is totally bounded if, and only if, it is bounded.

First method: using the monotone subsequence theorem. A totally bounded 
subset of ℝ is always bounded. If 𝐴 ⊆ ℝ is bounded, then any sequence in 
𝐴 contains a bounded monotone subsequence by Theorem (4.23), which is 
Cauchy since bounded by Theorem (4.17). (Note: we did not assume that 𝐴
is closed, so a bounded monotone sequence in 𝐴 may have a limit outside of 
𝐴). ∎

Second method: using sequentially compactness. A totally bounded subset 
of ℝ is always bounded. If 𝐴 is bounded, then so is its closure by Theorem 
(2.14), and thus cl(𝐴) is closed and bounded, hence sequentially compact in 
ℝ; thus every sequence in 𝐴 has a Cauchy subsequence (which converges in 
cl(𝐴)). ∎

Third method: direct approach. A totally bounded subset of ℝ is always 
bounded. Let now 𝐴 be a bounded subset of ℝ. Thus there exists 𝑎 < 𝑏 such 
that 𝐴 ⊆ [𝑎,𝑏]. Since subsets of totally bounded sets are totally bounded by 
Theorem (5.11), it is sufficient to show that [𝑎,𝑏] is totally bounded.

Let 𝛿 > 0. Then

[𝑎,𝑏] ⊆
𝑁
⋃
𝑛=0

((𝑎 −1)+𝑛𝛿,𝑎 +(𝑛+1)𝛿) where 𝑁 =min {𝑘 ∈ ℕ ∶ 𝑎 +𝑘𝛿 > 𝑏} .

∎

Remark 5.16. The first two proofs are in fact exactly the same argument, since 
we used Theorem (4.23) and Theorem (4.17) in our initial treatment of sequen-
tially compactness in ℝ.
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5.4 Cauchy Continuity
Continuous functions are characterized as mapping convergent sequences to 
convergent sequences, and sequentially compact sets to sequentially com-
pact sets. We now investigate functions with similar roles regarding Cauchy 
sequences and totally bounded sets.

Definition 5.17. A function 𝑓 ∶ 𝐷 →ℝ is Cauchy continuous over 𝐷 when, for 
all Cauchy sequences (𝑥𝑛)𝑛∈ℕ in 𝐷, the sequence (𝑓(𝑥𝑛))𝑛∈ℕ is Cauchy.

It is easy to check that the composition of two Cauchy continuous func-
tions is again Cauchy continuous. It is not true that a continuous function 
must be Cauchy continuous (for instance, consider 𝑓 ∶ 𝑥 ∈ (0,1] ↦ 1

𝑥 ). How-
ever, every Cauchy continuous function is indeed continuous.

Theorem 5.18. If 𝑓 ∶ 𝐷 →ℝ is Cauchy continuous over 𝐷, then 𝑓 is continuous 
over 𝐷.

Proof. Let 𝑥 ∈ 𝐷. Let (𝑥𝑛)𝑛∈ℕ be a sequence in 𝐷 converging to 𝑥. For 
each 𝑛 ∈ℕ, we set 𝑧2𝑛 = 𝑥𝑛  and 𝑧2𝑛+1 = 𝑥. The sequence (𝑧𝑛)𝑛∈ℕ converges to 
𝑥 and thus, it is Cauchy. Since 𝑓 is Cauchy continuous, (𝑓(𝑧𝑛))𝑛∈ℕ is a Cauchy 
sequence. It contains the subsequence (𝑓(𝑧2𝑛+1))𝑛∈ℕ = (𝑓(𝑥))𝑛∈ℕ which con-
verges to 𝑓(𝑥). By Theorem (5.4), we conclude that (𝑓(𝑧𝑛))𝑛∈ℕ converges to 
𝑓(𝑥) as well. As a subsequence of a convergent sequence with limit 𝑓(𝑥), the 
sequence (𝑓(𝑥𝑛))𝑛∈ℕ converges to 𝑓(𝑥) as well.

Thus 𝑓 is continuous at all 𝑥 ∈𝐷. ∎

The fundamental example of Cauchy continuous functions is given by the 
uniformly continuous functions — thus include, in particular, continuous func-
tions over compact.

Theorem 5.19. If 𝑓 ∶ 𝐷 → ℝ is uniformly continuous over 𝐷, then 𝑓 is Cauchy 
continuous over 𝐷.

Proof. Let (𝑥𝑛)𝑛∈ℕ be a Cauchy sequence in 𝐷. Let 𝜀 > 0. Since 𝑓 is uni-
formly continuous over 𝐷, there exists 𝛿 > 0 such that, if 𝑥,𝑦 ∈ 𝐷 with |𝑥−𝑦| <
𝛿, then |𝑓(𝑥)−𝑓(𝑦)| < 𝜀. Since (𝑥𝑛)𝑛∈ℕ is Cauchy, there exists 𝑁 ∈ℕ such that, 
for all 𝑝,𝑞 ∈ ℕ, we have |𝑥𝑝−𝑥𝑞| < 𝛿. Thus |𝑓(𝑥𝑝)−𝑓(𝑥𝑞)| < 𝜀, i.e. (𝑓(𝑥𝑛))𝑛∈ℕ
is Cauchy, as claimed. ∎
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Uniform continuity is in fact very closely related to Cauchy continuity, as 
seen in the following theorem.

Theorem 5.20. A function 𝑓 ∶ 𝐷 → ℝ is Cauchy continuous, if and only if the 
restriction of 𝑓 to any totally bounded subset of 𝐷 is uniformly continuous.

Proof. Assume that the restriction of 𝑓 to any totally bounded subset of 
𝐷 is uniformly continuous. Let (𝑥𝑛)𝑛∈ℕ be a Cauchy sequence in 𝐷. Since 
{𝑥𝑛 ∶ 𝑛 ∈ ℕ} is totally bounded, the restriction of 𝑓 to the range of (𝑥𝑛)𝑛∈ℕ is 
uniformly continuous, and thus (𝑓(𝑥𝑛))𝑛∈ℕ is a Cauchy sequence.

Assume now that there exists a totally bounded subset 𝐴 of 𝐷 to which 𝑓
does not restrict to a uniformly continuous function. Assume that the restric-
tion of 𝑓 to 𝐴 is not uniformly continuous over 𝐴. Thus, there exists 𝜀 > 0 such 
that for all 𝑛 ∈ ℕ, there exists 𝑥𝑛,𝑦𝑛 ∈ 𝐴 such that |𝑥𝑛 −𝑦𝑛| < 1

2𝑛  yet |𝑓(𝑥𝑛) −
𝑓(𝑦𝑛)| ≥ 𝜀. Since 𝐴 is totally bounded, there exists Cauchy subsequences 
(𝑥𝜑(𝑛))𝑛∈ℕ of (𝑥𝑛)𝑛∈ℕ, and then a Cauchy subsequence (𝑦𝜑∘𝜓(𝑛))𝑛∈ℕ. Setting 
𝜃 = 𝜑∘𝜓, we thus have two Cauchy sequences (𝑥𝜃(𝑛))𝑛∈ℕ and (𝑦𝜃(𝑛))𝑛∈ℕ, and 
up to extracting further subsequences, we assume that 𝑥𝜃(𝑛+1)−𝑥𝜃(𝑛)| < 1

2𝑛  and 
|𝑦𝜃(𝑛+1)−𝑦𝜃(𝑛)| < 1

2𝑛 . Therefore (noting 𝜃(𝑛) ≥ 𝑛 for all 𝑛 ∈ℕ), we conclude that 
the sequence (𝑧𝑛)𝑛∈ℕ defined by

∀𝑛 ∈ℕ 𝑧2𝑛 = 𝑥𝑛  and 𝑧2𝑛+1 = 𝑦𝑛

is a Cauchy sequence, since |𝑧𝑛+1−𝑧𝑛| < 1
2𝑛  by construction. Yet (𝑓(𝑧𝑛))𝑛∈ℕ is 

not a Cauchy sequence since |𝑓(𝑧2𝑛+1)−𝑓(𝑧2𝑛)| = |𝑓(𝑥𝜃(𝑛))−𝑓(𝑦𝜃(𝑛))| ≥ 𝜀 for 
all 𝑛 ∈ ℕ. So 𝑓 is not Cauchy continuous. Our proof is complete by contrapo-
sition. ∎

We now turn to the following result about preservation of total bounded-
ness.

Theorem 5.21. If 𝑓 ∶ 𝐴 → ℝ is Cauchy continuous, and if 𝐴 is totally bounded, 
then 𝑓(𝐴) is totally bounded.

Proof using Cauchy sequences. Let (𝑥𝑛)𝑛∈ℕ be a sequence in 𝑓(𝐴). For each 
𝑛 ∈ℕ, let 𝑦𝑛 ∈ 𝐴 such that 𝑓(𝑦𝑛) = 𝑥𝑛. Since 𝐴 is totally bounded, there exists a 
Cauchy subsequence (𝑦𝜑(𝑛))𝑛∈ℕ of (𝑦𝑛)𝑛∈ℕ. Since 𝑓 is Cauchy continuous, the 
sequence (𝑥𝜑(𝑛))𝑛∈ℕ = (𝑓(𝑦𝜑(𝑛)))𝑛∈ℕ is Cauchy. So every sequence of 𝑓(𝐴) has 
a Cauchy subsequence. By Theorem (5.13), the set 𝑓(𝐴) is totally bounded.

∎
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Proof using uniform continuity. The restriction of 𝑓 to 𝐴 is uniformly con-
tinuous, since 𝑓 is Cauchy continuous and 𝐴 is totally bounded. Let 𝜀 > 0. 
Since 𝑓 is uniformly continuous, there exists 𝛿 > 0 such that, for all 𝑥,𝑦 ∈ 𝐴, 
if |𝑥−𝑦| < 𝛿, then |𝑓(𝑥)−𝑓(𝑦)| < 𝜀. Since 𝐴 is totally bounded, there exists a 
finite 𝛿-dense finite subset 𝐹 of 𝐴. If 𝑥 ∈ 𝑓(𝐴), then 𝑥 = 𝑓(𝑦) for some 𝑦 ∈ 𝐴. 
There exists 𝑧 ∈ 𝐹 such that |𝑦−𝑧| < 𝛿, and thus |𝑥−𝑓(𝑧)| = |𝑓(𝑦)−𝑓(𝑧)| < 𝜀. 
So {𝑓(𝑧) ∶ 𝑧 ∈ 𝐹} is a finite 𝜀-dense subset of 𝑓(𝐴). Therefore, 𝑓(𝐴) is indeed 
totally bounded. ∎

6 Topology of ℝ: Compactness
Sequentially compact subsets of ℝ are the complete, totally bounded subsets 
of ℝ — equivalently, in this case, the closed bounded subsets of ℝ, and they ex-
hibit many desirable properties: the continuous images of compact are com-
pact, points almost in a compact set are in fact in it, any sequence in a compact 
has a convergent subsequence, any Cauchy sequence in a compact set must 
converge in that set, continuity over a compact set is equivalent to Cauchy 
continuity which is also equivalent in this case to uniform continuity. All these 
properties are far reaching generalizations of the properties of finite sets to 
analysis. There are two informal reasons why this is important. Compactness 
is a tool to obtain existence results from mere topological considerations (con-
vergent sequences and their limit, maxima and minima of functions, and so 
on), and it provides means to strengthen properties toward uniformity (as in 
uniform continuity from continuity).

This notion is very important and deserves deeper exploration. In partic-
ular, the proper definition of compactness, when leaving the realm of metric 
spaces, is challenging, but it provides instructive properties of compact sets 
yet to be explored in these notes. This is the matter of this section.

6.1 Compact Sets
We propose a definition of compactness inspired by our work on subsequences. 
We say in Theorem (4.21) that the set of all limits of convergent subsequences 
of a sequence (𝑥𝑛)𝑛∈ℕ is given as ⋂𝑛∈ℕ cl({𝑥𝑘 ∶ 𝑘 ≥ 𝑛}), i.e. an infinite intersec-
tion of closed subsets of ℝ. Thus, a set 𝐾  if sequentially compact if, and only if, 
for any sequence (𝑥𝑛)𝑛∈ℕ in 𝐾 , the intersection ⋂𝑛∈ℕ cl({𝑥𝑘 ∶ 𝑘 ≥ 𝑛}) is never 
empty. Now, we note that for all 𝑁 ∈ ℕ, we have ⋂𝑁

𝑛=0 cl({𝑥𝑘 ∶ 𝑘 ≥ 𝑛}) ≠ ∅. So, 
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we start with the idea that compactness can be understood via the finite inter-
section property :

Definition 6.1. A subset 𝐴 ⊆ ℝ is compact  if it has the finite intersection prop-
erty: for any collection ℱ of closed subsets of ℝ such that 𝐴∩⋂ℱ = ∅, there 
exists a finite subset 𝒢 ⊆ℱ of ℱ such that 𝐴∩⋂𝒢 =∅.

The finite intersection property is easily checked to be equivalent to the 
following:

Theorem 6.2. A subset 𝐾 ⊆ ℝ of ℝ is compact if, and only if, for any collection 
ℱ of closed subsets of ℝ, if 𝐾 ∩⋂𝒢 ≠∅ whenever 𝒢 ⊆ℱ is a finite subset of ℱ, 
then 𝐾 ∩⋂ℱ ≠∅.

Proof. This follows immediately by contraposition. ∎

We thus see that the finite intersection property is an existence property. 
We immediately record:

Theorem 6.3. If 𝐾 ⊆ℝ is compact, then 𝐾  is sequentially compact.

Proof. Let (𝑥𝑛)𝑛∈ℕ be a sequence in a compact 𝐾 . Let 𝑋𝑛 = cl({𝑥𝑘 ∶ 𝑘 ≥ 𝑛}). 
Note that 𝑋𝑝 ⊆ 𝑋𝑛  for all 𝑝,𝑛 ∈ ℕ with 𝑝 ≥ 𝑛. Thus ⋂𝑗∈𝐹 𝑋𝑗 = 𝑋max𝐹 ≠∅ for all 
finite subset 𝐹 of ℕ. Since 𝐾  is compact, ⋂𝑛∈ℕ𝑋𝑛 ≠∅. By Theorem (4.21), the 
sequence (𝑥𝑛)𝑛∈ℕ has at least one convergent subsequence. Thus 𝐾  is sequen-
tially compact. ∎

Corollary 6.4. A compact subset of ℝ is closed and bounded.

Proof. Since compact sets are sequentially compact, this follows from The-
orem (4.25). ∎

Of great interest to us is the converse of this result. To obtain it, we first 
provide some useful characterizations of compactness.

Theorem 6.5. A subset 𝐾 ⊆ ℝ of ℝ is compact if, and only if, for any collection 
𝒰 of open subsets of ℝ such that 𝐾 ⊆⋃𝒰, there exists a finite subset 𝒱 ⊆𝒰 of 
𝒰 such that 𝐾 ⊆⋃𝒱.

Proof. This equivalence follows by taking the complements in the defini-
tion of compactness. ∎
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We thus see explicitly how compactness generalizes finiteness in our topo-
logical setting.

It is interesting to prove that compact sets are closed and bounded directly 
from their definition. If 𝐾  is not bounded, then there can be no finite open 
subcover from 𝐾 ⊆ (𝑛,𝑛+1), so 𝐾  cannot be compact. A very general, albeit 
technical, proof compactness implies closedness is as follows. For each 𝑥 ∉ 𝐾
and 𝑦 ∈ 𝐾 , let 𝑈𝑥,𝑦  and 𝑉𝑥,𝑦  be two disjoint  open subsets of ℝ such that 𝑦 ∈
𝑈𝑥,𝑦  and 𝑥 ∈ 𝑉𝑥,𝑦. Then 𝐾 ⊆⋃𝑦∈𝐾 𝑈𝑥,𝑦  by construction; as 𝐾  is compact, there 
exists a finite subset 𝐹𝑥 ⊆ 𝐾  such that 𝐾 ⊆ ⋃𝑦∈𝐹𝑥 𝑈𝑥,𝑦. It is easy to check that 
⋂𝑦∈𝐹𝑥 𝑉𝑥,𝑦 ∩𝐾 ⊆ ⋂𝑦∈𝐹𝑥 𝑉𝑥,𝑦 ∩⋃𝑦∈𝐹𝑥 𝑈𝑥,𝑦 = ∅, so ⋂𝑦∈𝐹𝑥 𝑉𝑥,𝑦 ⊆ ℝ∖𝐾 . Now, as a 
finite intersection of open subsets of ℝ, the set ⋂𝑦∈𝐹𝑥 𝑉𝑥,𝑦  is open and contain 
𝑥. We conclude from this that ℝ∖𝐾  is open, and thus 𝐾  is closed.

We also have already enough knowledge of compact sets and continuous 
functions to (re)prove the following result.

Theorem 6.6. If 𝑓 ∶ 𝐾 → ℝ is a continuous function, and if 𝐾 ⊆ ℝ is a compact 
subset of ℝ, then 𝑓(𝐾) is compact.

Proof. Let 𝒰 be a collection of open subsets of ℝ such that 𝑓(𝐾) ⊆ ⋂𝒰. 
For each 𝑈 ∈ 𝒰, let 𝐺𝑈  be an open subset of ℝ such that 𝑓−1(𝑈) = 𝐺𝑈 ∩𝐾 . 
Thus

𝐾 ⊆ 𝑓−1(𝑓(𝐾)) ⊆⋃{𝑓−1(𝑈) ∶ 𝑈 ∈𝒰} ⊆⋃{𝐺𝑈 ∶ 𝑈 ∈𝒰}.

Since 𝐾  is compact, there exists a finite subset 𝒱 ⊆ 𝒰 such that 𝐾 ⊆ ⋃{𝐺𝑈 ∶
𝑈 ∈ 𝒱}. Therefore, 𝑓(𝐾) ⊆ ⋃𝒱 (note: 𝑓(𝐺𝑈 ∩𝐾) ⊆ 𝑈). Therefore, 𝑓(𝐾) is 
compact. ∎

6.2 Equivalence of compactness and sequential compactness 
in ℝ

We now proceed to show that sequential compactness implies compactness 
in our setting.

Theorem 6.7  (Lebesgue’s covering number). Let 𝐾 ⊆ℝ be a sequentially com-
pact subset of ℝ. If 𝒰 is an open cover of 𝐾 , then there exists 𝛿 > 0 such that, for 
all 𝑥 ∈ 𝐾 , there exists 𝑈 ∈𝒰 such that (𝑥−𝛿,𝑥+𝛿) ⊆𝑈 .

59



Proof. Let 𝐾 ⊆ 𝒰 be an open cover of a sequentially compact set 𝐾 . As-
sume that for all 𝛿 > 0, there exists 𝑥 ∈ 𝐾  such that (𝑥−𝛿,𝑥+𝛿) is not a subset 
of any 𝑈 ∈𝒰.

For each 𝑛 ∈ ℕ, there exists 𝑥𝑛 ∈ 𝐾  such that (𝑥𝑛 − 1
𝑛+1 ,𝑥𝑛 +

1
𝑛+1) is not 

contained in any 𝑈 ∈𝒰.
Since 𝐾  is sequentially compact, the sequence (𝑥𝑛)𝑛∈ℕ has a convergent 

subsequence (𝑥𝜑(𝑛))𝑛∈ℕ with limit in 𝐾 . Let 𝑙 ∈ 𝐾  be its limit. Since 𝐾 ⊆⋃𝒰, 
there exists 𝑈 ∈ 𝒰 such that 𝑙 ∈ 𝑈 . Since 𝑈  is open, there exists 𝛿 > 0 such 
that (𝑙−𝛿,𝑙+𝛿) ⊆𝑈 . Since (𝑥𝜑(𝑛))𝑛∈ℕ converges to 𝑙, there exists 𝑁 ∈ℕ such 
that, for all 𝑛 ≥𝑁 , we have |𝑥𝜑(𝑛) −𝑙| < 𝛿

2 . Since lim𝑛→∞
1

𝜑(𝑛) = 0, there exists 
𝑁 ′ ∈ ℕ such that, if 𝑛 ≥ 𝑁 ′, then 1

𝜑(𝑛) <
𝛿
2 . Let 𝑛 =max{𝑁,𝑁 ′}. If 𝑡 ∈ (𝑥𝜑(𝑛) −

1
𝜑(𝑛)+1 ,𝑥𝜑(𝑛)+

1
𝜑(𝑛)+1) ⊆ (𝑥− 𝛿

2 ,𝑥+
𝛿
2 ), then:

|𝑡 − 𝑙| ≤ |𝑡 −𝑥𝜑(𝑛)|+ |𝑥𝜑(𝑛)−𝑙| <
𝛿
2
+
𝛿
2
= 𝛿.

Thus we have reached a contradiction. Our theorem is proven. ∎

Theorem 6.8. A subset 𝐾  of ℝ is compact if, and only if, it is sequentially com-
pact.

Proof. Theorem (4.21) proves that if 𝐾  is compact, then it is sequentially 
compact. Let us now assume that 𝐾  is sequentially compact. Let 𝒰 be an 
open cover of 𝐾 . By Theorem (6.7), there exists 𝛿 > 0 such that for all 𝑥 ∈ 𝐾 , 
there exists 𝑈𝑥 ∈ 𝒰 such that (𝑥 −𝛿,𝑥 +𝛿) ⊆ 𝑈 . By Theorem (5.14), since 𝐾
is sequentially compact, it is totally bounded. So, there exists a finite 𝛿-dense 
subset 𝐹 of 𝐾 . It then follows that 𝐾 ⊆ ⋃𝑥∈𝐹(𝑥 − 𝛿,𝑥 + 𝛿) ⊆ ⋃𝑥∈𝐹𝑈𝑥 . Thus 
{𝑈𝑥 ∶ 𝑥 ∈ 𝐹} is our open subcover of 𝐾  from 𝒰. So 𝐾  is compact. ∎

7 The Spaces of Bounded Functions

7.1 Norms
Definition 7.1. A norm ‖⋅‖𝐸  on a vector space 𝐸 (over ℝ or ℂ) is a function 
from 𝐸 to [0,∞) such that

triangle inequality ∀𝑥,𝑦 ∈ 𝐸 ‖𝑥+𝑦‖𝐸 ≤ ‖𝑥‖𝐸 +‖𝑦‖𝐸 ,

homogeneity ∀𝑥 ∈ 𝐸 ∀𝑡 ∈ ℝ ‖𝑡𝑥‖𝐸 = |𝑡|‖𝑥‖𝐸 ,
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coincidence property ∀𝑥 ∈ 𝐸 ‖𝑥‖𝐸 = 0 ⟺ 𝑥= 0.

A vector space 𝐸 endowed with a norm ‖⋅‖𝐸  is called a normed vector space.

A norm induces a distance on 𝐸 by setting the distance between any two 
𝑥,𝑦 ∈ 𝐸 to be ‖𝑥−𝑦‖𝐸 .

A simple but important example of a norm is the absolute value on ℝ.
Now, our presentation above about the geometry of ℝ can be applied to ob-

tain a lot of basic results about normed vector spaces “as is”, replacing absolute 
values with norms. We will however try for a more self-contained presentation 
of the essential results for our purpose. To this end, we start from the conver-
gence of sequences with values in a normed vector space since we can easily 
bootstrap a lot of results straight from our knowledge about ℝ.

Definition 7.2. A sequence (𝑥𝑛)𝑛∈ℕ in a normed vector space 𝐸 converges to 
𝑙 ∈ 𝐸 when the sequence (‖𝑥𝑛 −𝑙‖𝐸)𝑛∈ℕ converges to 0 (as a sequence of real 
numbers).

Therefore, (𝑥𝑛)𝑛∈ℕ converges to 𝑙 if, and only if

∀𝜀 > 0 ∃𝑁 ∈ℕ ∀𝑛 ≥𝑁 ‖𝑥𝑛 −𝑙‖𝐸 < 𝜀.

Indeed, norms are always nonnegative. In fact, we will very often use the fol-
lowing reasoning below: if we can find some sequence (𝑡𝑛)𝑛∈ℕ in ℝ with limit 
0 such that ‖𝑥𝑛 −𝑙‖𝐸 ≤ 𝑡𝑛, then using the squeeze theorem, we can conclude 
that (𝑥𝑛)𝑛∈ℕ converges to 𝑙.

Theorem 7.3. If (𝑥𝑛)𝑛∈ℕ is a convergent sequence in a normed vector space 𝐸
converging to both 𝑙 and 𝑙′ in 𝐸, then 𝑙 = 𝑙′.

Proof. We observe, for all 𝑛 ∈ℕ:

0 ≤ ‖𝑙−𝑙′‖𝐸⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵
=𝑙−𝑥𝑛+𝑥𝑛−𝑙′

≤ ‖𝑙−𝑥𝑛‖𝐸 +‖𝑥𝑛 −𝑙‖𝐸⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵
triangle inequality

𝑛→∞−−−−→0+0 = 0.

Thus 𝑙 = 𝑙′. ∎

Notation 7.4. If (𝑥𝑛)𝑛∈ℕ is a convergent sequence in a normed vector space 𝐸, 
then the unique vector to which it converges is called the limit  of (𝑥𝑛)𝑛∈ℕ and 
is denoted by lim𝑛→∞𝑥𝑛.
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We now establish the continuity of the basic ingredients of a normed vec-
tor space: the norm, the addition, and the scalar multiplication. We define 
continuity using sequences here, to take the shortest route.

Definition 7.5. Let 𝐸 and 𝐹 be normed vector spaces. A function 𝑓 ∶ 𝐷 ⊆ 𝐸 →
𝐹 from 𝐷 ⊆𝐸 is continuous at 𝑥 ∈ 𝐸 when for any sequence (𝑧𝑛)𝑛∈𝐸  in 𝐸 con-
verging to 𝑥, the sequence (𝑓(𝑧𝑛))𝑛∈ℕ converges to 𝑓(𝑥) in 𝐹.

Definition 7.6. Let 𝐸 and 𝐹 be normed vector spaces. A function 𝑓 ∶ 𝐷 ⊆ 𝐸 →
𝐹 from 𝐷 ⊆𝐸 is continuous on 𝐷 when it is continuous at every 𝑥 ∈𝐷.

We begin with the continuity of the norm.

Theorem 7.7  (reverse triangle inequality). For all 𝑥,𝑦 ∈ 𝐸, we have

|‖𝑥‖𝐸 −‖𝑦‖𝐸 | ≤ ‖𝑥−𝑦‖𝐸 .

Proof. Since ‖𝑥‖𝐸 ≤ ‖𝑥−𝑦‖𝐸+‖𝑦‖𝐸 , we conclude ‖𝑥‖𝐸−‖𝑦‖𝐸 ≤ ‖𝑥−𝑦‖𝐸 . 
Similarly,

‖𝑦‖𝐸 −‖𝑥‖𝐸 ≤ ‖𝑦−𝑥‖𝐸 = ‖(−1)(𝑥−𝑦)‖𝐸 = |1|‖𝑥−𝑦‖𝐸 = ‖𝑥−𝑦‖𝐸 .

Thus our theorem follows. ∎

Corollary 7.8. If (𝑥𝑛)𝑛∈ℕ converges to 𝑧 in a normed vector space 𝐸, then lim𝑛→∞ ‖𝑥𝑛‖𝐸 =
‖𝑧‖𝐸 .

Proof. By the reverse triangle inequality,

0 ≤ |‖𝑥𝑛‖𝐸 −‖𝑧‖𝐸 | ≤ ‖𝑥𝑛 −𝑧‖𝐸
𝑛→∞−−−−→0

hence our result follows from the squeeze theorem. ∎

We now turn to the addition. It is useful to note that if 𝐸 and 𝐹 are two 
normed vector space, and if we define

∀𝑥 ∈ 𝐸 ∀𝑦 ∈ 𝐹 ‖(𝑥,𝑦)‖𝐸×𝐹 ≔max{‖𝑥‖𝐸 ,‖𝑦‖𝐹 }

then ‖⋅‖𝐸×𝐹  is indeed a norm on the product vector space 𝐸×𝐹, with the prop-
erty that (𝑥𝑛,𝑦𝑛)𝑛∈ℕ converges to (𝑧,𝑤) in 𝐸 ×𝐹 if, and only if, (𝑥𝑛)𝑛∈ℕ con-
verges to 𝑧 in 𝐸 and (𝑦𝑛)𝑛∈ℕ converges to 𝑤 in 𝐹. With this in mind, we prove 
the following.
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Theorem 7.9. If (𝑥𝑛)𝑛∈ℕ and (𝑦𝑛)𝑛∈ℕ are two convergent sequences in a normed 
vector space 𝐸, then (𝑥𝑛 +𝑦𝑛)𝑛∈ℕ converges as well, and

lim
𝑛→∞

(𝑥𝑛 +𝑦𝑛) = lim
𝑛→∞

𝑥𝑛 + lim
𝑛→∞

𝑦𝑛.

Proof. Let 𝑙𝑥 ≔ lim𝑛→∞𝑥𝑛  and 𝑙𝑦 ≔ lim𝑛→∞𝑦𝑛. Then

0 ≤ ‖(𝑥𝑛 +𝑦𝑛)− (𝑙𝑥 +𝑙𝑦)‖𝐸 ≤ ‖𝑥𝑛 −𝑙𝑥‖𝐸 +‖𝑦𝑛 −𝑙𝑦‖𝐸
𝑛→∞−−−−→0+0 = 0.

Thus our theorem is proven. ∎

Theorem 7.10. If (𝑡𝑛)𝑛∈ℕ is a convergent sequence in ℝ and (𝑥𝑛)𝑛∈ℕ is a con-
vergent sequence in a normed vector space 𝐸, then (𝑡𝑛𝑥𝑛)𝑛∈ℕ converges in 𝐸 as 
well, and

lim
𝑛→∞

𝑡𝑛𝑥𝑛 = lim
𝑛→∞

𝑡 lim
𝑛→∞

𝑥𝑛.

Proof. We write 𝑙 ≔ lim𝑛→∞ 𝑡𝑛  and 𝑧 = lim𝑛→∞𝑥𝑛. We then compute:

0 ≤ ‖𝑡𝑛𝑥𝑛 −𝑙𝑧‖𝐸 ≤ ‖𝑡𝑛𝑥𝑛 −𝑡𝑛𝑧‖𝐸 +‖𝑡𝑛𝑧−𝑙𝑧‖𝐸
≤ |𝑡𝑛|‖𝑥𝑛 −𝑧‖𝐸 +|𝑡𝑛 −𝑙|‖𝑧‖𝐸
𝑛→∞−−−−→ |𝑙|0+0‖𝑧‖𝐸 = 0.

Thus, our result is proven. ∎

We characterize continuity just as we did for functions of a real variable.

Theorem 7.11. Let 𝐸 and 𝐹 be normed vector spaces. A function 𝑓 ∶ 𝐷 ⊆ 𝐸 →𝐹
from 𝐷 ⊆𝐸 is continuous at 𝑥 ∈ 𝐸 if, and only if,

∀𝜀 > 0 ∃𝛿 > 0 ∀𝑧 ∈ 𝐸 ‖𝑧−𝑥‖𝐸 < 𝛿 ⟹ ‖𝑓(𝑧)−𝑓(𝑥)‖𝐸 < 𝜀. (7.1)

Proof. Assume Equation (7.1). If (𝑥𝑛)𝑛∈ℕ be a sequence in 𝐸 converging to 
𝑥 ∈ 𝐸. Let 𝜀 > 0. There exists 𝛿 > 0 such that if 𝑡,𝑠 ∈ 𝐸 with ‖𝑡 −𝑥‖𝐸 < 𝛿, then 
‖𝑓(𝑡)−𝑓(𝑥)‖𝐸 < 𝜀. There exists 𝑁 ∈ℕ such that if 𝑛 ≥𝑁 , then ‖𝑥𝑛 −𝑥‖𝐸 < 𝛿. 
Thus for all 𝑛 ≥𝑁 , then ‖𝑓(𝑥𝑛)−𝑓(𝑥)‖𝐸 < 𝜀. Thus 𝑓 is continuous at 𝑥.

Assume Equation (7.1) does not hold. Thus, there exists 𝜀 > 0 such that, for 
any 𝛿 > 0, there exists 𝑥𝛿 ∈ 𝐸 such that ‖𝑥−𝑥𝛿‖< 𝛿 yet ‖𝑓(𝑥)−𝑓(𝑥𝛿)‖𝐹 ≥ 𝜀. 
Thus, for all 𝑛 ∈ℕ, there exists 𝑥𝑛 ∈ 𝐸 with ‖𝑥𝑛 −𝑥‖𝐸 <

1
𝑛+1  and ‖𝑓(𝑥𝑛)−𝑓(𝑥)‖𝐸 ≥

𝜀. By construction, (𝑥𝑛)𝑛∈ℕ converges to 𝑥, yet (𝑓(𝑥𝑛))𝑛∈ℕ does not converge 
to 𝑓(𝑥), so 𝑓 is not continuous at 𝑥. ∎
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A crucial result about continuity concerns linear functions between normed 
vector spaces.

Theorem 7.12. Let 𝜑 ∶ 𝐸 → 𝐹 be a linear function between two normed vector 
spaces 𝐸 and 𝐹. The following assertions are equivalent.

1. 𝜑 is continuous,

2. 𝜑 is continuous at 0,

3. 𝜑 is bounded on the open unit sphere {𝑥 ∈ 𝐸 ∶ ‖𝑥‖𝐸 < 1} of 𝐸,

4. 𝜑 is bounded on the unit sphere {𝑥 ∈ 𝐸 ∶ ‖𝑥‖𝐸 = 1} of 𝐸,

5. 𝜑 is bounded on the closed unit sphere {𝑥 ∈ 𝐸 ∶ ‖𝑥‖𝐸 ≤ 1} of 𝐸,

6. there exists 𝐾 > 0 such that, for all 𝑥 ∈ 𝐸,

‖𝜑(𝑥)‖𝐹 ≤𝐾 ‖𝑥‖𝐸 ,

7. 𝜑 is Lipschitz.

Proof. Of course, (1) implies (2).

Assume (2). Therefore, there exists 𝛿 > 0 such that if 𝑥 ∈ 𝐸 with ‖𝑥‖𝐸 < 𝛿
then ‖𝜑(𝑥)‖𝐹 < 1. Let now ‖𝑥‖𝐸 < 1. If 𝑥 = 0 then ‖𝜑(𝑥)‖𝐹 = 0. If 𝑥 ≠ 0, then 
we note that if 𝑦≔ 𝛿

2‖𝑥‖𝐸
𝑥, then

‖𝑦‖𝐸 =
𝛿

2‖𝑥‖𝐸
‖𝑥‖𝐸 =

𝛿
2
< 𝛿

and thus ‖𝜑(𝑦)‖𝐹 < 1. Hence ‖𝜑(𝑥)‖𝐸 ≤
2
𝛿  by linearity of 𝜑.

Therefore, 𝜑 is bounded by 2𝛿  over the open unit ball of 𝐸. So (3) holds.

We continue with Assumption (2). Let 𝑥 ∈ 𝐸 with ‖𝑥‖𝐸 = 1. Then ‖𝛿2𝑥‖𝐸 =
𝛿
2 < 𝛿, so ‖𝜑(𝛿2𝑥)‖𝐹 ≤ 1 so ‖𝜑(𝑥)‖𝐹 <

2
𝛿 . So (4) holds.

Of course, (3) and (4) imply (5), so (2) implies (3), (4) and (5). Moreover, 
(5) implies (3) and (4).
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We now assume (5). Thus there exists 𝐾 > 0 such that for all 𝑥 ∈ 𝐸, if ‖𝑥‖𝐸 ≤
1, then ‖𝜑(𝑥)‖𝐹 ≤𝐾 . Let 𝑥 ∈ 𝐸 ∖{0}. Then

‖𝜑(𝑥)‖𝐹 = ‖𝑥‖𝐸 ‖𝜑(
1

‖𝑥‖𝐸
𝑥)‖

𝐹

≤ ‖𝑥‖𝐸 𝐾 ,

as claimed. Thus (6) holds.

Assume (6). Let 𝑥,𝑦 ∈ 𝐸. By linearity,

‖𝜑(𝑥)−𝜑(𝑦)‖𝐹 = ‖𝜑(𝑥−𝑦)‖𝐹 ≤𝐾 ‖𝑥−𝑦‖𝐸 .

Thus 𝜑 is Lipschitz. So (7) holds.

Assume (7). Then (1) holds. So our theorem is proven. ∎

Corollary 7.13. Let 𝐸 and 𝐹 be two normed vector spaces. If ℒ(𝐸,𝐹) be the set 
of all continuous linear functions from 𝐸 to 𝐹, and if we set for any 𝜑 ∈ℒ(𝐸,𝐹):

|||𝜑|||𝐹𝐸 ≔ sup{‖𝜑(𝑥)‖𝐹 ∶ ‖𝑥‖𝐸 = 1} ,

then (ℒ(𝐸,𝐹), |||⋅|||𝐹𝐸) is a normed vector space.

Proof. Let 𝜑,𝜓 ∈ℒ(𝐸,𝐹) and 𝑡 ∈ ℝ. Of course, 𝑡𝜑+𝜓 is linear. Moreover, 
if 𝑥 ∈ 𝐸 with ‖𝑥‖𝐸 = 1, then

‖𝑡𝜑(𝑥)+𝜓(𝑥)‖𝐹 ≤ |𝑡|‖𝜑(𝑥)‖𝐹 +‖𝜓(𝑥)‖𝐹 ≤ |𝑡||||𝜑|||𝐹𝐸 +|||𝜓(𝑥)|||
𝐹
𝐸 <∞

so 𝑡𝜑 +𝜓 is bounded on the unit sphere of 𝐸, so it is continuous as a lin-
ear function, i.e. 𝑡𝜑 +𝜓 ∈ ℒ(𝐸,𝐹). Of course 0 ∈ ℒ(𝐸,𝐹). So ℒ(𝐸,𝐹) is a 
subspace of the space of all functions from 𝐸 to 𝐹. Moreover, |||𝑡𝜑+𝜓|||𝐹𝐸 ≤
|𝑡||||𝜑|||𝐹𝐸 +|||𝜓|||

𝐹
𝐸 .

Last, |||𝜑|||𝐹𝐸 = 0 for some 𝜑 ∈ ℒ(𝐸,𝐹). Thus 𝜑(𝑥) = 0 for all 𝑥 ∈ 𝐸 with 
‖𝑥‖𝐸 = 1. If 𝑥 ∈ 𝐸 ∖{0} then

𝜑(𝑥) = ‖𝑥‖𝐸 𝜑(
1

‖𝑥‖𝐸
𝑥) = ‖𝑥‖𝐸 0 = 0.

So 𝜑 = 0. This completes our proof. ∎
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Normed vector spaces are metric spaces, and we can use these structures 
to discuss Cauchy sequences and uniform continuity.

Definition 7.14. A sequence (𝑥𝑛)𝑛∈ℕ is Cauchy in a normed vector space 𝐸
when

∀𝜀 > 0 ∃𝑁 ∈ℕ ∀𝑝,𝑞 ∈ ℕ 𝑝 ≥𝑁  and 𝑞 ≥𝑁 ⟹ ‖𝑥𝑝 −𝑥𝑞‖𝐸 < 𝜀.

Theorem 7.15. If (𝑥𝑛)𝑛∈ℕ is a Cauchy sequence in a normed vector space 𝐸, 
then sup𝑛∈ℕ ‖𝑥𝑛‖𝐸 <∞.

Proof. There exists 𝑁 ∈ℕ such that if 𝑝,𝑞 ≥𝑁 , then ‖𝑥𝑝 −𝑥𝑞‖𝐸 < 1, so for 

all 𝑝 ≥𝑁 , we have ‖𝑥𝑝‖𝐸 < ‖𝑥𝑁‖𝐸+1. Thus sup𝑛∈ℕ ‖𝑥𝑛‖𝐸 ≤max{max𝑗∈{0,…,𝑁} ‖𝑥𝑗‖𝐸 ,1+
‖𝑥𝑁‖𝐸 . ∎

Theorem 7.16. If (𝑥𝑛)𝑛∈ℕ is a convergent sequence in a normed vector space 𝐸, 
then (𝑥𝑛)𝑛∈ℕ is Cauchy.

Proof. Let 𝑙 = lim𝑛→∞𝑥𝑛. Let 𝜀 > 0. There exists 𝑁 ∈ ℕ such that for all 
𝑛 ∈ℕ, if 𝑛 ≥𝑁 , then ‖𝑥𝑛 −𝑙‖𝐸 <

𝜀
2 .

Thus, for all 𝑝,𝑞 ≥𝑁 , we have

‖𝑥𝑝 −𝑥𝑞‖𝐸 ≤ ‖𝑥𝑝 −𝑙‖𝐸 +‖𝑙−𝑥𝑞‖𝐸 <
𝜀
2
+
𝜀
2
= 𝜀.

This completes our proof. ∎

Not all normed vector spaces are complete. We introduce the following 
definition.

Definition 7.17. A normed vector space 𝐸 is a Banach space when every Cauchy 
sequence in 𝐸 converges.

We now proceed with the basic topology of normed vector spaces (taking 
in essence the opposite road to our work on ℝ).

Definition 7.18. Let 𝐸 be a normed vector space. The closure 𝐴 ⊆ 𝐸 of a subset 
𝐴 of 𝐸 is

cl(𝐴)≔ { lim
𝑛→∞

𝑥𝑛 ∶ (𝑥𝑛)𝑛∈ℕ is a convergent sequence in 𝐸} .
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Theorem 7.19. If 𝐸 is a normed vector space, and if 𝐴 ⊆ 𝐸, then

cl(𝐴)≔ {𝑥 ∈ 𝐸 ∶ inf
𝑡∈𝐴

‖𝑥−𝑡‖𝐸 = 0} .

Proof. If 𝑥 ∈ cl(𝐴) then there exists (𝑥𝑛)𝑛∈ℕ in 𝐴 such that lim𝑛→∞ ‖𝑥𝑛 −𝑥‖𝐸 =
0; hence for all 𝜀 > 0, there exists 𝑛 ∈ ℕ such that ‖𝑥𝑛 −𝑥‖𝐸 < 𝜀; since 𝑥𝑛 ∈ 𝐴, 
we conclude inf𝑡∈𝐴 ‖𝑥−𝑡‖𝐸 = 0.

Conversely, assume inf𝑡∈𝐴 ‖𝑥−𝑡‖𝐸 = 0. Let 𝑛 ∈ℕ. There exists 𝑡𝑛 ∈ 𝐴 such 
that ‖𝑡 −𝑥‖𝐸 < 1

𝑛+1 . Thus by definition, 𝑥 = lim𝑛→∞ 𝑡𝑛. This proves our equal-
ity. ∎

Theorem 7.20. Let 𝐸 be a normed vector spaces. The following assertions hold.

1. cl(∅) = ∅,

2. ∀𝐴 ⊆𝐸 𝐴 ⊆ cl(𝐴),

3. ∀𝐴 ⊆𝐸 cl(cl(𝐴)) = cl(𝐴),

4. ∀𝐴,𝐵 ⊆ 𝐸 cl(𝐴 ∪𝐵) = cl(𝐴)∪cl(𝐵),

5. ∀𝐴,𝐵 ⊆ 𝐸 𝐴 ⊆ 𝐵 ⟹ cl(𝐴) ⊆ cl(𝐵).

Proof. The proof follows the same path as in the real case. ∎

Thus the closure operator is used to define a topology on 𝐸.

Definition 7.21. Let 𝐸 be a normed vector space. A subset 𝐴 of 𝐸 is closed 
when 𝐴 = cl(𝐴). A subset 𝐵 of 𝐸 is closed if its complement 𝐸∖𝐴 is closed.

We can now apply all the topological proofs on ℝ to conclude the following 
assertions.

Theorem 7.22. Let 𝐸 be a normed vector space. The following assertions hold.

1. ∅ and 𝐸 are both closed and open,

2. if 𝑈,𝑉 ⊆ 𝐸 are open, then 𝑈 ∩𝑉 is open,

3. if (𝑈𝑗)𝑗∈𝐽  is a family of open sets then ⋃𝑗∈𝐽 𝑈𝑗  is open,

4. if 𝐹,𝐺 are closed, then 𝐹∪𝐺 is closed,
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5. if (𝐹𝑗)𝑗∈𝐽  is a family of closed sets then ⋂𝑗∈𝐽 𝐹𝑗  is closed,

6. the closure cl(𝐴) of a subset 𝐴 ⊆ 𝐸 is the smallest closed subset of 𝐸 con-
taining 𝐴,

7. the closure cl(𝐴) is given by

cl(𝐴) = {𝑥 ∈ 𝐸 ∶ ∃𝑈  open 𝑥 ∈𝑈,𝑈 ∩𝐴 ≠∅} ,

8. 𝑓 ∶ 𝐸 →𝐹 is continuous over 𝐸 if, and only if, 𝑓−1(𝐺) is closed for all closed 
subset 𝐺 of 𝐹,

9. 𝑓 ∶ 𝐸 →𝐹 is continuous over 𝐸 if, and only if, 𝑓−1(𝑈) is open for all open 
subset 𝑈  of 𝐹.

We now establish a general tool to extend continuous linear functions from 
a dense subspace.

Theorem 7.23. Let 𝐸 be a normed vector space and let 𝐹 be a Banach space. 
Let 𝐺 ⊆ 𝐸 be a subspace of 𝐸 such that cl(𝐺) = 𝐸. If 𝜑 ∶ 𝐺 → 𝐹 is a continuous 
linear function, then there exists a unique continuous linear function 𝜓 ∶ 𝐸 →𝐹
whose restriction to 𝐺 is 𝜓; moreover |||𝜓|||𝐹𝐸 = |||𝜑|||𝐹𝐺 .

Proof. Since 𝜑 is continuous, there exists 𝐾 > 0 such that, for all 𝑥 ∈ 𝐸, we 
have ‖𝜑(𝑥)‖𝐹 ≤𝐾 ‖𝑥‖𝐸 .

Let 𝑥 ∈ 𝐸. Let (𝑥𝑛)𝑛∈ℕ be a sequence in 𝐸 which converge to 𝑥. Thus 
(𝑥𝑛)𝑛∈ℕ is Cauchy in 𝐸. Since, for all 𝑝,𝑞 ∈ ℕ, we have ‖𝜑(𝑥𝑝)−𝜑(𝑥𝑞)‖𝐹 ≤

‖𝑥𝑝 −𝑥𝑞‖𝐸 , we conclude that (𝜑(𝑥𝑛))𝑛∈ℕ is a Cauchy sequence in 𝐹. Since 𝐹
is complete, (𝜑(𝑥𝑛))𝑛∈ℕ converges to some 𝑦 ∈ 𝐹. For now, our number de-
pends on the choice of the sequence (𝑥𝑛)𝑛∈ℕ.

Assume for this paragraph that 𝑥 = 0. Then observe that, for any sequence 
(𝑥𝑛)𝑛∈ℕ ∈ 𝐸ℕ, we have

|𝜑(𝑥𝑛)| ≤ 𝐾 ‖𝑥𝑛‖𝐸
𝑛→∞−−−−→𝐾 ‖0‖𝐸 = 0.

So, in that case, no matter what our choice of (𝑥𝑛)𝑛∈ℕ is, we always have lim𝑛→∞𝜑(𝑥𝑛) =
0.

Let us now return to a general 𝑥 ∈ 𝐸. If (𝑥𝑛)𝑛∈ℕ and (𝑥′𝑛)𝑛∈ℕ both converge 
uniformly to 𝑥 in 𝐸, then lim𝑛→∞𝜑(𝑥𝑛−𝑥′𝑛) = 0, since (𝑥𝑛−𝑥′𝑛)𝑛∈ℕ converges 
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to 0 in 𝐸. On the other hand, by linearity, 𝜑(𝑥𝑛−𝑥′𝑛) = 𝜑(𝑥𝑛)−𝜑(ℎ𝑛), and we 
have shown that (𝜑(𝑔𝑛))𝑛∈ℕ and (𝜑(ℎ𝑛))𝑛∈ℕ converge. We thus conclude:

lim
𝑛→∞

𝜑(ℎ𝑛) = lim
𝑛→∞

𝜑(𝑔𝑛).

Thus our limit does not depend on the choice of the sequence (𝑥𝑛)𝑛∈ℕ in 𝐸
converging to 𝑥. We denote this limit by 𝜓(𝑥).

We immediately observe that 𝜓 is linear: if 𝑥,𝑦 ∈ 𝐸 and 𝑡 ∈ ℝ, then 𝑥 =
lim𝑛→∞𝑥𝑛  and 𝑦 = lim𝑛→∞𝑦𝑛  for two sequences (𝑥𝑛)𝑛∈ℕ and (𝑦𝑛)𝑛∈ℕ in 𝐺. 
Then (𝑡𝑥𝑛 +𝑦𝑛)𝑛∈ℕ converges to 𝑡𝑥+𝑦, and

𝜓(𝑡𝑥+𝑦) = lim
𝑛→∞

𝜑(𝑡𝑥𝑛 +𝑦𝑛)

= lim
𝑛→∞

𝑡𝜑(𝑥𝑛)+𝜑(𝑦𝑛)

= 𝑡𝜓(𝑥)+𝜓(𝑦).

Moreover, ‖𝜓(𝑥)‖𝐹 = lim𝑛→∞ ‖𝜑(𝑥𝑛)‖𝐹 ≤ lim𝑛→∞ |||𝜑|||𝐹𝐺 ‖𝑥𝑛‖𝐸 ≤ |||𝜑|||𝐸𝐺 ‖𝑥‖𝐸 . 
So 𝜓 is continuous over 𝐸 with norm |||𝜑|||𝐹𝐺 .

Last, assume 𝜃 is a continuous linear function over 𝐸 whose restriction to 
𝐺 is 𝜑. Then 𝜃−𝜓 is zero on 𝐺, i.e. 𝐺 ⊆ ker(𝜃−𝜓). On the other hand, ker(𝜃−
𝜓) = (𝜃 −𝜓)−1({0}) and {0} is closed in 𝐹, so ker(𝜃 −𝜓) is closed. Therefore, 
𝐸 = cl(𝐺) ⊆ cl(ker(𝜃−𝜓)) = ker(𝜃−𝜓) and thus 𝜃 =𝜓. ∎

Remark 7.24. This result is just a very special case of the unique extension 
property of uniformly continuous functions from a dense subspace to the en-
tire space.

7.2 Uniform Norms
Definition 7.25. If 𝑓 ∶ 𝐷 →ℝ is a function over a set 𝐷, we set

‖𝑓‖𝐷 ≔ sup {|𝑓(𝑥)| ∶ 𝑥 ∈ 𝐷} ,

allowing for the value ∞. We call ‖⋅‖𝐷  the uniform norm over 𝐷 (note: it can 
be infinite so technically, it is not a norm).

Definition 7.26. A function 𝑓 ∶ 𝐷 →ℝ over a set 𝐷 is bounded when ‖𝑓‖𝐷 <∞.

Theorem 7.27. The set of all bounded functions over a set 𝐷, denoted by ℬ(𝐷), 
is a normed vector space with the uniform norm ‖⋅‖𝐷 .
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Proof. Let 𝑓,𝑔 ∈ℬ(𝐷) and 𝑡 ∈ 𝐷. If 𝑥 ∈𝐷 then |𝑡𝑓(𝑥)+𝑔(𝑥)| ≤ |𝑡|‖𝑓‖𝐷 +
‖𝑔‖𝐷 . Thus ‖𝑡𝑓+𝑔‖𝐷 ≤ |𝑡|‖𝑓‖𝐷 +‖𝑔‖𝐷 . Since 0 ∈ℬ(𝐷) (with ‖0‖𝐷 = 0), we 
conclude that ℬ(𝐷) is a subspace of the space of all functions form 𝐸 to 𝐹. 
Since ‖𝑓‖𝐷 = 0 implies |𝑓(𝑥)| = 0 for all 𝑥 ∈𝐷, we conclude that ‖𝑓‖𝐷 = 0 ⟹
𝑓 = 0, so ‖⋅‖𝐷  is a norm as well. ∎

Definition 7.28. A sequence (𝑓𝑛)𝑛∈ℕ of functions defined over a set 𝐷 con-
verges uniformly on 𝐷 when

lim
𝑛→∞

‖𝑓𝑛 −𝑓‖𝐷 = 0.

Theorem 7.29. If (𝑓𝑛 ∶ 𝐷 →ℝ)𝑛∈ℕ converges to 𝑓 uniformly on 𝐷, then (𝑓𝑛(𝑥))𝑛∈ℕ
converges to 𝑓(𝑥) for all 𝑥 ∈𝐷.

Proof. Simply note that |𝑓(𝑥)−𝑓𝑛(𝑥)| ≤ ‖𝑓−𝑓𝑛‖𝐷  and apply the squeeze 
theorem. ∎

When working with bounded functions over 𝐷, we can understand the pre-
vious theorem as follows.

Theorem 7.30. Let 𝐷 ⊆ ℝ and let 𝑥 ∈ 𝐷. The evaluation map 𝑓 ∈ ℬ(𝐷) ↦
𝑓(𝑥) ∈ ℝ is a continuous linear map.

Proof. We simply observe that |𝑓(𝑥)| ≤ ‖𝑓‖𝐷  for all 𝑓 ∈ℬ(𝐷). ∎

Now, a deeper result is the completeness of the space of bounded func-
tions.

Theorem 7.31. The space ℬ(𝐷) is complete for any nonempty 𝐷 ⊆ℝ.

Proof. Let (𝑓𝑛)𝑛∈ℕ be a Cauchy sequence for the uniform norm. Let 𝑥 ∈𝐷. 
Since the evaluation map at 𝑥 is Lipschitz, the sequence (𝑓𝑛(𝑥))𝑛∈ℕ is Cauchy. 
Since ℝ is complete, the sequence (𝑓(𝑥𝑛))𝑛∈ℕ is convergent; let 𝑓(𝑥) = lim𝑛→∞ 𝑓𝑛(𝑥). 
Since for all 𝑥 ∈ 𝐷, we have |𝑓𝑛(𝑥)| ≤ ‖𝑓𝑛‖𝐷 , and (‖𝑓𝑛‖𝐷)𝑛∈ℕ is convergent, so 
it is bounded. Hence, 𝑓 ∶ 𝐷 →ℝ is bounded.

It remains to prove that (𝑓𝑛)𝑛∈ℕ converges uniformly to 𝑓 over 𝐷. Let 𝜀 > 0. 
Since (𝑓𝑛)𝑛∈ℕ is Cauchy for the uniform norm, there exists 𝑁 ∈ℕ such that, for 
all 𝑝,𝑞 ≥𝑁 , we have ‖𝑓𝑝 −𝑓𝑞‖𝐷 <

𝜀
2 . Let 𝑛 ≥𝑁 .
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Let now 𝑥 ∈ 𝐷. Since (𝑓𝑛(𝑥))𝑛∈ℕ converges to 𝑓(𝑥), there exists 𝑀𝑥 ∈ ℕ
such that, if 𝑚 ≥ 𝑀𝑥 , then |𝑓𝑛(𝑥) − 𝑓(𝑥)| < 𝜀

2 . Therefore, if 𝑝 ≥ max{𝑁,𝑀𝑥}, 
then:

|𝑓(𝑥)−𝑓𝑛(𝑥)| ≤ |𝑓(𝑥)−𝑓𝑝(𝑥)|+ |𝑓𝑝(𝑥)−𝑓𝑛(𝑥)|

<
𝜀
2
+
𝜀
2
= 𝜀.

Thus ‖𝑓𝑛 −𝑓‖𝐷 < 𝜀. This concludes our proof. ∎

7.3 The spaces of continuous functions
Since linear combinations of continuous functions are continuous, the follow-
ing concept is well-defined.

Definition 7.32. The subspace of bounded continuous functions over a subset 
𝐷 ⊆ℝ is denoted by 𝐶𝑏(𝐷).

We now prove that 𝐶𝑏(𝐷) is closed in ℬ(𝐷). In particular, it is complete.

Theorem 7.33. Let 𝐷 ⊆ℝ and 𝑎 ∈ cl(𝐷). If (𝑓𝑛)𝑛∈ℕ is sequence of functions over 
𝐷 such that, for all 𝑛 ∈ℕ, the function 𝑓𝑛  has a limit 𝑙𝑛  at 𝑎 along 𝐷, then:

1. (𝑙𝑛)𝑛∈ℕ converges to some 𝑙 ∈ ℝ,

2. the function 𝑓 ∶ 𝐷 →ℝ has limit 𝑙 at 𝑎 along 𝐷.

Proof. Let 𝜀 > 0. There exists 𝑁 ∈ℕ such that, if 𝑛 ≥𝑁 , then ‖𝑓𝑛 −𝑓‖𝐷 <
𝜀
3 .

Moreover, for each 𝑛 ∈ℕ, there exists 𝛿𝑛 > 0 such that if 𝑥 ∈𝐷 with |𝑥−𝑎| <
𝛿𝑛  then |𝑓𝑛(𝑥)−𝑙𝑛| < 𝜀

3 .
Let 𝑝,𝑞 ≥ 𝑁 . Let 𝑥 ∈ 𝐷 such that |𝑥 −𝑎| <min{𝛿𝑝,𝛿𝑞}, which exists since 

𝑎 ∈ cl(𝐷). Then

|𝑙𝑝 −𝑙𝑞| ≤ |𝑙𝑝 −𝑓𝑝(𝑥)|+ |𝑓𝑝(𝑥)−𝑓𝑞(𝑥)|+ |𝑓𝑞(𝑥)−𝑙𝑞|

<
𝜀
3
+
𝜀
3
+
𝜀
3
= 𝜀.

Thus, (𝑙𝑛)𝑛∈ℕ is Cauchy in ℝ. Since ℝ is complete, (𝑙𝑛)𝑛∈ℕ converges to some 
𝑙 ∈ ℝ.

Let now 𝑁 ′ ∈ ℕ such that, for all 𝑛 ≥ 𝑀 , we have |𝑙𝑛 − 𝑙| < 𝜀
3 . Let 𝑀 =

max{𝑁,𝑁 ′}.
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For all 𝑥 ∈𝐷, if |𝑥−𝑎| < 𝛿𝑀 , then:

|𝑓(𝑥)−𝑙| ≤ |𝑓(𝑥)−𝑓𝑀 (𝑥)|+ |𝑓𝑀 (𝑥)−𝑙𝑀 |+ |𝑙𝑀 −𝑙|

≤
𝜀
3
+
𝜀
3
+
𝜀
3
= 𝜀.

Therefore, 𝑓 converges to 𝑙 at 𝑎 along 𝐷. ∎

Corollary 7.34. Let 𝐷 ⊆ℝ and 𝑥 ∈ 𝐷. If (𝑓𝑛)𝑛∈ℕ is a sequence of functions over 
𝐷 which converges uniformly to some 𝑓, and if 𝑓𝑛  is continuous at 𝑥 for all 𝑛 ∈ℕ, 
then 𝑓 is continuous at 𝑥.

Proof. Since 𝑓𝑛(𝑥) = lim𝑡→𝑥
𝑡∈𝐷

𝑓𝑛(𝑡) for each 𝑛 ∈ℕ, and since lim𝑛→∞ 𝑓𝑛(𝑥) =
𝑓(𝑥), our result follows from Theorem (7.33). ∎

Theorem 7.35. The space 𝐶𝑏(𝐷) is a Banach space for the uniform norm.

Proof. Let (𝑓𝑛)𝑛∈ℕ be a Cauchy sequence in 𝐶𝑏(𝐷) for the uniform norm. 
By Theorem (7.33), the sequence (𝑓𝑛)𝑛∈ℕ converges uniformly to a bounded 
function 𝑓 ∶ 𝐷 → ℝ over 𝐷. By Corollary (7.34), the function 𝑓 is continuous 
over 𝐷. ∎

We conclude this section by exhibiting a dense subspace of functions in 
𝐶𝑏(𝐾) for any compact set 𝐾 ⊆ ℝ. The idea here is to introduce some class 
of functions on which, for instance, defining the integral as a continuous lin-
ear function is relatively easy, and then extend our integral to the closure of 
that space of nice functions. This is one reason, among many, to find dense 
subspaces of continuous functions. We thus have the following.

Theorem 7.36. If 𝑓 ∶ 𝐾 → ℝ is a continuous function over a compact subset 
𝐾 ⊆ℝ of ℝ, then for all 𝜀 > 0, there exists a continuous piecewise affine function 
𝑔 ∶ 𝐾 →ℝ such that ‖𝑓−𝑔‖𝐾 < 𝜀.

Proof. Let 𝜀 > 0. Since 𝑓 ∶ 𝐾 → ℝ is continuous over the compact set 𝐾 , it 
is uniformly continuous. Thus, there exists 𝛿 > 0 such that, for all 𝑥,𝑦 ∈ 𝐾 , if 
|𝑥 −𝑦| < 𝛿, then |𝑓(𝑥)−𝑓(𝑦)| < 𝜀. Let 𝑁 ≔max{𝑛 ∈ ℕ ∶ 𝑎 +𝑛𝛿 ≤ 𝑏}, and for 
all 𝑗 ∈ {0,…,𝑁}, let 𝜎𝑗 ≔𝑎+𝑗𝛿 and 𝜎𝑁+1 ≔𝑏.

For all 𝑥 ∈ [𝑎,𝑏], there exists 𝑗 ∈ {0,…,𝑁} such that 𝜎0 ≤ 𝑥 < 𝜎𝑗+1, and we 
set

𝑔(𝑥)≔
𝑥−𝜎𝑗

𝜎𝑗+1−𝜎𝑗
𝑓(𝜎𝑗)+

𝜎𝑗+1−𝑥
𝜎𝑗+1−𝜎

𝑓(𝜎𝑗+1).
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By construction, 𝑔 is continuous and piecewise affine. Moreover, for all 𝑥 ∈ 𝐾 , 
we estimate:

|𝑔(𝑥)−𝑓(𝑥)| = |
𝑥−𝜎𝑗

𝜎𝑗+1−𝜎𝑗
𝑓(𝜎𝑗)+

𝜎𝑗+1−𝑥
𝜎𝑗+1−𝜎𝑗

𝑓(𝜎𝑗+1)−𝑓(𝑥)|

≤
1

𝜎𝑗+1−𝜎𝑗
(|𝑥−𝜎𝑗||𝑓(𝜎𝑗)−𝑓(𝑥)|+ |𝑥−𝜎𝑗+1||𝑓(𝜎𝑗+1)−𝑓(𝑥)|)

≤
1

𝜎𝑗+1−𝜎𝑗
((𝑥−𝜎𝑗)+ (𝜎𝑗+1−𝑥))𝜀

= 𝜀.

So ‖𝑓−𝑔‖𝐾 < 𝜀, as claimed. ∎

8 The regulated integral

8.1 Subdivisions
Definition 8.1. A subdivision (𝜎𝑗)𝑛𝑗=0 of [𝑎,𝑏], where 𝑛 ∈ℕ∖{0}, is a family of 
numbers in [𝑎,𝑏] indexed by {0,…,𝑛}, such that 𝑎 = 𝜎0 < 𝜎1 < ⋯ < 𝜎𝑛 = 𝑏. 
The size #𝜎 of 𝜎 is 𝑛.

Theorem 8.2. If 𝐹 ⊆ [𝑎,𝑏], there is a unique subdivision 𝜎 of [𝑎,𝑏] such that 
{𝜎𝑗 ∶ 𝑗 ∈ {0,…,#𝜎} = 𝐹 ∪{𝑎,𝑏}.

Proof. This is immediate via a simple induction since the order on ℝ is lin-
ear. ∎

Definition 8.3. If 𝜎 and 𝜂 are two subdivisions of [𝑎,𝑏], then we declare 𝜎 ≤ 𝜂
when {𝜂0,…,𝜂𝑛} ⊆ {𝜎0,…,𝜎𝑛}.

Theorem 8.4. The relation ≤ is an order on the set of subdivisions of [𝑎,𝑏].

Proof. This is immediate (note that 𝜎 ≤ 𝜂 and 𝜂 ≤ 𝜎 implies these two sub-
divisions have the same range, and there is only one subdivision with a given 
range). ∎

Definition 8.5. If 𝜎 and 𝜂 are two subdivisions of [𝑎,𝑏], then we denote by 
𝜎∧𝜂 the unique subdivision of [𝑎,𝑏] with range {𝜎0,…,𝜎#𝜎}∪ {𝜂0,…,𝜂#𝜂}.
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Theorem 8.6. If 𝜎 and 𝜂 are two subdivisions of [𝑎,𝑏], then 𝜎∧𝜂 is the infimum 
of {𝜎,𝜂}.

Proof. By construction, 𝜎∧𝜂 ≤ 𝜎 and 𝜎∧𝜂 ≤ 𝜂. Moreover, let 𝜁 be a subdi-
vision of [𝑎,𝑏] such that 𝜁 ≤ 𝜎 and 𝜁 ≤ 𝜂. Then 𝜁 ≤ 𝜎∧𝜂 by construction. ∎

8.2 Our Scheme
We can now use our work to define our first integral on the space of continuous 
functions over a compact interval, as a special continuous linear functional. 
To this end, we first identify a dense subspace of 𝐶𝑏([𝑎,𝑏]) where it is easy to 
construct the integral as a continuous linear function. We propose here the 
continuous piecewise affine functions as our “nice functions”.

We then define the integral on the space of “nice functions”. We will say 
a subdivision 𝜎 of [𝑎,𝑏] is adapted to a piecewise affine continuous function 
𝑓 ∶ [𝑎,𝑏] → ℝ when 𝑓 restricts to an affine function on each of [𝜎𝑗−1,𝜎𝑗] for 
𝑗 ∈ {1,…,#𝜎}.

Lemma 8.7. If 𝑓 ∶ [𝑎,𝑏]→ℝ is a continuous piecewise affine function, and if 𝜎
and 𝜂 are two subdivisions of [𝑎,𝑏] adapted to 𝑓, then

#𝜎
∑
𝑗=1

𝜎𝑗 −𝜎𝑗−1
2

(𝑓(𝜎𝑗)+𝑓(𝜎𝑗−1)) =
#𝜂
∑
𝑗=1

𝑒𝑡𝑎𝑗 −𝜂𝑗−1
2

(𝑓(𝜂𝑗)+𝑓(𝜂𝑗−1)) .

Proof. First, assume 𝜎 ≤ 𝜂. Then
#𝜎
∑
𝑗=1

(𝜎𝑗 −𝜎𝑗−1)
2

(𝑓(𝜎𝑗)+𝑓(𝜎𝑗−1)) =
#𝜂
∑
𝑗=1

∑
{𝑘∶𝜂𝑗−1<𝜎𝑘≤𝜂𝑗+1}

𝜎𝑘 −𝜎𝑘−1
2

(𝑓(𝜎𝑘)+𝑓(𝜎𝑘−1))

=
#𝜂
∑
𝑗=1

𝜂𝑗 −𝜂𝑗−1
2

(𝑓(𝜂𝑗)+𝑓(𝜂𝑗−1)) .

Now, assume 𝜂 and 𝜎 are adapted to 𝑓. Then 𝜁 ≔ 𝜂∧𝜎 is also adapted to 
𝑓, and our result follows from the transitivity of equality. ∎

Definition 8.8. If 𝑓 ∶ [𝑎,𝑏]→ℝ is a continuous piecewise affine function with 
adapted subdivision 𝜎0 <𝜎1 <⋯<𝜎𝑛, then we define

∫
𝑏

𝑎
𝑓 ≔

𝑛
∑
𝑗=1

(𝜎𝑗 −𝜎𝑗−1)
2

(𝑓(𝜎𝑗)+𝑓(𝜎𝑗−1)) .
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We then check that our integral is indeed linear and continuous.

Theorem 8.9. If 𝑓,𝑔 are continuous piecewise affine over [𝑎,𝑏], and if 𝑡 ∈ ℝ, 
then ∫𝑏

𝑎 (𝑡𝑓+𝑔) = 𝑡∫𝑏
𝑎 𝑓+∫𝑏

𝑎 𝑔.

Proof. Let 𝜎 be a subdivision of [𝑎,𝑏] adapted to 𝑓 and 𝜂 be a subdivision 
of [𝑎,𝑏] adapted to 𝑔. Let 𝜁 = 𝜎∧𝜂. Then 𝜁 is adapted to both 𝑓 and 𝑔. A direct 
computation then concludes our proof. ∎

Theorem 8.10. If 𝑓 ∈ 𝐶𝑏([𝑎,𝑏]) is piecewise affine, then |∫𝑏
𝑎 𝑓| ≤ ∫𝑏

𝑎 |𝑓| ≤ (𝑏 −
𝑎)‖𝑓‖[𝑎,𝑏].

Proof. We observe first that |𝑓| is a continuous piecewise affine function 
over [𝑎,𝑏]. We simply compute:

|∫
𝑏

𝑎
𝑓| = |

𝑛
∑
𝑗=1

𝜎𝑗 −𝜎𝑗−1
2

(𝑓(𝜎𝑗)+𝑓(𝜎𝑗−1)|

≤
𝑛
∑
𝑗=1

𝜎𝑗 −𝜎𝑗−1
2

(|𝑓(𝜎𝑗)|+ |𝑓(𝜎𝑗−1)|)

=∫
𝑏

𝑎
|𝑓|

≤
𝑛
∑
𝑗=1

𝜎𝑗 −𝜎𝑗−1
2

(‖𝑓‖[𝑎,𝑏]+‖𝑓‖[𝑎,𝑏])

= (𝑏 −𝑎)‖𝑓‖[𝑎,𝑏] .

This concludes our proof. ∎

Thus, we can extend uniquely ∫𝑏
𝑎 , using Theorem (7.23), as a continuous 

linear function of norm 𝑏−𝑎 to the closure of the space of continuous piece-
wise affine functions over [𝑎,𝑏], which is the entire space of continuous func-
tions over [𝑎,𝑏].

Thus defined, our integral on 𝐶[𝑎,𝑏] is linear and continuous. It is easy 
from the definition to also check that ∫𝑏

𝑎 𝑓 = ∫𝑐
𝑎 𝑓 +∫

𝑏
𝑐 𝑓 for any 𝑓 ∈ 𝐶[𝑎,𝑏]

and 𝑐 ∈ [𝑎,𝑏].
It is easy to check that, for any 𝑔 ∈ 𝐶𝑏[𝑎,𝑏], the function 𝑓 ∈ 𝐶𝑏[𝑎,𝑏] ↦

∫𝑏
𝑎 𝑓𝑔 is again a continuous linear function. Thus, we have discovered many 

continuous linear functionals of the space 𝐶𝑏[𝑎,𝑏]: integration with some 
“density” function and evaluation maps (and all their linear combinations). 
While this is not an exhaustive list, it is indeed progress toward understanding 
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the continuous linear functionals of 𝐶[𝑎,𝑏] — a full picture is indeed all about 
integration, but in the sense of Lebesgue.

Indeed, one interesting feature of integration is that it can be extended to 
much more general spaces of functions. We now repeat our scheme but we go 
out of the space of continuous functions; we remain within the general Rie-
mannian framework, however.

8.3 Regulated functions
Definition 8.11. A function 𝑓 ∶ [𝑎,𝑏] → ℝ is a step function when there exists 
some subdivision (𝜎𝑗)𝑛𝑗=0 of [𝑎,𝑏] such that the restriction of 𝑓 to (𝜎𝑗 ,𝜎𝑗+1) is 
constant for all 𝑗 ∈ {0,…,𝑛}.

Theorem 8.12. The space ℰ([𝑎,𝑏]) of step functions on [𝑎,𝑏] is a vector space.

Proof. Straightforward. ∎

Definition 8.13. A function 𝑓 ∶ [𝑎,𝑏] → ℝ is regulated over [𝑎,𝑏] when for all 
𝜀 > 0, there exists a step function 𝑔 ∶ [𝑎,𝑏]→ℝ such that ‖𝑓−𝑔‖[𝑎,𝑏] < 𝜀.

Theorem 8.14. The space ℛ𝑒𝑔([𝑎,𝑏]) of all regular functions over [𝑎,𝑏] is a 
vector space.

Theorem 8.15. A function 𝑓 ∶ [𝑎,𝑏] → ℝ is regulated over [𝑎,𝑏] if, and only 
if, the function 𝑓 has a left limit at every 𝑡 ∈ (𝑎,𝑏] and a right limit at every 
𝑡 ∈ [𝑎,𝑏).

Proof. First, assume 𝑓 is regulated. Since every step function has a left 
limit at every point in (𝑎,𝑏], and 𝑓 is the uniform limit of step functions, 𝑓 has 
a left at every point of (𝑎,𝑏] as well, by Theorem (7.33). The same reasoning 
applies for the right limits.

Second, assume that 𝑓 has left and right limits at every point in [𝑎,𝑏]. Let 
𝐾 = {𝑐 ∈ [𝑎,𝑏] ∶ ∃𝑔 step function ‖𝑓−𝑔‖[𝑎,𝑐] < 𝜀}. Note that 𝑎 ∈ 𝐾  and 𝐾  is 
bounded above by 𝑏, so 𝐾  has a supremum 𝑑.

We first prove that 𝑑 ∈ 𝐾 . Since 𝑓 has a left limit at 𝑑, there exists 𝛿 > 0 such 
that for all 𝑡 ∈ [𝑎,𝑑], if 𝑑− 𝑡 < 𝛿, then | lim𝑑− 𝑓 −𝑓(𝑡)| < 𝜀. Since 𝑑 = sup𝐾 , 
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there exists 𝑡 ∈ 𝐾  with 𝑑−𝑡 < 𝛿. Thus, there exists a step function 𝑔 ∶ [𝑎,𝑡]→ ℝ
such that ‖𝑓−𝑔‖[𝑎,𝑡] < 𝜀. Now, we define the following function:

ℎ ∶ 𝑥 ∈ [𝑎,𝑑]⟼
{



𝑔(𝑥)  if 𝑥 ∈ [𝑎,𝑡],
lim𝑑− 𝑓  if 𝑥 ∈ (𝑡,𝑑),
𝑓(𝑑)  if 𝑥 = 𝑑.

The function ℎ is a step function by construction, and ‖𝑓−ℎ‖[𝑎,𝑑] < 𝜀 by our 
choice of 𝛿. Therefore, 𝑑 ∈ 𝐾 .

We now prove that 𝑑 = 𝑏. Assume that 𝑑 < 𝑏. Since 𝑓 then has a right limit 
at 𝑑, we conclude that there exists 𝛿 > 0 such that if 𝑡 ∈ [𝑑,𝑏] and 𝑡−𝑏 < 𝛿 then 
|𝑓(𝑡)−lim𝑑+ 𝑓| < 𝜀. Since 𝑑 ∈ 𝐾 , there exists a step function 𝑔 ∶ [𝑎,𝑑]→ℝ such 
that ‖𝑓−𝑔‖[𝑎,𝑑] < 𝜀. Write 𝜛 = 𝛿

2 > 0. We now set:

ℎ ∶ 𝑡 ∈ [𝑎,𝑑+𝛿]⟼{
𝑔(𝑡) if 𝑡 ∈ [𝑎,𝑑], 
lim𝑑+ 𝑓 if 𝑡 ∈ (𝑑,𝑑+𝜛].

Then ℎ is a step function over [𝑎,𝑑+𝜛] with 𝜛 > 0 such that ‖𝑓−ℎ‖[𝑎,𝑑+𝜛] < 𝜀, 
by construction. Thus 𝑑+𝜛 ∈ 𝐾 , which is a contradiction since 𝑑+𝜛 > 𝑑. So 
𝑑 = 𝑏.

Therefore, 𝑏 ∈ 𝐾 , and therefore, there exists a step function 𝑔 ∶ [𝑎,𝑏] → ℝ
such that ‖𝑓−𝑔‖[𝑎,𝑏] < 𝜀, as claimed. ∎

Corollary 8.16. Every continuous function on [𝑎,𝑏] is regulated on [𝑎,𝑏].

8.4 Integral of step functions
Lemma 8.17. If 𝜑 is a step function, and both 𝜎 and 𝜂 are subdivisions of [𝑎,𝑏]
adapted to 𝜑, then

#𝜎
∑
𝑗=1
(𝜎𝑗 −𝜎𝑗−1)𝜑(𝜉𝑗) =

#𝜂
∑
𝑗=1
(𝜂𝑗 −𝜂𝑗−1)𝜑(𝜁𝑗)

for any family (𝜉1,…,𝜉#𝜎) such that 𝜎0 < 𝜉1 <𝜎1 < 𝜉2 <⋯<𝜎#𝜎  and any family 
(𝜁1,…,𝜁#𝜂) such that 𝜂0 < 𝜁1 < 𝜂1 < 𝜁2 <⋯< 𝜂#𝜂.

Proof. First, assume 𝜎 ≤ 𝜂. Then, noting that 𝜑 is constant on any interval 
of the form [𝜂𝑗−1,𝜂] for 𝑗 ∈ {1,…,#𝜂−1},

#𝜎
∑
𝑗=1
(𝜎𝑗 −𝜎𝑗−1)𝜑(𝜉𝑗) =

#𝜂
∑
𝑗=1

∑
{𝑘∶𝜂𝑗−1<𝜎𝑘≤𝜂𝑗}

(𝜎𝑗 −𝜎𝑗−1)𝜑(𝜁𝑗)
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=
#𝜂
∑
𝑗=1
(𝜂𝑗 −𝜂𝑗−1)𝜑(𝜁𝑗).

We obtain our theorem by setting, in general, 𝜎′ =𝜎∧𝜂. ∎

Definition 8.18. If 𝜑 ∈ ℰ[𝑎,𝑏] then we define

∫
𝑏

𝑎
𝜑≔

#𝜎
∑
𝑗=1
(𝜎𝑗 −𝜎𝑗−1)𝜑(𝜉𝑗)

for some subdivision 𝜎 of [𝑎,𝑏] adapted to 𝜑, and for some numbers 𝜉1,…,𝜉#𝜎
such that

𝜎0 < 𝜉1 <𝜎1 < 𝜉2 <𝜎2 <⋯<𝜎#𝜎 .

We check that our integral is indeed linear and continuous.

Theorem 8.19. For all 𝜑,𝜓 ∈ ℰ[𝑎,𝑏] and for all 𝑡 ∈ ℝ, we have:

∫
𝑏

𝑎
(𝑡𝜑+𝜓) = 𝑡∫

𝑏

𝑎
𝜑+∫

𝑏

𝑎
𝜓.

Proof. This follows from a direct computation. ∎

Theorem 8.20. For all 𝑓 ∈ ℰ[𝑎,𝑏], we have:

|∫
𝑏

𝑎
𝑓| ≤∫

𝑏

𝑎
|𝑓| ≤ (𝑏 −𝑎)‖𝑓‖[𝑎,𝑏] .

Proof. We simply note that if 𝑓 ∈ ℰ[𝑎,𝑏] then |𝑓| ∈ ℰ[𝑎,𝑏], and moreover:

|∫
𝑏

𝑎
𝜑| ≤

#𝜎
∑
𝑗=1
(𝜎𝑗 −𝜎𝑗−1) |𝜑(𝜉𝑗)|

= 𝑖𝑛𝑡𝑏𝑎 |𝑓|

≤
#𝜎
∑
𝑗=1
(𝜎𝑗 −𝜎𝑗−1)‖𝑓‖[𝑎,𝑏] = (𝑏−𝑎)‖𝑓‖[𝑎,𝑏] .

This completes our proof. ∎
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Thus the integral of step function is a continuous linear function over the 
space ℰ[𝑎,𝑏]. It has two additional and helpful properties, which are both 
very easy to check.

Theorem 8.21. If 𝜑 ∈ ℰ[𝑎,𝑏] is nonnegative, then ∫𝑏
𝑎 𝜑 ≥ 0.

Theorem 8.22  (Chasles’ relation). If 𝜑 ∈ ℰ[𝑎,𝑏] and 𝑐 ∈ [𝑎,𝑏] then ∫𝑏
𝑎 𝜑 =

∫𝑐
𝑎 𝜑+∫

𝑏
𝑐 𝜑.

Note that ∫𝑐
𝑎 𝜑 = ∫𝑏

𝑎 𝜑 ⋅ 1[𝑎,𝑐], so Chasles’ relation is a consequence of lin-
earity.

8.5 Integral of regulated functions
Definition 8.23. The regulated integral ∫𝑏

𝑎  over the space ℛ𝑒𝑔[𝑎,𝑏] of reg-
ulated functions over [𝑎,𝑏] is the unique, continuous linear extension of the 
integral on step functions.

From all our efforts, we derive:

Theorem 8.24. The regulated integral is a continuous linear functional over 
ℛ[𝑎,𝑏] of norm 𝑏−𝑎 and such that

∀𝑓 ∈ℛ[𝑎,𝑏] |∫
𝑏

𝑎
𝑓| ≤∫

𝑏

𝑎
|𝑓| ≤ (𝑏 −𝑎)‖𝑓‖[𝑎,𝑏] ,

and for all 𝑐 ∈ [𝑎,𝑏], and for all 𝑓 ∈ 𝑟𝑒𝑔[𝑎,𝑏],

∫
𝑏

𝑎
𝑓 =∫

𝑐

𝑎
𝑓+∫

𝑏

𝑐
𝑓.

We note that ∫𝑏
𝑎 1 = 𝑏 −𝑎 = |||∫𝑏

𝑎 |||
ℝ
ℛ𝑒𝑔[𝑎,𝑏], which implies the positivity of 

the integral as well.

Theorem 8.25. If 𝑓 ∈ℛ𝑒𝑔[𝑎,𝑏] and 𝑓 ≥ 0, then ∫𝑏
𝑎 𝑓 ≥ 0.

Proof. First, observe that if 𝑓 ≥ 0 then ‖‖𝑓‖[𝑎,𝑏]−𝑓‖[𝑎,𝑏] ≤ ‖𝑓‖[𝑎,𝑏]. We 
then have:

‖𝑓‖[𝑎,𝑏] |||∫
𝑏

𝑎
||| −∫

𝑏

𝑎
𝑓 =∫

𝑏

𝑎
(‖𝑓‖[𝑎,𝑏]−𝑓) ≤ |||∫

𝑏

𝑎
||| ‖‖𝑓‖[𝑎,𝑏]−𝑓‖[𝑎,𝑏] ≤ |||∫

𝑏

𝑎
||| ‖𝑓‖[𝑎,𝑏] .

Therefore, ∫𝑏
𝑎 𝑓 ≥ 0. ∎
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We now have two integrals defined on the space of continuous functions 
over a compact interval. Choosing another set of “nice” functions could lead to 
many other constructions. We need to reconcile all these integrals — and learn 
how to actually compute them. This is the matter of the following section.

9 The integral of continuous functions over seg-
ment: characterization

In this section, we prove that there is only one possible positive linear func-
tional over the space of continuous functions over [𝑎,𝑏], which maps the con-
stant 1 to 𝑏 −𝑎, and which has the Chasles property. In fact, we will use only 
three basic properties which we have established above: Chasles’ relation, 
positivity, and the normalization.

Hypothesis 9.1. We will assume given a real-valued function which, to any 
segment [𝑎,𝑏] of ℝ and any continuous function 𝑓 ∶ [𝑎,𝑏] → ℝ, associates 
a real number ∫𝑏

𝑎 𝑓 (also denoted by ∫𝑏
𝑎 𝑓(𝑥)𝑑𝑥 with 𝑥 a dummy variable), 

which satisfies the following three Conditions (9.2), (9.3), and (9.4).

Condition 9.2  (Normalization). For all 𝑘 ∈ ℝ, if 𝑎 ≤ 𝑏 ∈ ℝ, then ∫𝑏
𝑎 𝑘 = 𝑘(𝑏−𝑎).

𝑥

𝑦

𝑘

𝑎 𝑏

Normalization: ∫𝑏
𝑎 𝑘 = 𝑘(𝑏−𝑎).

Condition 9.3  (Chasles). For all 𝑎 ≤ 𝑏 ∈ ℝ, for all continuous functions 𝑓 ∶
[𝑎,𝑏]→ℝ, the following assertion holds for all 𝑐 ∈ [𝑎,𝑏]:

∫
𝑏

𝑎
𝑓 =∫

𝑐

𝑎
𝑓+∫

𝑏

𝑐
𝑓.
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𝑥

𝑦

𝑓

𝑎 𝑐 𝑏

Chasles: If 𝑎 ≤ 𝑐 ≤ 𝑏, then ∫𝑏
𝑎 𝑓 = ∫𝑐

𝑎 𝑓+∫
𝑏
𝑐 𝑓.

Condition 9.4  (Positivity). For all 𝑎 ≤ 𝑏 ∈ ℝ, for all continuous functions 𝑓 ∶
[𝑎,𝑏]→ℝ and 𝑔 ∶ [𝑎,𝑏]→ℝ, if

∀𝑥 ∈ [𝑎,𝑏] 𝑓(𝑥) ≤ 𝑔(𝑥).

𝑥

𝑦

𝑔

𝑓

𝑎 𝑏

Positivity: If 𝑓 ≤ 𝑔 on [𝑎,𝑏], then ∫𝑏
𝑎 𝑓 ≤ ∫𝑏

𝑎 𝑔.

We record a few very simple properties our integral posses, immediately 
following our conditions.

Proposition 9.5.  Let 𝑎 ∈ ℝ and 𝑓 be a function defined at 𝑎. Then:

∫
𝑎

𝑎
𝑓 = 0.
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Proof. When restricted to {𝑎} = [𝑎,𝑎], the function 𝑓 is constant (hence, 
continuous) with value 𝑓(𝑎), so by Condition (9.2), we have:

∫
𝑎

𝑎
𝑓 = 𝑓(𝑎)(𝑎 −𝑎) = 0,

as claimed. ∎

Our conditions immediately imply very crucial bounds on the integral of 
any continuous function over a segment.

Proposition 9.6. Let 𝑎 ≤ 𝑏 ∈ ℝ and let 𝑓 be a real-valued continuous function 
on [𝑎,𝑏]. Let 𝑚,𝑀 ∈ ℝ such that for all 𝑥 ∈ [𝑎,𝑏] we have 𝑚≤𝑓(𝑥) ≤𝑀 . Then:

𝑚(𝑏−𝑎) ≤∫
𝑏

𝑎
𝑓 ≤𝑀(𝑏−𝑎).

Remark 9.7. Since 𝑓 is a continuous function on the compact set [𝑎,𝑏], the 
function 𝑓 is bounded (and reaches its b4ounds) by the extreme value theo-
rem, so there always exists 𝑚,𝑀  such that 𝑚≤𝑓 ≤𝑀  on [𝑎,𝑏].

Proof. By Condition (9.4), since 𝑓 ≤𝑀  on [𝑎,𝑏], we conclude:

∫
𝑏

𝑎
𝑓 ≤∫

𝑏

𝑎
𝑀 .

Now by Condition (9.2), we compute that ∫𝑏
𝑎 𝑀 = 𝑀(𝑏 − 𝑎), hence ∫𝑏

𝑎 𝑓 ≤
𝑀(𝑏−𝑎), as claimed.

The proof of the other inequality is similar. ∎

We can extend the definition of the integral ∫ in a manner which preserves 
the Chasles relation.

Definition 9.8. For all 𝑎 ≤ 𝑏 ∈ ℝ, and for all continuous functions 𝑓 on [𝑎,𝑏], 
we set

∫
𝑎

𝑏
𝑓 = −∫

𝑏

𝑎
𝑓.

Proposition 9.9. Let 𝑎,𝑏,𝑐 ∈ ℝ and let 𝑓 be a continuous function on some 
interval containing 𝑎,𝑏,𝑐. Then:

∫
𝑏

𝑎
𝑓+∫

𝑐

𝑏
𝑓+∫

𝑎

𝑐
𝑓 = 0.
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Proof. Assume 𝑎 ≤ 𝑏 ≤ 𝑐. By Condition (9.3), we then have ∫𝑐
𝑎 𝑓 = ∫𝑏

𝑎 𝑓 +
∫𝑐
𝑏 𝑓, so

∫
𝑏

𝑎
𝑓+∫

𝑐

𝑏
𝑓+∫

𝑎

𝑐
𝑓 =∫

𝑐

𝑎
𝑓+∫

𝑎

𝑐
𝑓 = 0.

Using commutativity and associativity of the addition for real numbers, 
this proof also includes the cases 𝑏 ≤ 𝑐 ≤ 𝑎 and 𝑐 ≤ 𝑎 ≤ 𝑏.

Assume now 𝑏 ≤ 𝑎 ≤ 𝑐. Then:

∫
𝑏

𝑎
𝑓+∫

𝑐

𝑏
𝑓+∫

𝑎

𝑐
𝑓 = −∫

𝑎

𝑏
𝑓+∫

𝑐

𝑏
𝑓−∫

𝑐

𝑎
𝑓

=∫
𝑐

𝑏
−(∫

𝑎

𝑏
𝑓+∫

𝑐

𝑎
𝑓)

=∫
𝑐

𝑏
−∫

𝑐

𝑏
𝑓 = 0,

as expected. Again, this proof also deals with the cases 𝑎 ≤ 𝑐 ≤ 𝑏 and 𝑐 ≤ 𝑏 ≤
𝑎. This concludes our proof. ∎

A first observation is that we can define Lipschitz functions by integrating 
continuous functions.

Proposition 9.10. If 𝑓 ∶ [𝑎,𝑏] → ℝ is a continuous function, and if 𝐹 ∶ 𝑥 ∈
[𝑎,𝑏] → ∫𝑥

𝑎 𝑓, then the function 𝐹 is ‖𝑓‖∞-Lipschitz on [𝑎,𝑏] — thus, in par-
ticular, it is continuous on [𝑎,𝑏].

Proof. Since 𝑓 is continuous over the compact interval [𝑎,𝑏], it is bounded; 
we recall that ‖𝑓‖∞ = sup{|𝑓(𝑥)| ∶ 𝑥 ∈ [𝑎,𝑏]}. Therefore, for all 𝑥 ∈ [𝑎,𝑏], we 
have −‖𝑓‖∞ ≤ 𝑓(𝑥) ≤ ‖𝑓‖∞. By Proposition (9.6), we thus conclude that, for 
all 𝑥,𝑦 ∈ [𝑎,𝑏], if 𝑥 ≤ 𝑦, then

−‖𝑓‖∞ (𝑦−𝑥) ≤ 𝐹(𝑥)−𝐹(𝑦) =∫
𝑦

𝑥
𝑓 ≤ ‖𝑓‖∞ (𝑦−𝑥),

so |𝐹(𝑥)−𝐹(𝑦)| ≤ ‖𝑓‖∞ |𝑥 −𝑦|. If 𝑥,𝑦 ∈ [𝑎,𝑏] and 𝑦 ≤ 𝑥, then since |𝐹(𝑥)−
𝐹(𝑦)| = |𝐹(𝑦)−𝐹(𝑥)|, we also conclude that |𝐹(𝑥)−𝐹(𝑦)| ≤ ‖𝑓‖∞ |𝑥−𝑦|, as 
needed. Our proof is complete. ∎

The fundamental idea for this section is to relate the integral and the deriva-
tion. We thus introduce a central definition.
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Definition 9.11. Let 𝑓 ∶ [𝑎,𝑏]→ℝ be a function. An antiderivative 𝐹 ∶ [𝑎,𝑏]→
ℝ of 𝑓 on [𝑎,𝑏] is a continuous function over [𝑎,𝑏], differentiable over (𝑎,𝑏), 
and such that

∀𝑥 ∈ (𝑎,𝑏) 𝐹′(𝑥) = 𝑓(𝑥).

The reason for the specific properties listed in Definition (9.11) is explained 
by the following observation: antiderivatives of a given function over a fixed 
interval differ by a constant.

Proposition 9.12. If 𝑓 ∶ [𝑎,𝑏] → ℝ is a function, if 𝐹 ∶ [𝑎,𝑏] → ℝ is an an-
tiderivative of 𝑓 on [𝑎,𝑏], then any function 𝐺 ∶ [𝑎,𝑏] → ℝ is an antiderivative 
of 𝑓 on [𝑎,𝑏] if, and only if, there exists 𝑐 ∈ ℝ such that 𝐹 =𝐺+𝑐, i.e.

∀𝑥 ∈ [𝑎,𝑏] 𝐹(𝑥) = 𝐺(𝑥)+𝑐.

We can now relate our integral on continuous functions and antideriva-
tives.

Theorem 9.13. Let 𝑎 ≤ 𝑏 ∈ ℝ. If 𝑓 ∶ [𝑎,𝑏] → ℝ be a continuous function on 
[𝑎,𝑏], and if we define:

𝐹 ∶ 𝑥 ∈ [𝑎,𝑏]↦∫
𝑥

𝑎
𝑓,

then 𝐹 is an antiderivative of 𝑓 on [𝑎,𝑏].

Proof. Proposition (9.10) immediately implies that 𝐹 is Lipschitz, hence 
continuous, on [𝑎,𝑏].

Let 𝑥 ∈ (𝑎,𝑏) and let ℎ > 0 such that 𝑥+ℎ ∈ (𝑎,𝑏). We then compute:

1
ℎ
(𝐹(𝑥+ℎ)−𝐹(𝑥)) =

1
ℎ
(∫

𝑥+ℎ

𝑎
𝑓−∫

𝑥

𝑎
𝑓) (9.1)

=
1
ℎ
(∫

𝑥+ℎ

𝑥
𝑓) by Proposition (9.9).

Now, as 𝑓 is continuous on [𝑎,𝑏], it is continuous on [𝑥,𝑥 + ℎ], so by the 
Extreme Value Theorem, there exists 𝑚ℎ,𝑀ℎ ∈ [𝑥,𝑥 +ℎ] such that for all 𝑡 ∈
[𝑥,𝑥+ℎ], we have:

𝑓(𝑚ℎ) ≤ 𝑓(𝑡) ≤ 𝑓(𝑀ℎ).
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Thus, by Proposition (9.6), we have:

ℎ𝑓(𝑚ℎ) ≤∫
𝑥+ℎ

𝑥
𝑓 ≤ ℎ𝑓(𝑀ℎ). (9.2)

Together with Expression (9.1) we obtain:

𝑓(𝑚ℎ) ≤
1
ℎ
(𝐹(𝑥+ℎ)−𝐹(𝑥)) ≤ 𝑓(𝑀ℎ).

Now, since 𝑥 ≤ 𝑚ℎ ≤ 𝑥+ℎ and limℎ→0
ℎ>0

𝑥 = limℎ→0
ℎ>0

𝑥+ℎ = 𝑥, we conclude by 
the Squeeze Theorem that limℎ→0

ℎ>0
𝑚ℎ = 𝑥. Since 𝑓 is continuous at 𝑥, we then 

conclude that limℎ→0
ℎ>0

𝑓(𝑚ℎ) = 𝑓(𝑥).
Similarly, we prove that limℎ→0

ℎ>0
𝑓(𝑀ℎ) = 𝑓(𝑥). Hence, Expression (9.2) and 

the Squeeze theorem imply together that:

lim
ℎ→0
ℎ>0

1
ℎ
(𝐹(𝑥+ℎ)−𝐹(𝑥)) = 𝑓(𝑥). (9.3)

The same method applies to show that limℎ→0
ℎ<0

1
ℎ (𝐹(𝑥+ℎ)−𝐹(𝑥)) = 𝑓(𝑥), so 

we only sketch this part.
Let ℎ < 0 be given so that 𝑥+ℎ ∈ (𝑎,𝑏). Then:

1
ℎ
(𝐹(𝑥+ℎ)−𝐹(𝑥)) =

1
ℎ
∫
𝑥+ℎ

𝑥
𝑓

=
−1
ℎ
∫
𝑥

𝑥+ℎ
𝑓.

By the extreme value theorem, there exist 𝑚ℎ,𝑀ℎ ∈ [𝑥+ℎ,𝑥] such that 𝑓(𝑚ℎ) ≤
𝑓(𝑡) ≤ 𝑓(𝑀ℎ) for all 𝑡 ∈ [𝑥 +ℎ,𝑥]. Thus by Condition (9.4), and noting that 
𝑥+ℎ < 𝑥, we have:

−ℎ𝑓(𝑚ℎ) ≤∫
𝑥

𝑥+ℎ
𝑓 ≤ −ℎ𝑓(𝑀ℎ).

Thus:
𝑓(𝑚ℎ) ≤

1
ℎ
(𝐹(𝑥+ℎ)−𝐹(𝑥)) ≤ 𝑓(𝑀ℎ)

so we conclude,as before, by the Squeeze theorem, that

lim
𝑥→0
ℎ<0

1
ℎ
(𝐹(𝑥+ℎ)−𝐹(𝑥)) = 𝑓(𝑥). (9.4)
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Therefore, by Expressions (9.1) and (9.2), the function 𝐹 is differentiable at 
𝑥, and 𝐹′(𝑥) = 𝑓(𝑥), as stated. Thus, 𝐹 is continuous on [𝑎,𝑏], differentiable 
on (𝑎,𝑏), and 𝐹′ = 𝑓 on (𝑎,𝑏), so our theorem is proven. ∎

Remark 9.14. Theorem (9.13) proves that, if an operation satisfying Conditions 
(9.2), (9.3) and (9.4) exists, then any continuous function 𝑓 ∶ [𝑎,𝑏] → ℝ must 
have at least one, and thus infinitely many, antiderivatives.

We thus can compute integrals using antiderivatives, as follows.

Corollary 9.15. Let 𝑎 ≤ 𝑏 ∈ ℝ and 𝑓 be a continuous function on [𝑎,𝑏]. Let 𝐹
be any antiderivative of 𝑓 on [𝑎,𝑏]. Then:

∫
𝑏

𝑎
𝑓 = 𝐹(𝑏)−𝐹(𝑎).

Proof. By Theorem (9.13), 𝐹 ∶ 𝑥 ∈ [𝑎,𝑏]↦ ∫𝑥
𝑎 𝑓 is an antiderivative of 𝑓 on 

[𝑎,𝑏]. Hence, by Proposition (9.12), there exists 𝑐 ∈ ℝ such that 𝐹+𝑐 = 𝐹. We 
thus get

𝐹(𝑏)−𝐹(𝑎) = 𝐹(𝑏)+𝑐−(𝐹(𝑎)+𝑐) = 𝐹(𝑏)−𝐹(𝑎) = 𝐹(𝑏) =∫
𝑏

𝑎
𝑓,

as desired. ∎

We also record the following simple observation.

Corollary 9.16. Let 𝑎 ≤ 𝑏 ∈ ℝ and let 𝑓 be a function with a continuous deriva-
tive on [𝑎,𝑏]. Then:

∫
𝑏

𝑎
𝑓′ = 𝑓(𝑏)−𝑓(𝑎).

Proof. The function 𝑓 is by construction an antiderivative of 𝑓′ on [𝑎,𝑏]. 
We then apply Corollary (9.15). ∎

Since antiderivatives are defined independently of our notion of integral, 
we also record that there is only one operation satisfying Conditions (9.2), (9.3) 
and (9.4).

Corollary 9.17. There exists a unique real-valued operation ∫ defined on the set 
of pairs ([𝑎,𝑏],𝑓) with [𝑎,𝑏] a closed interval of ℝ and 𝑓 a continuous function 
on [𝑎,𝑏], and which satisfy Conditions (9.3,9.4, 9.2).
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Proof. The regulated integral possesses all the needed properties, and we 
have shown it is the only possible such operation. ∎

We can now proceed to prove some useful properties of ∫ under our as-
sumptions. We shall see that indeed, linearity follows from our hypothesis. 
Since integration is now related to the problem of antiderivation, we can use 
our knowledge of derivation to deduce mirror properties for the integral. The 
first property is linearity, and it is a very important property of integration, as 
we shall see later on.

Theorem 9.18  (linearity). Let 𝑎 ≤ 𝑏 ∈ ℝ. If 𝑓 ∶ [𝑎,𝑏]→ ℝ and 𝑔 ∶ [𝑎,𝑏]→ ℝ are 
two continuous functions on [𝑎,𝑏], and if 𝜇,𝜆 ∈ ℝ, then:

∫
𝑏

𝑎
(𝜆𝑓+𝜇𝑔) = 𝜆∫

𝑏

𝑎
𝑓+𝜇∫

𝑏

𝑎
𝑔.

Proof. Let 𝐹 ∶ 𝑥 ∈ [𝑎,𝑏] → ∫𝑥
𝑎 𝑓 and 𝐺 ∶ 𝑥 ∈ [𝑎,𝑏] → ∫𝑥

𝑎 𝑔. By Theorem 
(9.13), 𝐹 and 𝐺 are, respectively, antiderivatives of 𝑓 and 𝑔 over [𝑎,𝑏].

The function 𝐻 =𝜆𝐹+𝜇𝐺 is continuous on [𝑎,𝑏], differentiable on (𝑎,𝑏)
and 𝐻 ′ = 𝜆𝐹′ +𝜇𝐺′ = 𝜆𝑓 +𝜇𝑔. Hence 𝐻  is an antiderivative of 𝜆𝑓 +𝜇𝑔 on 
[𝑎,𝑏]. Hence, by Corollary (9.15):

∫
𝑏

𝑎
(𝜆𝑓+𝜇𝑔) =𝐻(𝑏)−𝐻(𝑎)

= 𝜆𝐹(𝑏)+𝜇𝐺(𝑏)−(𝜆𝐹(𝑎)+𝜇𝐺(𝑎))
= 𝜆(𝐹(𝑏)−𝐹(𝑎))+𝜇(𝐺(𝑏)−𝐺(𝑎))

= 𝜆∫
𝑏

𝑎
𝑓+𝜇∫

𝑏

𝑎
𝑔.

This concludes our proof. ∎

Of course, ∫𝑏
𝑎 0 = 0 — this was in fact assumed in Condition (9.2), but it 

also follows from the linearity of the integral. The converse of this result is not 
true, but we can obtain an interesting and important result nonetheless.

Theorem 9.19. If 𝑓 ∶ [𝑎,𝑏]→ ℝ is continuous, if 𝑓(𝑥) ≥ 0 for all 𝑥 ∈ [𝑎,𝑏], and 
if ∫𝑏

𝑎 𝑓 = 0, then 𝑓 = 0.
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Proof. Let 𝐹 ∶ 𝑥 ∈ [𝑎,𝑏] ↦ ∫𝑥
𝑎 𝑓. By Theorem (9.13), the function 𝐹 is an 

antiderivative of 𝑓 on [𝑎,𝑏], so 𝐹′ = 𝑓 on (𝑎,𝑏). By assumption, 𝑓 ≥ 0, so 𝐹
is increasing on [𝑎,𝑏], by the Mean Value Theorem: hence, for all 𝑥 ∈ [𝑎,𝑏], 
we conclude that 𝐹(𝑎) ≤ 𝐹(𝑥) ≤ 𝐹(𝑏). Now, 𝐹(𝑏) = ∫𝑏

𝑎 𝑓 = 0 = 𝐹(𝑎), and 
thus, for all 𝑥 ∈ [𝑎,𝑏], we conclude that 𝐹(𝑥) = 0. Thus 𝑓(𝑥) = 𝐹′(𝑥) = 0 for 
all 𝑥 ∈ (𝑎,𝑏). As 𝑓 is continuous on [𝑎,𝑏], we conclude that 𝑓 = 0 on [𝑎,𝑏], as 
claimed. ∎

Thus, linearity of derivation leads to linearity of the integral. The matter is 
more complicated for products and compositions. We start by handling the 
mirror image of the Leibniz rule for derivations of products.

Theorem 9.20  (Integration by parts). Let 𝑎 ≤ 𝑏 ∈ ℝ. If 𝑓 ∶ [𝑎,𝑏] → ℝ and 𝑔 ∶
[𝑎,𝑏]→ℝ are two functions with continuous derivatives on [𝑎,𝑏], then:

∫
𝑏

𝑎
𝑓𝑔′ = 𝑓(𝑏)𝑔(𝑏)−𝑓(𝑎)𝑔(𝑎)−∫

𝑏

𝑎
𝑓′𝑔.

Proof. We have (𝑓𝑔)′ = 𝑓′𝑔+𝑓𝑔′ so 𝑓𝑔′ = (𝑓𝑔)′−𝑓′𝑔 and thus we have:

∫
𝑏

𝑎
𝑓𝑔′ =∫

𝑏

𝑎
[(𝑓𝑔)′−𝑓′𝑔]

=∫
𝑏

𝑎
(𝑓𝑔)′−∫

𝑏

𝑎
𝑓′𝑔 by Theorem (9.18)

= 𝑓(𝑏)𝑔(𝑏)−𝑓(𝑎)𝑔(𝑎)−∫
𝑏

𝑎
𝑓′𝑔 by Theorem (9.16).

This concludes our proof. ∎

The chain rule becomes the substitution rule:

Theorem 9.21  (Substitution). Let 𝑎 ≤ 𝑏. If 𝑢 is a function with a continu-
ous derivative on [𝑎,𝑏] and if 𝑓 is a continuous function on [𝑢(𝑎),𝑢(𝑏)] ∪
[𝑢(𝑏),𝑢(𝑎)], then:

∫
𝑏

𝑎
((𝑓 ∘𝑢) ⋅𝑢′) =∫

𝑢(𝑏)

𝑢(𝑎)
𝑓.
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Proof. Let 𝐹 ∶ 𝑥 ∈ [𝑎,𝑏] → ∫𝑥
𝑎 𝑓. Let 𝑔 = 𝐹 ∘𝑢 on [𝑎,𝑏]. By assumption, 𝑔

is differentiable on [𝑎,𝑏] and:

𝑔′(𝑥) = 𝑢′(𝑥)𝐹′(𝑢(𝑥)) = 𝑢′(𝑥)𝑓(𝑢(𝑥))

for all 𝑥 ∈ (𝑎,𝑏). Thus:

∫
𝑏

𝑎
𝑓 ∘𝑢 ⋅𝑢′ =∫

𝑏

𝑎
𝑔′

= 𝑔(𝑏)−𝑔(𝑎)
= 𝐹(𝑢(𝑏))−𝐹(𝑢(𝑎))

=∫
𝑢(𝑏)

𝑢(𝑎)
𝑓.

Our proof is now complete. ∎

We conclude this section with two observations. First, we prove a useful 
inequality:

Theorem 9.22  (Median inequality). Let 𝑎 ≤ 𝑏 ∈ ℝ. If 𝑓 is a continuous function 
on [𝑎,𝑏], then:

|∫
𝑏

𝑎
𝑓| ≤∫

𝑏

𝑎
|𝑓|.

Proof. By definition of the absolute value, |𝑓| is continuous on [𝑎,𝑏] and 
for all 𝑥 ∈ [𝑎,𝑏] we have:

−|𝑓(𝑥)| ≤ 𝑓(𝑥) ≤ |𝑓(𝑥)|.

By Condition (9.4) and by Theorem (9.18), we have:

−∫
𝑏

𝑎
|𝑓| =∫

𝑏

𝑎
(−|𝑓|) ≤∫

𝑏

𝑎
𝑓 ≤∫

𝑏

𝑎
|𝑓|,

proving our inequality. ∎

Another observation motivates the idea that integrals allow to compute 
averages, as found in probability theory.

Theorem 9.23. Let 𝑎 ≤ 𝑏 ∈ ℝ. If 𝑓 ∶ [𝑎,𝑏] → ℝ is a continuous function on 
[𝑎,𝑏], then there exists 𝑐 ∈ (𝑎,𝑏) such that:

1
𝑏−𝑎

∫
𝑏

𝑎
𝑓 = 𝑓(𝑐).
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Proof. The function 𝐹 ∶ 𝑥 ∈ [𝑎,𝑏] → ∫𝑥
𝑎 𝑓 is continuous on [𝑎,𝑏] and dif-

ferentiable on (𝑎,𝑏), by Theorem (9.13). So, by the mean value theorem, there 
exists 𝑐 ∈ (𝑎,𝑏) such that:

𝐹(𝑏)−𝐹(𝑎) = (𝑏 −𝑎)𝐹′(𝑐) = 𝑓(𝑐)(𝑏 −𝑎).

This proves our theorem. ∎

The quantity 1
𝑏−𝑎 ∫

𝑏
𝑎 𝑓 is called the average of 𝑓. In particular, the strong 

law of large number shows that 1
𝑏−𝑎 ∫

𝑏
𝑎 𝑓 is the limit of the empirical average 

for any infinite sample of points taking uniformly at random in [𝑎,𝑏].
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   𝑞  𝑣  ∈  𝑥  𝑦 


   𝑞  𝑣  <  𝑠 


   𝑥  ∈    ℝ  +  


   𝑠  ∈    1  ℝ  


   𝑠  >  1 


   𝑡  𝑠  >  𝑡 


   𝑡  𝑠  ∈  𝑥 


   𝑥    1  ℝ   ⊆  𝑥 


   𝑡  =    𝑡  𝑢   𝑢 


     𝑡  𝑢   >  1 


     𝑡  𝑢   ∈    1  ℝ  


   𝑡  ∈  𝑥    1  ℝ  


   𝑥  =  𝑥    1  ℝ  


   𝑥  >    0  ℝ  


   𝑢  ∈  ℚ  ,  𝑢  >  0 


   ∀  𝑡  ∈  𝑥    𝑡  ≥  𝑢 


   𝜀  >  0 


   𝑡  <  𝜀 


   𝜀  ∈  𝑥 


   𝑥  =    0  ℝ  


     𝑥    −  1    =    {  𝑠  ∈  ℚ  ∶  ∃  𝑡  ∈  ℚ    ∀  𝑣  ∈  𝑥    𝑠  >  𝑡    and    𝑠  𝑣  >  1  }   . 


     𝑥    −  1   


   𝑡  ∈    𝑥    −  1   


   𝑠  ∈    𝑥    −  1   


   𝑢  ∈  ℚ 


   ∀  𝑎  ∈  𝑥    𝑎  𝑢  >  1 


   𝑠  =      𝑡  +  𝑢   2  


   𝑥    𝑥    −  1    ⊆    1  ℝ  


   𝑚  ≥  𝑛 


   𝑦  ∈     cl       (  𝐴  )   


   |  𝑥  −  𝑦  |  <    𝜀  2  


    dist   (  𝑦  ,  𝐴  )  =  0 


   |  𝑦  −  𝑧  |  <    𝜀  2  


    dist   (  𝑥  ,  𝐴  )  ≤  |  𝑥  −  𝑧  |  ≤  |  𝑥  −  𝑦  |  +  |  𝑦  −  𝑧  |  <    𝜀  2   +    𝜀  2   =  𝜀  . 


    dist   (  𝑥  ,  𝐴  )  <  𝜀 


      cl       (     cl       (  𝐴  )    )    ⊆     cl       (  𝐴  )   


      cl       (  𝐴  )    =     cl       (     cl       (  𝐴  )    )   


   0  ≤   dist   (  𝑥  ,  𝐵  )  ≤   dist   (  𝑥  ,  𝐴  )  =  0 


   𝑥  ∈     cl       (  𝐵  )   


      cl       (  𝐴  )    ⊆     cl       (  𝐵  )   


   𝐴  ,  𝐵  ⊆  𝐸 


   𝐴  ⊆  𝐴  ∪  𝐵 


      cl       (  𝐴  )    ⊆     cl       (    𝐴  ∪  𝐵   )   


   𝐵  ⊆  𝐴  ∪  𝐵 


      cl       (  𝐵  )    ⊆     cl       (    𝐴  ∪  𝐵   )   


      cl       (  𝐴  )    ∪     cl       (  𝐵  )    ⊆     cl       (    𝐴  ∪  𝐵   )   


   𝑥  ∈     cl       (    𝐴  ∪  𝐵   )   


    dist   (  𝑥  ,  𝐴  ∪  𝐵  )  =  0 


   𝑥  ∉     cl       (  𝐴  )   


    dist   (  𝑥  ,  𝐴  )  >  0 


   𝜀  ∈    (  0  ,   dist   (  𝑥  ,  𝐴  )  )  


   𝑦  ∈  𝐴  ∪  𝐵 


    dist   (  𝑥  ,  𝑦  )  <  𝜀 


    dist   (  𝑥  ,  𝑦  )  <   dist   (  𝑥  ,  𝐴  ) 


   𝑦  ∈  𝐵 


    dist   (  𝑥  ,  𝐵  )  <  𝜀 


   𝜀  ∈  (  0  ,   dist   (  𝑥  ,  𝐴  )  ) 


   0  ≤   dist   (  𝑥  ,  𝐵  )  ≤   inf   (  0  ,   dist   (  𝑥  ,  𝐴  )  )  =  0 


   𝑥  ∈     cl       (  𝐵  )   


   𝑥  ∈     cl       (    𝐴  ∪  𝐵   )   


   𝑥  ∈     cl       (  𝐴  )    ∪     cl       (  𝐵  )   


      cl       (  𝐴  )    ∪     cl       (  𝐵  )    =     cl       (    𝐴  ∪  𝐵   )   


      cl       (    𝐴  ∩  𝐵   )    ⊆     cl       (  𝐴  )    ∩     cl       (  𝐵  )    . 


   𝐴  ∩  𝐵  ⊆  𝐴 


      cl       (    𝐴  ∩  𝐵   )    ⊆     cl       (  𝐴  )   


      cl       (    𝐴  ∩  𝐵   )    ⊆     cl       (  𝐵  )   


   𝐴  ∪  𝐵  =  𝐵 


      cl       (  𝐴  )    ∪     cl       (  𝐵  )    =     cl       (    𝐴  ∪  𝐵   )    =     cl       (  𝐵  )   


      cl       (  𝐴  )    ⊆     cl       (  𝐵  )   


   𝐹  ⊆  ℝ 


      cl       (  𝐹  )    =  𝐹 


   𝐹  ⊆     cl       (  𝐹  )   


    dist   (  𝑥  ,  𝐹  )  =  0 


   𝑥  ∈  𝐹 


      cl       (  𝐹  )    ⊆  𝐹 


      cl       (  ℝ  )    =  ℝ 


   ℝ  ⊆     cl       (  ℝ  )    ⊆  ℝ 


   𝐷  ⊆  ℝ 


      cl       (  𝐷  )    =  ℝ 


   ℝ  ∖  ℚ 


   ℚ  ⊆     cl       (  ℚ  )   


   𝑥  <  𝑞  <  𝑥  +  𝜀 


    dist   (  𝑥  ,  ℚ  )  ≤  |  𝑥  −  𝑞  |  <  𝜀 


    dist   (  𝑥  ,  ℚ  )  =  0 


   𝑥  ∈     cl       (  ℚ  )   


   𝑎  ∈  ℝ 


      cl       (    (  −  ∞  ,  𝑎  )   )    =     cl       (    (  −  ∞  ,  𝑎  ]   )    =  (  −  ∞  ,  𝑎  ]    and       cl       (    (  𝑎  ,  ∞  )   )    =     cl       (    [  𝑎  ,  ∞  )   )    =  [  𝑎  ,  ∞  )  . 


   𝑎  ≤  𝑏  ∈  ℝ 


      cl       (    (  𝑎  ,  𝑏  )   )    =     cl       (    [  𝑎  ,  𝑏  )   )    =     cl       (    (  𝑎  ,  𝑏  ]   )    =     cl       (    [  𝑎  ,  𝑏  ]   )    =  [  𝑎  ,  𝑏  ]  . 


   𝑎  ∈  ℝ 


   𝑏  >  𝑎 


    dist   (  𝑏  ,  (  −  ∞  ,  𝑎  ]  )  ≥  |  𝑏  −  𝑎  |  >  0 


   𝑏  ∉     cl       (    (  −  ∞  ,  𝑎  ]   )   


      cl       (    (  −  ∞  ,  𝑎  ]   )    ⊆  (  −  ∞  ,  𝑎  ] 


   (  −  ∞  ,  𝑎  ]  ⊆     cl       (    (  −  ∞  ,  𝑎  ]   )   


      cl       (    (  −  ∞  ,  𝑎  ]   )    =  (  −  ∞  ,  𝑎  ] 


      cl       (    [  𝑎  ,  ∞  )   )    =  [  𝑎  ,  ∞  ) 


   (  𝑎  ,  𝑏  )  ⊆  (  −  ∞  ,  𝑏  ] 


      cl       (    (  𝑎  ,  𝑏  )   )    ⊆     cl       (    (  −  ∞  ,  𝑏  ]   )    =  (  −  ∞  ,  𝑏  ] 


      cl       (    (  𝑎  ,  𝑏  )   )    ⊆  [  𝑎  ,  ∞  ) 


      cl       (    (  𝑎  ,  𝑏  )   )    ⊆  [  𝑎  ,  𝑏  ] 


   (  𝑎  ,  𝑏  )  ⊆     cl       (    (  𝑎  ,  𝑏  )   )   


   𝑐  =   min       {  𝑏  −  𝜀  ,      𝑎  +  𝑏   2   }  


   𝑐  ∈  (  𝑎  ,  𝑏  ) 


    dist   (  𝑏  ,  (  𝑎  ,  𝑏  )  )  ≤  |  𝑏  −  𝑐  |  ≤  𝜀 


    dist   (  𝑏  ,  (  𝑎  ,  𝑏  )  )  =  0 


    dist   (  𝑎  ,  (  𝑎  ,  𝑏  )  )  =  0 


      cl       (    (  𝑎  ,  𝑏  )   )    =  [  𝑎  ,  𝑏  ] 


   (  −  ∞  ,  𝑎  )  =  (  −  ∞  ,  𝑎  −  1  )  ∪  (  𝑎  −  2  ,  𝑎  ) 


      cl       (    (  −  ∞  ,  𝑎  )   )    =     cl       (    (  −  ∞  ,  𝑎  −  1  )   )    ∪     cl       (    (  𝑎  −  2  ,  𝑎  )   )    =  (  −  ∞  ,  𝑎  −  1  ]  ∪  [  𝑎  −  2  ,  𝑎  ]  =  (  −  ∞  ,  𝑎  ]  . 


      cl       (    (  𝑎  ,  ∞  )   )    =  [  𝑎  ,  ∞  ) 


   (  𝑎  ,  𝑏  )  ⊆  𝐼  ⊆  [  𝑎  ,  𝑏  ] 


   [  𝑎  ,  𝑏  ]  =     cl       (    (  𝑎  ,  𝑏  )   )    ⊆     cl       (  𝐼  )    ⊆     cl       (    [  𝑎  ,  𝑏  ]   )    =  [  𝑎  ,  𝑏  ] 


    diam       (  𝐴  )  


      diam       (  𝐴  )    =   sup       {  |  𝑥  −  𝑦  |  ∶  𝑥  ,  𝑦  ∈  𝐴  }  


      diam       (     cl       (  𝐴  )    )    =     diam       (  𝐴  )    . 


   𝑥  ,  𝑦  ∈     cl       (  𝐴  )   


     𝑥  𝜀   ,    𝑦  𝜀   ∈  𝐴 


   |  𝑥  −    𝑥  𝜀   |  <    𝜀  2  


   |  𝑦  −    𝑦  𝜀   |  <    𝜀  2  


   |  𝑥  −  𝑦  |  ≤  |  𝑥  −    𝑥  𝜀   |  +  |    𝑥  𝜀   −    𝑦  𝜀   |  +  |    𝑦  𝜀   −  𝑦  |  ≤     diam       (  𝐴  )    +  𝜀  . 


   |  𝑥  −  𝑦  |  ≤     diam       (  𝐴  )   


      diam       (     cl       (  𝐴  )    )    ≤     diam       (  𝐴  )   


      diam       (  𝐴  )    ≤     diam       (     cl       (  𝐴  )    )   


      cl       (  𝐴  )    =  𝐴 


   ∀  𝑥  ∈  ℝ     dist   (  𝑥  ,  𝐴  )  =  0    ⟺    𝑥  ∈  𝐴  . 


   ∅ 


   (  −  ∞  ,  𝑎  ] 


   [  𝑎  ,  ∞  ) 


   𝑏  ∈  𝐴 


   |  𝑏  −  𝑎  |  <  𝜀 


   𝑏  ∈  𝑈  ∩  𝐴 


    dist   (  𝑎  ,  𝐴  ∩  𝑈  )  ≤  |  𝑏  −  𝑎  |  <  𝜀 


    dist   (  𝑎  ,  𝐴  ∩  𝑈  )  =  0 


   𝑎  ∈     cl       (    𝐴  ∩  𝑈   )   


   𝑥  ∈     cl       (  𝐴  )    ∩  𝑈 


   𝑉  ⊆  ℝ 


   𝑥  ∈  𝑈  ∩  𝑉 


   (  𝑉  ∩  𝑈  )  ∩  𝐴  ≠  ∅ 


   𝑉  ∩  (  𝐴  ∩  𝑈  )  ≠  ∅ 


   𝑥  ∈     cl       (    𝐴  ∩  𝑈   )   


   𝑈  ∩  𝐴  =  {  𝑥  } 


   𝑉  ∩  (  𝐴  ∖  {  𝑥  }  )  ≠  ∅ 


   𝑉  ∩  𝐴 


   𝑉  ∩  𝐴  ∖  {  𝑥  }  =  {    𝑥  1   ,  …  ,    𝑥  𝑛   }  . 


   𝜀  =   dist   (  𝑥  ,  {    𝑥  1   ,  …  ,    𝑥  𝑚   }  )  >  0 


   𝑊 


   𝑊  =  𝑉  ∩  (  𝑥  −  𝜀  ,  𝑥  +  𝜀  ) 


   𝑥  ∈  𝑊 


     𝑥  1   ∉  𝑊 


     𝑥  𝑛   ∉  𝑊 


   (  𝐴  ∖  {  𝑥  }  )  ∩  𝑊  =  ∅ 


   (  𝐴  ∖  {  𝑥  }  )  ∩  𝑉 


   𝐴  ∩  𝑉 


   𝐴  ∖  {  𝑥  }  ∩  𝑉 


   ℐ  (  𝐴  ) 


     𝐴  ′  


      cl       (  𝐴  )    =  ℐ  (  𝐴  )  ∪    𝐴  ′     and    ℐ  (  𝐴  )  ∩    𝐴  ′   =  ∅  . 


   𝑥  ∈  ℐ  (  𝐴  ) 


   𝑉  ∩  𝐴  =  {  𝑥  } 


   𝑉  ∩  (  𝐴  ∖  {  𝑥  }  )  =  ∅ 


   𝑥  ∉    𝐴  ′  


   ℐ  (  𝐴  )  ∩    𝐴  ′   =  ∅ 


   ℐ  (  𝐴  )  ⊆  𝐴  ⊆     cl       (  𝐴  )   


   𝑥  ∈    𝐴  ′  


   ℐ  (  𝐴  )  ∪    𝐴  ′   ⊆     cl       (  𝐴  )   


   (  𝐴  ∖  {  𝑥  }  )  ∩  𝑉  =  ∅ 


   𝐴  ∩  𝑉  =  {  𝑥  } 


   𝑥  ∈  ℐ  (  𝐴  ) 


   𝑥  ∈  ℐ  (  𝐴  )  ∪    𝐴  ′  


      cl       (  𝐴  )    ⊆  ℐ  (  𝐴  )  ∪    𝐴  ′  


   (  𝑥  −  𝛿  ,  𝑥  +  𝛿  )  ∩  𝐴  =  {  𝑥  } 


   (  𝑞  (  𝑥  )  ,  𝑟  (  𝑥  )  )  ∈    ℚ  2  


   (  𝑞  (  𝑥  )  ,  𝑟  (  𝑥  )  )  ⊆  (  𝑥  −  𝛿  ,  𝑥  +  𝛿  ) 


   𝐴  ∩  (  𝑞  (  𝑥  )  ,  𝑟  (  𝑥  )  )  =  {  𝑥  } 


   𝑥  ,  𝑦  ∈  ℐ  (  𝐴  ) 


   (  𝑞  (  𝑥  )  ,  𝑟  (  𝑥  )  )  =  (  𝑞  (  𝑦  )  ,  𝑟  (  𝑦  )  ) 


   {  𝑥  }  =  𝐴  ∩  (  𝑞  (  𝑥  )  ,  𝑟  (  𝑥  )  )  =  𝐴  ∩  (  𝑞  (  𝑦  )  ,  𝑟  (  𝑦  )  )  =  {  𝑦  } 


   𝑥  ∈  ℐ  (  𝐴  )  ↦  (  𝑞  (  𝑥  )  ,  𝑟  (  𝑥  )  )  ∈    ℚ  2  


     ℚ  2  


   𝑆  =    {    1    𝑛  +  1    ∶  𝑛  ∈  ℕ  }  


   𝑥  ∈     cl       (    𝐴  ′   )   


   𝑦  ∈  𝑉  ∩    𝐴  ′  


   𝑦  ∈    𝐴  ′  


   𝑉  ∩  (  𝐴  ∖  {  𝑦  }  ) 


   𝑉  ∩  (  𝐴  ∖  {  𝑥  ,  𝑦  }  ) 


   𝑉  ∩  (  𝐴  ∖  {  𝑥  }  ) 


      cl       (    𝐴  ′   )    =    𝐴  ′  


   𝑃  ⊆  ℝ 


   𝑃  =    𝑃  ′  


   𝐴  =  ℐ  (  𝐴  ) 


   𝑈  ⊆  𝐴 


   𝑦  ∈  ℝ 


   |  𝑥  −  𝑦  |  <  𝜀 


   𝑈  ⊆  𝐴 


   𝑈  =  (  𝑥  −  𝜀  ,  𝑥  +  𝜀  ) 


   𝐴  ⊆  ℝ 


    int   (  𝐴  ) 


   𝑈  =  ⋃    {  𝑉  ⊆  𝐴  ∶  𝑉    is open in     ℝ    }   . 


   𝑉  ⊆  𝐴 


   𝑉  ⊆  𝑈 


   𝑈  ⊆   int   (  𝐴  ) 


   𝑉  ⊆  𝑈 


    int   (  𝐴  )  ⊆  𝑈 


   𝑈  =   int   (  𝐴  ) 


   𝑈  =   int   (  𝑈  ) 


    int   (  𝑈  ) 


   𝑈  ⊆   int   (  𝑈  ) 


    int   (  𝑈  )  ⊆  𝑈 


      cl       (    ℝ  ∖  𝐴   )    =  ℝ  ∖   int   (  𝐴  )    and     int   (  ℝ  ∖  𝐴  )  =  ℝ  ∖     cl       (  𝐴  )    . 


   ℝ  ∖   int   (  𝐴  ) 


    int   (  𝐴  )  ⊆  𝐴 


   ℝ  ∖  𝐴  ⊆  ℝ  ∖   int   (  𝐴  ) 


      cl       (    ℝ  ∖  𝐴   )    ⊆  ℝ  ∖   int   (  𝐴  ) 


   𝑥  ∈     cl       (    ℝ  ∖  𝐴   )   


   𝑥  ∈   int   (  𝐴  ) 


   ℝ  ∖  𝐴  ∩   int   (  𝐴  )  ≠  ∅ 


   𝑥  ∈  ℝ  ∖   int   (  𝐴  ) 


      cl       (    ℝ  ∖  𝐴   )    =  ℝ  ∖   int   (  𝐴  ) 


   𝐵  =  ℝ  ∖  𝐴 


   ℝ  ∖     cl       (    ℝ  ∖  𝐵   )    =  ℝ  ∖  (  ℝ  ∖   int   (  𝐵  )  )  =   int   (  ℝ  ∖  𝐴  )  . 


    int   (  ∅  )  =  ∅ 


   ∀  𝐴  ⊆  ℝ     int   (  𝐴  )  ⊆  𝐴 


   ∀  𝐴  ⊆  ℝ     int   (   int   (  𝐴  )  )  =   int   (  𝐴  ) 


   ∀  𝐴  ⊆  𝐵  ⊆  ℝ     int   (  𝐴  )  ⊆     int   (  B  )  


   ∀  𝐴  ,  𝐵  ⊆  ℝ     int   (  𝐴  ∩  𝐵  )  =   int   (  𝐴  )  ∩   int   (  𝐵  ) 


   ∀  𝐴  ,  𝐵  ⊆  ℝ     int   (  𝐴  )  ∪   int   (  𝐵  )  ⊆   int   (  𝐴  ∪  𝐵  ) 


   [  0  ,  1  ) 


   [  0  ,  1  ] 


   𝑎  ∈     cl       (  𝐷  )   


   𝑙  ∈  ℝ 


   𝑙 


   𝑎 


   ∀  𝜀  >  0    ∃  𝛿  >  0    ∀  𝑡  ∈  𝐷    |  𝑡  −  𝑎  |  <  𝛿    ⟹    |  𝑓  (  𝑡  )  −  𝑙  |  <  𝜀  . 


   𝑙  ,    𝑙  ′   ∈  ℝ 


   |  𝑙  −    𝑙  ′   |  <  𝜀 


   𝑙  =    𝑙  ′  


   |  𝑙  −    𝑙  ′   |  =  0 


   𝑎  ∈     cl       (  𝐷  )   


     𝑙  ′  


   𝑙  =    𝑙  ′  


     𝛿  1   >  0 


   |  𝑡  −  𝑎  |  <    𝛿  1  


   |  𝑓  (  𝑡  )  −  𝑙  |  <    𝜀  2  


     𝛿  2   >  0 


   |  𝑡  −  𝑎  |  <    𝛿  2  


   |  𝑓  (  𝑡  )  −    𝑙  ′   |  <    𝜀  2  


   |  𝑡  −  𝑎  |  <   min   {    𝛿  1   ,    𝛿  2   } 


   |  𝑙  −    𝑙  ′   |  ≤  |  𝑙  −  𝑓  (  𝑡  )  |  +  |  𝑓  (  𝑡  )  −    𝑙  ′   |  <    𝜀  2   +    𝜀  2   =  𝜀  . 


   𝑓  ∶  𝐷  →  ℝ 


   𝑙  =     lim           𝑓  (  𝑥  )  . 


   𝐷  =  {  𝑥  ∈  ℝ  ∶  𝑃  (  𝑥  )  } 


   𝑙  =     lim           𝑓  (  𝑥  )  . 


   𝑓  ∶  𝐼  →  ℝ 


   𝐼 


   𝑎  ∈  𝐼 


      lim     𝑥  →    𝑎  +       𝑓  (  𝑥  ) 


      lim           𝑓  (  𝑥  ) 


      lim     𝑥  →    𝑎  −       𝑓  (  𝑥  ) 


      lim           𝑓  (  𝑥  ) 


      lim     𝑥  →  𝑎      𝑓  (  𝑥  ) 


      lim           𝑓  (  𝑥  ) 


   𝑎  ∈  𝐷 


   𝑓  (  𝑎  ) 


   𝑙  ∈     cl       (    𝑓  (  𝐷  )   )   


   |  𝑥  −  𝑎  |  <  𝛿 


   |  𝑓  (  𝑥  )  −  𝑙  |  <  𝜀 


    dist   (  𝑙  ,  𝑓  (  𝐷  )  )  ≤  |  𝑙  −  𝑓  (  𝑥  )  |  <  𝜀 


    dist   (  𝑙  ,  𝑓  (  𝐷  )  )  =  0 


   𝑓  (  𝐷  )  ⊆  𝐵 


      lim           𝑓  (  𝑥  )  ∈     cl       (  𝐵  )   


   𝐷  ,  𝐴  ⊆  ℝ 


   𝑎  ∈     cl       (    𝐷  ∩  𝐴   )   


   𝑓  ∶  𝐷  →  ℝ 


   𝐷  ∩  𝐴 


   |  𝑡  −  𝑎  |  <  𝛿 


   |  𝑓  (  𝑡  )  −  𝑙  |  <  𝜀 


   𝑡  ∈  𝐷  ∩  𝐴 


   𝑙  ∈  ℝ 


   𝑎  ∈  𝑈 


   𝐷  ∩  𝑈 


   𝐷  ∩  (  𝑎  −  𝛿  ,  𝑎  +  𝛿  ) 


   𝛼  >  0 


   |  𝑡  −  𝑎  |  <  𝛼 


   |  𝑓  (  𝑥  )  −  𝑙  |  <  𝜀 


   𝑡  ∈  𝐷  ∩  (  𝑎  −  𝛿  ,  𝑎  +  𝛿  ) 


   |  𝑓  (  𝑥  )  −  𝑙  |  <  𝜀 


   𝑎  ∈     cl       (    𝐷  ∩  𝑈   )   


   𝑈  =  (  𝑎  −  𝛿  ,  𝑎  +  𝛿  ) 


   𝛼  >  0 


   𝑥  ∈  𝐷  ∩  (  𝑎  −  𝛿  ,  𝑎  +  𝛿  ) 


   |  𝑥  −  𝑎  |  <  𝛼 


   |  𝑓  (  𝑥  )  −  𝑙  |  <  𝜀 


     𝛼  ′   =   min   {  𝛿  ,  𝛼  }  >  0 


   |  𝑥  −  𝑎  |  <    𝛼  ′  


      lim           𝑓  (  𝑡  )  =  𝑓  (  𝑥  ) 


   ∀  𝑥  ∈  𝐷         lim     𝑡  →  𝑥      𝑓  (  𝑡  )  =  𝑓  (  𝑥  ) 


   𝑥  ∈     cl       (  𝐷  )   


   {  𝑓  (  𝑡  )  ∶  𝑡  ∈  𝑈  ∩  𝐷  } 


   𝑙  =     lim           𝑓  (  𝑡  ) 


   𝑡  ∈  (  𝑥  −  𝛿  ,  𝑥  +  𝛿  )  ∩  𝐷 


   |  𝑙  −  𝑓  (  𝑡  )  |  <    1  2  


   𝑡  ,    𝑡  ′   ∈  (  𝑥  −  𝛿  ,  𝑥  +  𝛿  )  ∩  𝐷 


   |  𝑓  (  𝑡  )  −  𝑓  (    𝑡  ′   )  |  ≤  |  𝑓  (  𝑡  )  −  𝑙  |  +  |  𝑦  −  𝑓  (    𝑡  ′   )  |  <  1  . 


      diam       (    𝑓  (  (  𝑥  −  𝛿  ,  𝑥  +  𝛿  )  ∩  𝐷  )   )      𝑑  𝐹   ≤  1 


   𝑔  ∶  𝐷  →  ℝ 


   ∃  𝛿  >  0    ∀  𝑥  ∈  (  𝑎  −  𝛿  ,  𝑎  +  𝛿  )    𝑓  (  𝑥  )  ≤  𝑔  (  𝑥  ) 


      lim           𝑓  (  𝑥  )  ≤     lim           𝑔  (  𝑥  )  . 


   𝑙  =     lim           𝑓  (  𝑥  ) 


   |  𝑎  −  𝑥  |  <    𝛿  1  


   |  𝑓  (  𝑥  )  −  𝑙  |  <    𝜀  2  


     𝑙  ′   =     lim           𝑔  (  𝑥  ) 


     𝛿  2   >  0 


   |  𝑎  −  𝑥  |  <    𝛿  2  


   |  𝑔  (  𝑥  )  −    𝑙  ′   |  <    𝜀  2  


   |  𝑥  −  𝑎  |  <   min   {    𝛿  1   ,    𝛿  2   } 


   𝑙  −    𝜀  2   ≤  𝑓  (  𝑥  )  ≤  𝑔  (  𝑥  )  ≤    𝑙  ′   +    𝜀  2   , 


   𝑙  ≤    𝑙  ′   +  𝜀 


   𝑙  ≤    𝑙  ′  


   𝑔  ∶  𝐷  →  ℝ 


   ℎ  ∶  𝐷  →  ℝ 


   ∀  𝑡  ∈  𝐷    𝑓  (  𝑡  )  ≤  𝑔  (  𝑡  )  ≤  ℎ  (  𝑡  ) 


   ℎ 


      lim           𝑓  (  𝑡  )  =     lim           ℎ  (  𝑡  ) 


      lim           𝑔  (  𝑡  )  =     lim           𝑓  (  𝑡  )  . 


     𝛿  𝑓   >  0 


    dist   (  𝑡  ,  𝑥  )  <    𝛿  𝑓  


   |  𝑙  −  𝑓  (  𝑡  )  |  <  𝜀 


   𝑓  (  𝑡  )  <  𝑙  +  𝜀 


   𝑛  ≥  𝑁 


     1    𝑛  +  1    <  𝛿 


   |    𝑥  𝑛   −  𝑙  |  =    |  𝑓      (    1    𝑛  +  1    )   −  𝑙  |   <  𝜀 


      lim   0     𝑓  =  𝑙 


   ∞ 


   ∀  𝜀  >  0    ∃  𝑁  ∈  ℕ    ∀  𝑛  ∈  ℕ    𝑛  ≥  𝑁    ⟹    |    𝑥  𝑛   −  𝑙  |  <  𝜀  . 


     𝑁  1   ∈  ℕ 


   𝑛  ≥    𝑁  1  


   |    𝑥  𝑛   −  𝑙  |  <    𝜀  2  


     𝑁  2   ∈  ℕ 


   𝑛  ≥    𝑁  2  


   |    𝑥  𝑛   −    𝑙  ′   |  <    𝜀  2  


   𝑛  =   max   {    𝑁  1   ,    𝑁  2   } 


   |  𝑙  −    𝑙  ′   |  ≤  |  𝑙  −    𝑥  𝑛   |  +  |    𝑥  𝑛   −    𝑙  ′   |  <    𝜀  2   +    𝜀  2   =  𝜀  . 


      lim     𝑛  →  ∞        𝑥  𝑛   =  𝑙 


   𝑙  =     lim     𝑛  →  ∞        𝑥  𝑛  


   𝑁  ∈  ℕ 


   |    𝑥  𝑛   −  𝑙  |  <  1 


   |    𝑥  𝑛   |  <  |  𝑙  |  +  1 


   𝑀  =   max   {  |  𝑙  |  +  1  ,  |    𝑥  𝑛   |  ∶  𝑛  ∈  ℕ  ,  𝑛  ≤  𝑁  } 


   |    𝑥  𝑛   |  ≤  𝑀 


   (    𝑦  𝑛     )    𝑛  ∈  ℕ   


     𝑥  𝑛   ≤    𝑦  𝑛  


      lim     𝑛  →  ∞        𝑥  𝑛   ≤     lim     𝑛  →  ∞        𝑦  𝑛  


     𝑙  𝑥   =     lim     𝑛  →  ∞        𝑥  𝑛  


     𝑙  𝑦   =     lim     𝑛  →  ∞        𝑦  𝑛  


     𝑙  𝑥   >    𝑙  𝑦  


     𝑁  𝑥   ∈  ℕ 


   𝑛  ≥    𝑁  𝑥  


     𝑙  𝑥   −    𝜀  2   <    𝑥  𝑛   <    𝑙  𝑥   +    𝜀  2  


     𝑁  𝑦   ∈  ℕ 


   𝑛  ≥    𝑁  𝑦  


     𝑙  𝑦   −    𝜀  2   <    𝑦  𝑛   <    𝑙  𝑦   +    𝜀  2  


   𝑛  ≥   max   {    𝑁  𝑥   ,    𝑁  𝑦   } 


     𝑙  𝑥   −    𝜀  2   ≤    𝑥  𝑛   ≤    𝑦  𝑛   ≤    𝑙  𝑦   +    𝜀  2  


     𝑙  𝑥   ≤    𝑙  𝑦   +  𝜀 


     𝑙  𝑥   ≤    𝑙  𝑦  


   𝑙  >  0 


     𝑥  𝑛   >    𝑙  2  


   𝜀  =    1  2   𝑙 


     𝑥  𝑛   >  𝑙  −  𝜀  =    𝑙  2  


   (    𝑧  𝑛     )    𝑛  ∈  ℕ   


     𝑥  𝑛   ≤    𝑦  𝑛   ≤    𝑧  𝑛  


      lim     𝑛  →  ∞        𝑥  𝑛   =     lim     𝑛  →  ∞        𝑧  𝑛  


      lim     𝑛  →  ∞        𝑦  𝑛   =     lim     𝑛  →  ∞        𝑥  𝑛  


   𝑙  =     lim     𝑛  →  ∞        𝑥  𝑛   =     lim     𝑛  →  ∞        𝑧  𝑛  


   |    𝑥  𝑛   −  𝑙  |  <  𝜀 


   𝑙  −  𝜀  <    𝑥  𝑛  


     𝑁  𝑧   ∈  ℕ 


   𝑛  ≥    𝑁  𝑧  


   |    𝑧  𝑛   −  𝑙  |  <  𝜀 


     𝑧  𝑛   <  𝑙  +  𝜀 


   𝑛  ≥   max   {  𝑁  ,    𝑁  𝑥   ,    𝑁  𝑧   } 


   𝑙  −  𝜀  <    𝑥  𝑛   ≤    𝑦  𝑛   ≤    𝑧  𝑛   <  𝑙  +  𝜀  . 


   (  |    𝑥  𝑛   |    )    𝑛  ∈  ℕ   


   |  𝑙  | 


   0  ≤  |  |    𝑥  𝑛   |  −  |  𝑙  |  |  ≤  |    𝑥  𝑛   −  𝑙  | 


   𝑡  ∈  ℝ 


   (    𝑥  𝑛   +  𝑡    𝑦  𝑛     )    𝑛  ∈  ℕ   


      lim     𝑛  →  ∞        𝑥  𝑛   +  𝑡       lim     𝑛  →  ∞        𝑦  𝑛  


     𝑙  𝑥   =     lim     𝑛  →  ∞        𝑥  𝑛  


     𝑙  𝑦   =     lim     𝑛  →  ∞        𝑦  𝑛  


   |    𝑥  𝑛   −    𝑙  𝑥   |  <    𝜀  2  


   |    𝑦  𝑛   −    𝑙  𝑦   |  ≤    𝜀    2  (  |  𝑡  |  +  1  )   


   |  (    𝑥  𝑛   +  𝑡    𝑦  𝑛   )  −  (    𝑙  𝑥   +  𝑡    𝑙  𝑦   )  |  ≤  |    𝑥  𝑛   −    𝑙  𝑥   |  +  |  𝑡  |  |    𝑦  𝑛   −    𝑙  𝑦   |  <  𝜀  . 


   (    𝑥  𝑛     𝑦  𝑛     )    𝑛  ∈  ℕ   


      lim     𝑛  →  ∞        𝑥  𝑛   ⋅     lim     𝑛  →  ∞        𝑦  𝑛  


   𝑀  ∈  ℝ 


   |    𝑦  𝑛   |  ≤  𝑀 


         0  ≤  |    𝑥  𝑛     𝑦  𝑛   −    𝑙  𝑥     𝑙  𝑦   |     =  |    𝑥  𝑛     𝑦  𝑛   −    𝑙  𝑥     𝑦  𝑛   +    𝑙  𝑥     𝑦  𝑛   −    𝑙  𝑥     𝑙  𝑦   |          ≤  |    𝑥  𝑛   −    𝑙  𝑥   |  |    𝑦  𝑛   |  +  |    𝑦  𝑛   −    𝑙  𝑦   |  |    𝑙  𝑥   |          ≤  |    𝑥  𝑛   −    𝑙  𝑥   |  𝑀  +  |    𝑦  𝑛   −    𝑙  𝑦   |  |    𝑙  𝑥   |  .    


   (  |    𝑥  𝑛   −    𝑙  𝑥   |    )    𝑛  ∈  ℕ   


   (  |    𝑦  𝑛   −    𝑙  𝑦   |    )    𝑛  ∈  ℕ   


   (  |    𝑥  𝑛   −    𝑙  𝑥   |  𝑀  +  |    𝑦  𝑛   −    𝑙  𝑦   |  |    𝑙  𝑥   |    )    𝑛  ∈  ℕ   


   (  |    𝑥  𝑛     𝑦  𝑛   −    𝑙  𝑥     𝑙  𝑦   |    )    𝑛  ∈  ℕ   


     𝑙  𝑥     𝑙  𝑦  


   𝑙  ∈  ℝ  ∖  {  0  } 


     𝑥  𝑛   ≠  0 


       (    1    𝑥  𝑛    )     𝑛  ≥  𝑁   


     1  𝑙  


   𝑙  <  0 


   (  −    𝑥  𝑛     )    𝑛  ∈  ℕ   


     𝑥  𝑛   ≥    𝑙  2   >  0 


   𝑃  ∈  ℕ 


   𝑛  ≥  𝑃 


   |    𝑥  𝑛   −  𝑙  |  <      2  𝜀     𝑙  2   


   𝑛  ≥   max   {  𝑃  ,  𝑁  } 


         |    1    𝑥  𝑛    −    1  𝑙   |     =      |  𝑙  −    𝑥  𝑛   |     𝑙  |    𝑥  𝑛   |            ≤      |    𝑥  𝑛   −  𝑙  |       1  2     𝑙  2             <  𝜀  .    


      cl       (  𝐴  )    =    {  𝑙  ∈  ℝ  ∶  ∃  (    𝑥  𝑛     )    𝑛  ∈  ℕ      sequence in     𝐴        𝑙  =     lim     𝑛  →  ∞        𝑥  𝑛   }   . 


   𝑆  =    {  𝑙  ∈  ℝ  ∶  ∃  (    𝑥  𝑛     )    𝑛  ∈  ℕ      sequence in     𝐴        𝑙  =     lim     𝑛  →  ∞        𝑥  𝑛   }   . 


   𝑙  ∈     cl       (  𝐴  )   


    dist   (  𝑙  ,  𝐴  )  =  0 


     𝑥  𝑛   ∈  𝐴 


   |    𝑥  𝑛   −  𝑙  |  <    1    𝑛  +  1   


   𝑙  ∈  𝑆 


      cl       (  𝐴  )    ⊆  𝑆 


   𝑙  =     lim     𝑛  →  ∞        𝑥  𝑛  


   𝑁  ∈  ℕ 


   |    𝑥  𝑁   −  𝑙  |  <  𝜀 


    dist   (  𝑙  ,  𝐴  )  ≤  |    𝑥  𝑁   −  𝑙  |  <  𝜀 


     𝑥  𝑁   ∈  𝐴 


   (    𝑦    𝜑  (  𝑛  )      )    𝑛  ∈  ℕ    =  (  𝑓  (    𝑥    𝜑  (  𝑛  )    )    )    𝑛  ∈  ℕ   


   𝑓  ∶  𝐾  →  ℝ 


   𝑚  ,  𝑀  ∈  𝐾 


   ∀  𝑥  ∈  𝐾    𝑓  (  𝑚  )  ≤  𝑓  (  𝑥  )  ≤  𝑓  (  𝑀  )  . 


    sup     𝐾  ∈  𝐾 


   𝑀  ∈  𝐾 


   𝑓  (  𝑀  )  =   sup     𝐾 


    inf     𝐾  ∈  𝐾 


   𝑚  ∈  𝐾 


   𝑓  (  𝑚  )  =   inf     𝐾 


   𝑃  ⊆  ℝ 


   𝑃  =    {    𝑥  𝑛   ∶  𝑛  ∈  ℕ  }  


     𝑎  0   ,    𝑏  0   ∈  ℝ 


     𝑎  0   <    𝑥  0   <    𝑏  0  


     𝑎  0   =    𝑥  0   −  1 


     𝑏  0   =    𝑥  0   +  1 


     𝐼  0   =  [    𝑎  0   ,    𝑏  0   ] 


   𝜑  (  0  )  =  0 


   {  𝑛  ∈  ℕ  ,  𝑛  >  0  ∶    𝑥  𝑛   ∈  𝑃  ∩  (    𝐼  0   ∖  {    𝑥  0   }  )  } 


   𝜑  (  1  ) 


     𝛿  1   =   min   {  |    𝑎  0   −    𝑥    𝜑  (  1  )    |  ,  |    𝑏  0   −    𝑥    𝜑  (  1  )    |  ,      |    𝑥    𝜑  (  1  )    −    𝑥  0   |   2   } 


     𝑎  1   =    𝑥    𝜑  (  1  )    −    𝛿  1  


     𝑏  1   =    𝑥    𝜑  (  1  )    +    𝛿  1  


     𝑥  0   ∉    𝐼  1  


     𝑥    𝜑  (  1  )    ∈    𝐼  1  


     𝐼  1   ⊆    𝐼  0  


   𝜑  ∶  ℕ  →  ℕ 


     𝑥  𝑛   ∉    𝐼    𝑛  +  1   


     𝑥    𝜑  (  𝑛  )    ∈    𝐼  𝑛   ∩  𝑃 


     𝐼  0   ∩  𝑃 


   (    𝑥    𝜑  ∘  𝜓  (  𝑛  )      )    𝑛  ∈  ℕ   


     𝑥  𝑁  


   (    𝑥    𝜑  ∘  𝜓  (  𝑛  )      )    𝑛  ≥  𝑁  +  1   


   𝑃  ∩    𝐼    𝑁  +  1   


   ∀  𝜀  >  0    ∃  𝛿  >  0    ∀  𝑥  ,  𝑦  ∈  𝐷    |  𝑥  −  𝑦  |  <  𝛿    ⟹    |  𝑓  (  𝑥  )  −  𝑓  (  𝑦  )  |  <  𝜀  . 


   |  𝑥  −  𝑦  |  <    𝜀  𝑘  


   |  𝑓  (  𝑥  )  −  𝑓  (  𝑦  )  |  ≤  𝑘  |  𝑥  −  𝑦  |  <  𝜀 


   𝑔  ∶  𝐸  →  ℝ 


   𝑓  (  𝐷  )  ⊆  𝐸 


   𝑔  ∘  𝑓  ∶  𝐷  →  ℝ 


   𝑥  ,  𝑦  ∈  𝐸 


   |  𝑥  −  𝑦  |  <    𝛿  𝑔  


   |  𝑔  (  𝑥  )  −  𝑔  (  𝑦  )  |  <  𝜀 


   |  𝑥  −  𝑦  |  <    𝛿  𝑓  


   |  𝑓  (  𝑥  )  −  𝑓  (  𝑦  )  |  <    𝛿  𝑔  


   |  𝑔  (  𝑓  (  𝑥  )  )  −  𝑔  (  𝑓  (  𝑦  )  )  |  <  𝜀 


   𝐾  ⊆  ℝ 


   𝑥  ,  𝑦  ∈  𝐾 


   |  𝑥  −  𝑦  |  <  𝛿 


   |  𝑓  (  𝑥  )  −  𝑓  (  𝑦  )  |  ≥  𝜀 


     𝑥  𝑛   ,    𝑦  𝑛   ∈  𝐾 


   |    𝑥  𝑛   −    𝑦  𝑛   |  <    1    𝑛  +  1   


   |  𝑓  (    𝑥  𝑛   )  −  𝑓  (    𝑦  𝑛   )  |  ≥  𝜀 


      lim     𝑛  →  ∞        𝑥  𝑛   −    𝑦  𝑛   =  0 


      lim     𝑛  →  ∞        𝑦    𝜑  (  𝑛  )    =  𝑙 


   |  𝑓  (    𝑥    𝜑  (  𝑛  )    )  −  𝑓  (    𝑦    𝜑  (  𝑛  )    )  |  ≥  𝜀 


   (  𝑓  (    𝑥    𝜑  (  𝑛  )    )    )    𝑛  ∈  ℕ   


   (  𝑓  (    𝑦    𝜑  (  𝑛  )    )    )    𝑛  ∈  ℕ   


   𝑓  (  𝑙  ) 


   𝐼  ⊆  𝐷 


   𝑓  (  𝐼  ) 


   𝑎  ,  𝑏  ∈  𝐼 


   𝜉 


   𝑓  (  𝑏  ) 


   𝑓  (  𝑎  )  ≤  𝜉  <  𝑓  (  𝑏  ) 


   𝑓  (  𝑏  )  ≤  𝑓  (  𝑎  ) 


   −  𝑓 


     𝑎  0   =  𝑎 


     𝑏  0   =  𝑏 


     𝑎  0   ≤    𝑎  1   ≤  …  ≤    𝑎  𝑛   <    𝑏  𝑛   ≤    𝑏    𝑛  −  1    ≤  …  ≤    𝑏  1   ≤    𝑏  0   , 


     𝑏  𝑗   −    𝑎  𝑗   =    1    2  𝑗    (  𝑏  −  𝑎  ) 


   𝑓  (    𝑎  𝑗   )  ≤  𝜉  ≤  𝑓  (    𝑏  𝑗   ) 


   𝑗  ∈  {  0  ,  …  ,  𝑛  } 


   𝑛  =  0 


     𝑚  𝑛   =        𝑎  𝑛   +    𝑏  𝑛    2  


   𝑓  (    𝑚  𝑛   )  ≤  𝜉 


     𝑎    𝑛  +  1    =    𝑚  𝑛  


     𝑏    𝑛  +  1    =    𝑏  𝑛  


     𝑏    𝑛  +  1    =    𝑚  𝑛  


     𝑎    𝑛  +  1    =    𝑎  𝑛  


   𝑛  +  1 


   𝑐  =     lim     𝑛  →  ∞        𝑎  𝑛  


   𝑓  (  𝑐  )  =     lim     𝑛  →  ∞      𝑓  (    𝑎  𝑛   )  ≤  𝜉 


      lim     𝑛  →  ∞    (    𝑏  𝑛   −    𝑎  𝑛   )  =  0 


      lim     𝑛  →  ∞        𝑏  𝑛   =  𝑐 


   𝑓  (  𝑐  )  =     lim     𝑛  →  ∞      𝑓  (    𝑏  𝑛   )  ≥  𝜉 


   𝑓  (  𝑐  )  =  𝜉 


   ∀  𝜀  >  0    ∃  𝑁  ∈  ℕ    ∀  𝑝  ,  𝑞  ∈  ℕ    (  𝑝  ≥  𝑁    and    𝑞  ≥  𝑁  )    ⟹    |    𝑥  𝑝   −    𝑥  𝑞   |  <  𝜀  . 


   𝑝  ,  𝑞  ∈  ℕ 


   𝑝  ≥  𝑁 


   𝑞  ≥  𝑁 


   |    𝑥  𝑝   −    𝑥  𝑞   |  ≤  |    𝑥  𝑝   −  𝑙  |  +  |  𝑙  −    𝑥  𝑞   |  ≤    𝑙  2   +    𝑙  2   =  𝑙  . 


   |    𝑥  𝑛   −    𝑥  𝑁   |  ≤  1 


   |    𝑥  𝑛   |  ≤  |    𝑥  𝑁   |  +  1 


   |    𝑥  𝑛   |  ≤   max   {  1  +  |    𝑥  𝑁   |  ,  |    𝑥  𝑗   |  ∶  𝑗  ∈  {  1  ,  …  ,  𝑁  −  1  }  }  . 


   𝑝  ,  𝑞  ≥  𝑁 


   |    𝑥  𝑝   −    𝑥  𝑞   |  <    𝜀  2  


   𝑀  ∈  ℕ 


   𝑛  ≥  𝑀 


   |    𝑥    𝜑  (  𝑛  )    −  𝑙  |  <    𝜀  2  


     ⋂    𝑛  =  0   𝑁      cl       (    {    𝑥  𝑘   ∶  𝑘  ≥  𝑛  }   )    ≠  ∅ 


   𝐴  ∩  ⋂  ℱ  =  ∅ 


   𝒢  ⊆  ℱ 


   𝐴  ∩  ⋂  𝒢  =  ∅ 


   𝐾  ∩  ⋂  𝒢  ≠  ∅ 


   𝐾  ∩  ⋂  ℱ  ≠  ∅ 


     𝑋  𝑛   =     cl       (    {    𝑥  𝑘   ∶  𝑘  ≥  𝑛  }   )   


     𝑋  𝑝   ⊆    𝑋  𝑛  


   𝑝  ,  𝑛  ∈  ℕ 


   𝑝  ≥  𝑛 


     ⋂    𝑗  ∈  𝐹      𝑋  𝑗   =    𝑋     max     𝐹    ≠  ∅ 


     ⋂    𝑛  ∈  ℕ      𝑋  𝑛   ≠  ∅ 


   𝒰 


   𝐾  ⊆  ⋃  𝒰 


   𝒱  ⊆  𝒰 


   𝐾  ⊆  ⋃  𝒱 


   𝐾  ⊆  (  𝑛  ,  𝑛  +  1  ) 


   𝑥  ∉  𝐾 


   𝑦  ∈  𝐾 


     𝑈    𝑥  ,  𝑦   


     𝑉    𝑥  ,  𝑦   


   𝑦  ∈    𝑈    𝑥  ,  𝑦   


   𝑥  ∈    𝑉    𝑥  ,  𝑦   


   𝐾  ⊆    ⋃    𝑦  ∈  𝐾      𝑈    𝑥  ,  𝑦   


     𝐹  𝑥   ⊆  𝐾 


   𝐾  ⊆    ⋃    𝑦  ∈    𝐹  𝑥       𝑈    𝑥  ,  𝑦   


     ⋂    𝑦  ∈    𝐹  𝑥       𝑉    𝑥  ,  𝑦    ∩  𝐾  ⊆    ⋂    𝑦  ∈    𝐹  𝑥       𝑉    𝑥  ,  𝑦    ∩    ⋃    𝑦  ∈    𝐹  𝑥       𝑈    𝑥  ,  𝑦    =  ∅ 


     ⋂    𝑦  ∈    𝐹  𝑥       𝑉    𝑥  ,  𝑦    ⊆  ℝ  ∖  𝐾 


     ⋂    𝑦  ∈    𝐹  𝑥       𝑉    𝑥  ,  𝑦   


   ℝ  ∖  𝐾 


   𝑓  (  𝐾  )  ⊆  ⋂  𝒰 


   𝑈  ∈  𝒰 


     𝐺  𝑈  


     𝑓    −  1    (  𝑈  )  =    𝐺  𝑈   ∩  𝐾 


   𝐾  ⊆    𝑓    −  1    (  𝑓  (  𝐾  )  )  ⊆  ⋃  {    𝑓    −  1    (  𝑈  )  ∶  𝑈  ∈  𝒰  }  ⊆  ⋃  {    𝐺  𝑈   ∶  𝑈  ∈  𝒰  }  . 


   𝐾  ⊆  ⋃  {    𝐺  𝑈   ∶  𝑈  ∈  𝒱  } 


   𝑓  (  𝐾  )  ⊆  ⋃  𝒱 


   𝑓  (    𝐺  𝑈   ∩  𝐾  )  ⊆  𝑈 


   𝑥  ∈  𝐾 


   (  𝑥  −  𝛿  ,  𝑥  +  𝛿  )  ⊆  𝑈 


   𝐾  ⊆  𝒰 


   (  𝑥  −  𝛿  ,  𝑥  +  𝛿  ) 


   (    𝑥  𝑛   −    1    𝑛  +  1    ,    𝑥  𝑛   +    1    𝑛  +  1    ) 


   𝑙  ∈  𝑈 


   (  𝑙  −  𝛿  ,  𝑙  +  𝛿  )  ⊆  𝑈 


   |    𝑥    𝜑  (  𝑛  )    −  𝑙  |  <    𝛿  2  


      lim     𝑛  →  ∞        1    𝜑  (  𝑛  )    =  0 


     𝑁  ′   ∈  ℕ 


   𝑛  ≥    𝑁  ′  


     1    𝜑  (  𝑛  )    <    𝛿  2  


   𝑛  =   max   {  𝑁  ,    𝑁  ′   } 


   𝑡  ∈  (    𝑥    𝜑  (  𝑛  )    −    1    𝜑  (  𝑛  )  +  1    ,    𝑥    𝜑  (  𝑛  )    +    1    𝜑  (  𝑛  )  +  1    )  ⊆  (  𝑥  −    𝛿  2   ,  𝑥  +    𝛿  2   ) 


   |  𝑡  −  𝑙  |  ≤  |  𝑡  −    𝑥    𝜑  (  𝑛  )    |  +  |    𝑥    𝜑  (  𝑛  )    −  𝑙  |  <    𝛿  2   +    𝛿  2   =  𝛿  . 


   𝑥  ∈  𝐾 


     𝑈  𝑥   ∈  𝒰 


   𝐾  ⊆    ⋃    𝑥  ∈  𝐹    (  𝑥  −  𝛿  ,  𝑥  +  𝛿  )  ⊆    ⋃    𝑥  ∈  𝐹      𝑈  𝑥  


   {    𝑈  𝑥   ∶  𝑥  ∈  𝐹  } 


       ‖  ⋅  ‖   𝐸  


   ℂ 


   [  0  ,  ∞  ) 


   ∀  𝑥  ,  𝑦  ∈  𝐸          ‖    𝑥  +  𝑦   ‖   𝐸   ≤      ‖  𝑥  ‖   𝐸   +      ‖  𝑦  ‖   𝐸  


   ∀  𝑥  ∈  𝐸    ∀  𝑡  ∈  ℝ          ‖    𝑡  𝑥   ‖   𝐸   =  |  𝑡  |      ‖  𝑥  ‖   𝐸  


   ∀  𝑥  ∈  𝐸          ‖  𝑥  ‖   𝐸   =  0    ⟺    𝑥  =  0 


   𝑥  ,  𝑦  ∈  𝐸 


       ‖    𝑥  −  𝑦   ‖   𝐸  


   𝑙  ∈  𝐸 


   (      ‖      𝑥  𝑛   −  𝑙   ‖   𝐸     )    𝑛  ∈  ℕ   


   ∀  𝜀  >  0    ∃  𝑁  ∈  ℕ    ∀  𝑛  ≥  𝑁          ‖      𝑥  𝑛   −  𝑙   ‖   𝐸   <  𝜀  . 


   (    𝑡  𝑛     )    𝑛  ∈  ℕ   


       ‖      𝑥  𝑛   −  𝑙   ‖   𝐸   ≤    𝑡  𝑛  


           0  ≤    [  ⎵   1  𝑝  𝑡  ]        ‖    𝑙  −    𝑙  ′    ‖   𝐸     =  𝑙  −    𝑥  𝑛   +    𝑥  𝑛   −    𝑙  ′        ≤    [  ⎵   1  𝑝  𝑡  ]          ‖    𝑙  −    𝑥  𝑛    ‖   𝐸   +      ‖      𝑥  𝑛   −  𝑙   ‖   𝐸     triangle inequality                            −         →       𝑛  →  ∞      0  +  0  =  0  .    


      lim     𝑛  →  ∞        𝑥  𝑛  


   𝑓  ∶  𝐷  ⊆  𝐸  →  𝐹 


   𝐷  ⊆  𝐸 


   𝑥  ∈  𝐸 


   (    𝑧  𝑛     )    𝑛  ∈  𝐸   


     |      ‖  𝑥  ‖   𝐸   −      ‖  𝑦  ‖   𝐸   |   ≤      ‖    𝑥  −  𝑦   ‖   𝐸   . 


       ‖  𝑥  ‖   𝐸   ≤      ‖    𝑥  −  𝑦   ‖   𝐸   +      ‖  𝑦  ‖   𝐸  


       ‖  𝑥  ‖   𝐸   −      ‖  𝑦  ‖   𝐸   ≤      ‖    𝑥  −  𝑦   ‖   𝐸  


       ‖  𝑦  ‖   𝐸   −      ‖  𝑥  ‖   𝐸   ≤      ‖    𝑦  −  𝑥   ‖   𝐸   =      ‖    (  −  1  )  (  𝑥  −  𝑦  )   ‖   𝐸   =  |  1  |      ‖    𝑥  −  𝑦   ‖   𝐸   =      ‖    𝑥  −  𝑦   ‖   𝐸   . 


      lim     𝑛  →  ∞          ‖    𝑥  𝑛   ‖   𝐸   =      ‖  𝑧  ‖   𝐸  


   0  ≤    |      ‖    𝑥  𝑛   ‖   𝐸   −      ‖  𝑧  ‖   𝐸   |   ≤      ‖      𝑥  𝑛   −  𝑧   ‖   𝐸                 −         →       𝑛  →  ∞      0 


   ∀  𝑥  ∈  𝐸    ∀  𝑦  ∈  𝐹          ‖    (  𝑥  ,  𝑦  )   ‖     𝐸  ×  𝐹    ≔   max   {      ‖  𝑥  ‖   𝐸   ,      ‖  𝑦  ‖   𝐹   } 


       ‖  ⋅  ‖     𝐸  ×  𝐹   


   𝐸  ×  𝐹 


   (    𝑥  𝑛   ,    𝑦  𝑛     )    𝑛  ∈  ℕ   


   (  𝑧  ,  𝑤  ) 


   𝑤 


   (    𝑥  𝑛   +    𝑦  𝑛     )    𝑛  ∈  ℕ   


      lim     𝑛  →  ∞    (    𝑥  𝑛   +    𝑦  𝑛   )  =     lim     𝑛  →  ∞        𝑥  𝑛   +     lim     𝑛  →  ∞        𝑦  𝑛   . 


     𝑙  𝑥   ≔     lim     𝑛  →  ∞        𝑥  𝑛  


     𝑙  𝑦   ≔     lim     𝑛  →  ∞        𝑦  𝑛  


           0  ≤      ‖    (    𝑥  𝑛   +    𝑦  𝑛   )  −  (    𝑙  𝑥   +    𝑙  𝑦   )   ‖   𝐸      ≤      ‖      𝑥  𝑛   −    𝑙  𝑥    ‖   𝐸   +      ‖      𝑦  𝑛   −    𝑙  𝑦    ‖   𝐸                           −         →       𝑛  →  ∞      0  +  0  =  0  .    


   (    𝑡  𝑛     𝑥  𝑛     )    𝑛  ∈  ℕ   


      lim     𝑛  →  ∞        𝑡  𝑛     𝑥  𝑛   =     lim     𝑛  →  ∞      𝑡       lim     𝑛  →  ∞        𝑥  𝑛   . 


   𝑙  ≔     lim     𝑛  →  ∞        𝑡  𝑛  


   𝑧  =     lim     𝑛  →  ∞        𝑥  𝑛  


           0  ≤      ‖      𝑡  𝑛     𝑥  𝑛   −  𝑙  𝑧   ‖   𝐸      ≤      ‖      𝑡  𝑛     𝑥  𝑛   −    𝑡  𝑛   𝑧   ‖   𝐸   +      ‖      𝑡  𝑛   𝑧  −  𝑙  𝑧   ‖   𝐸             ≤  |    𝑡  𝑛   |      ‖      𝑥  𝑛   −  𝑧   ‖   𝐸   +  |    𝑡  𝑛   −  𝑙  |      ‖  𝑧  ‖   𝐸                           −         →       𝑛  →  ∞      |  𝑙  |  0  +  0        ‖  𝑧  ‖   𝐸   =  0  .    


          (7.1)        ∀  𝜀  >  0    ∃  𝛿  >  0    ∀  𝑧  ∈  𝐸          ‖    𝑧  −  𝑥   ‖   𝐸   <  𝛿    ⟹        ‖    𝑓  (  𝑧  )  −  𝑓  (  𝑥  )   ‖   𝐸   <  𝜀  .    


   𝑡  ,  𝑠  ∈  𝐸 


   𝜑  (    𝑥  𝑛   −    𝑥  𝑛  ′   )  =  𝜑  (    𝑥  𝑛   )  −  𝜑  (    ℎ  𝑛   ) 


       (  𝜑  (    𝑔  𝑛   )  )     𝑛  ∈  ℕ   


       (  𝜑  (    ℎ  𝑛   )  )     𝑛  ∈  ℕ   


      lim     𝑛  →  ∞      𝜑  (    ℎ  𝑛   )  =     lim     𝑛  →  ∞      𝜑  (    𝑔  𝑛   )  . 


   𝜓  (  𝑥  ) 


   𝑥  =     lim     𝑛  →  ∞        𝑥  𝑛  


   𝑦  =     lim     𝑛  →  ∞        𝑦  𝑛  


   (  𝑡    𝑥  𝑛   +    𝑦  𝑛     )    𝑛  ∈  ℕ   


   𝑡  𝑥  +  𝑦 


           𝜓  (  𝑡  𝑥  +  𝑦  )     =     lim     𝑛  →  ∞      𝜑  (  𝑡    𝑥  𝑛   +    𝑦  𝑛   )            =     lim     𝑛  →  ∞      𝑡  𝜑  (    𝑥  𝑛   )  +  𝜑  (    𝑦  𝑛   )            =  𝑡  𝜓  (  𝑥  )  +  𝜓  (  𝑦  )  .    


       ‖    𝜓  (  𝑥  )   ‖   𝐹   =     lim     𝑛  →  ∞          ‖    𝜑  (    𝑥  𝑛   )   ‖   𝐹   ≤     lim     𝑛  →  ∞          |      |      |  𝜑  |     |     |   𝐺  𝐹         ‖    𝑥  𝑛   ‖   𝐸   ≤      |      |      |  𝜑  |     |     |   𝐺  𝐸         ‖  𝑥  ‖   𝐸  


       |      |      |  𝜑  |     |     |   𝐺  𝐹  


   𝜃 


   𝜃  −  𝜓 


   𝐺  ⊆   ker   (  𝜃  −  𝜓  ) 


    ker   (  𝜃  −  𝜓  )  =  (  𝜃  −  𝜓    )    −  1    (  {  0  }  ) 


   {  0  } 


    ker   (  𝜃  −  𝜓  ) 


   𝐸  =     cl       (  𝐺  )    ⊆     cl       (     ker   (  𝜃  −  𝜓  )   )    =   ker   (  𝜃  −  𝜓  ) 


   𝜃  =  𝜓 


       ‖  𝑓  ‖   𝐷   ≔   sup       {  |  𝑓  (  𝑥  )  |  ∶  𝑥  ∈  𝐷  }     , 


       ‖  ⋅  ‖   𝐷  


       ‖  𝑓  ‖   𝐷   <  ∞ 


   ℬ  (  𝐷  ) 


   𝑓  ,  𝑔  ∈  ℬ  (  𝐷  ) 


   |  𝑡  𝑓  (  𝑥  )  +  𝑔  (  𝑥  )  |  ≤  |  𝑡  |      ‖  𝑓  ‖   𝐷   +      ‖  𝑔  ‖   𝐷  


       ‖    𝑡  𝑓  +  𝑔   ‖   𝐷   ≤  |  𝑡  |      ‖  𝑓  ‖   𝐷   +      ‖  𝑔  ‖   𝐷  


   0  ∈  ℬ  (  𝐷  ) 


       ‖  0  ‖   𝐷   =  0 


       ‖  𝑓  ‖   𝐷   =  0 


   |  𝑓  (  𝑥  )  |  =  0 


       ‖  𝑓  ‖   𝐷   =  0    ⟹    𝑓  =  0 


   (    𝑓  𝑛     )    𝑛  ∈  ℕ   


      lim     𝑛  →  ∞          ‖      𝑓  𝑛   −  𝑓   ‖   𝐷   =  0  . 


   (    𝑓  𝑛   ∶  𝐷  →  ℝ    )    𝑛  ∈  ℕ   


   (    𝑓  𝑛   (  𝑥  )    )    𝑛  ∈  ℕ   


   |  𝑓  (  𝑥  )  −    𝑓  𝑛   (  𝑥  )  |  ≤      ‖    𝑓  −    𝑓  𝑛    ‖   𝐷  


   𝑓  ∈  ℬ  (  𝐷  )  ↦  𝑓  (  𝑥  )  ∈  ℝ 


   |  𝑓  (  𝑥  )  |  ≤      ‖  𝑓  ‖   𝐷  


   𝑓  ∈  ℬ  (  𝐷  ) 


   𝑓  (  𝑥  )  =     lim     𝑛  →  ∞        𝑓  𝑛   (  𝑥  ) 


   |    𝑓  𝑛   (  𝑥  )  |  ≤      ‖    𝑓  𝑛   ‖   𝐷  


   (      ‖    𝑓  𝑛   ‖   𝐷     )    𝑛  ∈  ℕ   


       ‖      𝑓  𝑝   −    𝑓  𝑞    ‖   𝐷   <    𝜀  2  


     𝑀  𝑥   ∈  ℕ 


   𝑚  ≥    𝑀  𝑥  


   |    𝑓  𝑛   (  𝑥  )  −  𝑓  (  𝑥  )  |  <    𝜀  2  


   𝑝  ≥   max   {  𝑁  ,    𝑀  𝑥   } 


           |  𝑓  (  𝑥  )  −    𝑓  𝑛   (  𝑥  )  |     ≤  |  𝑓  (  𝑥  )  −    𝑓  𝑝   (  𝑥  )  |  +  |    𝑓  𝑝   (  𝑥  )  −    𝑓  𝑛   (  𝑥  )  |            <    𝜀  2   +    𝜀  2   =  𝜀  .    


       ‖      𝑓  𝑛   −  𝑓   ‖   𝐷   <  𝜀 


     𝐶  𝑏   (  𝐷  ) 


     𝑓  𝑛  


     𝑙  𝑛  


   (    𝑙  𝑛     )    𝑛  ∈  ℕ   


       ‖      𝑓  𝑛   −  𝑓   ‖   𝐷   <    𝜀  3  


     𝛿  𝑛   >  0 


   |  𝑥  −  𝑎  |  <    𝛿  𝑛  


   |    𝑓  𝑛   (  𝑥  )  −    𝑙  𝑛   |  <    𝜀  3  


   |  𝑥  −  𝑎  |  <   min   {    𝛿  𝑝   ,    𝛿  𝑞   } 


           |    𝑙  𝑝   −    𝑙  𝑞   |     ≤  |    𝑙  𝑝   −    𝑓  𝑝   (  𝑥  )  |  +  |    𝑓  𝑝   (  𝑥  )  −    𝑓  𝑞   (  𝑥  )  |  +  |    𝑓  𝑞   (  𝑥  )  −    𝑙  𝑞   |            <    𝜀  3   +    𝜀  3   +    𝜀  3   =  𝜀  .    


     𝑁  ′   ∈  ℕ 


   |    𝑙  𝑛   −  𝑙  |  <    𝜀  3  


   𝑀  =   max   {  𝑁  ,    𝑁  ′   } 


   |  𝑥  −  𝑎  |  <    𝛿  𝑀  


           |  𝑓  (  𝑥  )  −  𝑙  |     ≤  |  𝑓  (  𝑥  )  −    𝑓  𝑀   (  𝑥  )  |  +  |    𝑓  𝑀   (  𝑥  )  −    𝑙  𝑀   |  +  |    𝑙  𝑀   −  𝑙  |            ≤    𝜀  3   +    𝜀  3   +    𝜀  3   =  𝜀  .    


     𝑓  𝑛   (  𝑥  )  =     lim             𝑓  𝑛   (  𝑡  ) 


      lim     𝑛  →  ∞        𝑓  𝑛   (  𝑥  )  =  𝑓  (  𝑥  ) 


     𝐶  𝑏   (  𝐾  ) 


   𝑔  ∶  𝐾  →  ℝ 


       ‖    𝑓  −  𝑔   ‖   𝐾   <  𝜀 


   𝑁  ≔   max   {  𝑛  ∈  ℕ  ∶  𝑎  +  𝑛  𝛿  ≤  𝑏  } 


   𝑗  ∈  {  0  ,  …  ,  𝑁  } 


     𝜎  𝑗   ≔  𝑎  +  𝑗  𝛿 


     𝜎    𝑁  +  1    ≔  𝑏 


   𝑥  ∈  [  𝑎  ,  𝑏  ] 


     𝜎  0   ≤  𝑥  <    𝜎    𝑗  +  1   


   𝑔  (  𝑥  )  ≔      𝑥  −    𝜎  𝑗        𝜎    𝑗  +  1    −    𝜎  𝑗     𝑓  (    𝜎  𝑗   )  +        𝜎    𝑗  +  1    −  𝑥       𝜎    𝑗  +  1    −  𝜎    𝑓  (    𝜎    𝑗  +  1    )  . 


           |  𝑔  (  𝑥  )  −  𝑓  (  𝑥  )  |     =    |      𝑥  −    𝜎  𝑗        𝜎    𝑗  +  1    −    𝜎  𝑗     𝑓  (    𝜎  𝑗   )  +        𝜎    𝑗  +  1    −  𝑥       𝜎    𝑗  +  1    −    𝜎  𝑗     𝑓  (    𝜎    𝑗  +  1    )  −  𝑓  (  𝑥  )  |             ≤    1      𝜎    𝑗  +  1    −    𝜎  𝑗         (  |  𝑥  −    𝜎  𝑗   |  |  𝑓  (    𝜎  𝑗   )  −  𝑓  (  𝑥  )  |  +  |  𝑥  −    𝜎    𝑗  +  1    |  |  𝑓  (    𝜎    𝑗  +  1    )  −  𝑓  (  𝑥  )  |  )             ≤    1      𝜎    𝑗  +  1    −    𝜎  𝑗     (  (  𝑥  −    𝜎  𝑗   )  +  (    𝜎    𝑗  +  1    −  𝑥  )  )  𝜀            =  𝜀  .    


   (    𝜎  𝑗     )    𝑗  =  0   𝑛  


   {  0  ,  …  ,  𝑛  } 


   𝑎  =    𝜎  0   <    𝜎  1   <  ⋯  <    𝜎  𝑛   =  𝑏 


   #  𝜎 


   𝜎 


   𝑛 


   𝐹  ⊆  [  𝑎  ,  𝑏  ] 


   {    𝜎  𝑗   ∶  𝑗  ∈  {  0  ,  …  ,  #  𝜎  }  =  𝐹  ∪  {  𝑎  ,  𝑏  } 


   𝜂 


   𝜎  ≤  𝜂 


   {    𝜂  0   ,  …  ,    𝜂  𝑛   }  ⊆  {    𝜎  0   ,  …  ,    𝜎  𝑛   } 


   𝜂  ≤  𝜎 


   𝜎  ∧  𝜂 


   {    𝜎  0   ,  …  ,    𝜎    #  𝜎    }  ∪  {    𝜂  0   ,  …  ,    𝜂    #  𝜂    } 


   {  𝜎  ,  𝜂  } 


   𝜎  ∧  𝜂  ≤  𝜎 


   𝜎  ∧  𝜂  ≤  𝜂 


   𝜁 


   𝜁  ≤  𝜎 


   𝜁  ≤  𝜂 


   𝜁  ≤  𝜎  ∧  𝜂 


     𝐶  𝑏   (  [  𝑎  ,  𝑏  ]  ) 


               ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]          |      |      |    ∫  𝑎  𝑏   |     |     |        −    ∫  𝑎  𝑏   𝑓     =    ∫  𝑎  𝑏   (      ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]    −  𝑓  )  ≤      |      |      |    ∫  𝑎  𝑏   |     |     |              ‖        ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]    −  𝑓   ‖     [  𝑎  ,  𝑏  ]       ≤      |      |      |    ∫  𝑎  𝑏   |     |     |              ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]    .      


     ∫  𝑎  𝑏   𝑓 


     ∫  𝑎  𝑏   𝑓  (  𝑥  )    𝑑  𝑥 


   𝑘  ∈  ℝ 


     ∫  𝑎  𝑏   𝑘  =  𝑘  (  𝑏  −  𝑎  ) 


   𝑓  ∶  [  𝑎  ,  𝑏  ]  →  ℝ 


   ∀  𝑥  ∈  [  𝑎  ,  𝑏  ]    𝑓  (  𝑥  )  ≤  𝑔  (  𝑥  )  . 


     ∫  𝑎  𝑎   𝑓  =  0  . 


   {  𝑎  }  =  [  𝑎  ,  𝑎  ] 


     ∫  𝑎  𝑎   𝑓  =  𝑓  (  𝑎  )  (  𝑎  −  𝑎  )  =  0  , 


   𝑎  ≤  𝑏  ∈  ℝ 


   𝑚  ,  𝑀  ∈  ℝ 


   𝑥  ∈  [  𝑎  ,  𝑏  ] 


   𝑚  ≤  𝑓  (  𝑥  )  ≤  𝑀 


   𝑚  (  𝑏  −  𝑎  )  ≤    ∫  𝑎  𝑏   𝑓  ≤  𝑀  (  𝑏  −  𝑎  )  . 


   𝑚  ,  𝑀 


   𝑚  ≤  𝑓  ≤  𝑀 


   𝑓  ≤  𝑀 


     ∫  𝑎  𝑏   𝑓  ≤    ∫  𝑎  𝑏   𝑀  . 


     ∫  𝑎  𝑏   𝑀  =  𝑀  (  𝑏  −  𝑎  ) 


     ∫  𝑎  𝑏   𝑓  ≤  𝑀  (  𝑏  −  𝑎  ) 


   ∫ 


     ∫  𝑏  𝑎   𝑓  =  −    ∫  𝑎  𝑏   𝑓  . 


   𝑎  ,  𝑏  ,  𝑐  ∈  ℝ 


   𝑎  ,  𝑏  ,  𝑐 


     ∫  𝑎  𝑏   𝑓  +    ∫  𝑏  𝑐   𝑓  +    ∫  𝑐  𝑎   𝑓  =  0  . 


   𝑎  ≤  𝑏  ≤  𝑐 


     ∫  𝑎  𝑐   𝑓  =    ∫  𝑎  𝑏   𝑓  +    ∫  𝑏  𝑐   𝑓 


     ∫  𝑎  𝑏   𝑓  +    ∫  𝑏  𝑐   𝑓  +    ∫  𝑐  𝑎   𝑓  =    ∫  𝑎  𝑐   𝑓  +    ∫  𝑐  𝑎   𝑓  =  0  . 


   𝑏  ≤  𝑐  ≤  𝑎 


   𝑐  ≤  𝑎  ≤  𝑏 


   𝑏  ≤  𝑎  ≤  𝑐 


             ∫  𝑎  𝑏   𝑓  +    ∫  𝑏  𝑐   𝑓  +    ∫  𝑐  𝑎   𝑓     =  −    ∫  𝑏  𝑎   𝑓  +    ∫  𝑏  𝑐   𝑓  −    ∫  𝑎  𝑐   𝑓            =    ∫  𝑏  𝑐   −  (    ∫  𝑏  𝑎   𝑓  +    ∫  𝑎  𝑐   𝑓  )            =    ∫  𝑏  𝑐   −    ∫  𝑏  𝑐   𝑓  =  0  ,    


   𝑎  ≤  𝑐  ≤  𝑏 


   𝑐  ≤  𝑏  ≤  𝑎 


   𝐹  ∶  𝑥  ∈  [  𝑎  ,  𝑏  ]  →    ∫  𝑎  𝑥   𝑓 


   𝐹 


       ‖  𝑓  ‖   ∞  


       ‖  𝑓  ‖   ∞   =   sup   {  |  𝑓  (  𝑥  )  |  ∶  𝑥  ∈  [  𝑎  ,  𝑏  ]  } 


   −      ‖  𝑓  ‖   ∞   ≤  𝑓  (  𝑥  )  ≤      ‖  𝑓  ‖   ∞  


   𝑥  ,  𝑦  ∈  [  𝑎  ,  𝑏  ] 


           −      ‖  𝑓  ‖   ∞   (  𝑦  −  𝑥  )  ≤  𝐹  (  𝑥  )  −  𝐹  (  𝑦  )  =    ∫  𝑥  𝑦   𝑓  ≤      ‖  𝑓  ‖   ∞   (  𝑦  −  𝑥  )  ,      


   |  𝐹  (  𝑥  )  −  𝐹  (  𝑦  )  |  ≤      ‖  𝑓  ‖   ∞   |  𝑥  −  𝑦  | 


   |  𝐹  (  𝑥  )  −  𝐹  (  𝑦  )  |  =  |  𝐹  (  𝑦  )  −  𝐹  (  𝑥  )  | 


   |  𝐹  (  𝑥  )  −  𝐹  (  𝑦  )  |  ≤      ‖  𝑓  ‖   ∞   |  𝑥  −  𝑦  | 


   𝐹  ∶  [  𝑎  ,  𝑏  ]  →  ℝ 


   ∀  𝑥  ∈  (  𝑎  ,  𝑏  )      𝐹  ′   (  𝑥  )  =  𝑓  (  𝑥  )  . 


   𝐹  ∶  [  𝑎  ,  𝑏  ]  →  ℝ 


   𝐺  ∶  [  𝑎  ,  𝑏  ]  →  ℝ 


   𝑐  ∈  ℝ 


   𝐹  =  𝐺  +  𝑐 


   ∀  𝑥  ∈  [  𝑎  ,  𝑏  ]    𝐹  (  𝑥  )  =  𝐺  (  𝑥  )  +  𝑐  . 


   𝐹  ∶  𝑥  ∈  [  𝑎  ,  𝑏  ]  ↦    ∫  𝑎  𝑥   𝑓  , 


   𝑥  ∈  (  𝑎  ,  𝑏  ) 


   ℎ  >  0 


   𝑥  +  ℎ  ∈  (  𝑎  ,  𝑏  ) 


          (9.1)        1  ℎ       (  𝐹  (  𝑥  +  ℎ  )  −  𝐹  (  𝑥  )  )      =    1  ℎ       (    ∫  𝑎    𝑥  +  ℎ    𝑓  −    ∫  𝑎  𝑥   𝑓  )             =    1  ℎ       (    ∫  𝑥    𝑥  +  ℎ    𝑓  )        by Proposition (??).     


   [  𝑥  ,  𝑥  +  ℎ  ] 


     𝑚  ℎ   ,    𝑀  ℎ   ∈  [  𝑥  ,  𝑥  +  ℎ  ] 


   𝑡  ∈  [  𝑥  ,  𝑥  +  ℎ  ] 


   𝑓  (    𝑚  ℎ   )  ≤  𝑓  (  𝑡  )  ≤  𝑓  (    𝑀  ℎ   )  . 


          (9.2)        ℎ  𝑓  (    𝑚  ℎ   )  ≤    ∫  𝑥    𝑥  +  ℎ    𝑓  ≤  ℎ  𝑓  (    𝑀  ℎ   )  .    


   𝑓  (    𝑚  ℎ   )  ≤    1  ℎ       (  𝐹  (  𝑥  +  ℎ  )  −  𝐹  (  𝑥  )  )   ≤  𝑓  (    𝑀  ℎ   )  . 


   𝑥  ≤    𝑚  ℎ   ≤  𝑥  +  ℎ 


      lim           𝑥  =     lim           𝑥  +  ℎ  =  𝑥 


      lim             𝑚  ℎ   =  𝑥 


      lim           𝑓  (    𝑚  ℎ   )  =  𝑓  (  𝑥  ) 


      lim           𝑓  (    𝑀  ℎ   )  =  𝑓  (  𝑥  ) 


          (9.3)           lim             1  ℎ       (  𝐹  (  𝑥  +  ℎ  )  −  𝐹  (  𝑥  )  )   =  𝑓  (  𝑥  )  .    


      lim             1  ℎ       (  𝐹  (  𝑥  +  ℎ  )  −  𝐹  (  𝑥  )  )   =  𝑓  (  𝑥  ) 


   ℎ  <  0 


   𝑥  +  ℎ  ∈  (  𝑎  ,  𝑏  ) 


             1  ℎ       (  𝐹  (  𝑥  +  ℎ  )  −  𝐹  (  𝑥  )  )      =    1  ℎ     ∫  𝑥    𝑥  +  ℎ    𝑓            =      −  1   ℎ     ∫    𝑥  +  ℎ   𝑥   𝑓  .    


     𝑚  ℎ   ,    𝑀  ℎ   ∈  [  𝑥  +  ℎ  ,  𝑥  ] 


   𝑓  (    𝑚  ℎ   )  ≤  𝑓  (  𝑡  )  ≤  𝑓  (    𝑀  ℎ   ) 


   𝑡  ∈  [  𝑥  +  ℎ  ,  𝑥  ] 


   𝑥  +  ℎ  <  𝑥 


   −  ℎ  𝑓  (    𝑚  ℎ   )  ≤    ∫    𝑥  +  ℎ   𝑥   𝑓  ≤  −  ℎ  𝑓  (    𝑀  ℎ   )  . 


   𝑓  (    𝑚  ℎ   )  ≤    1  ℎ       (  𝐹  (  𝑥  +  ℎ  )  −  𝐹  (  𝑥  )  )   ≤  𝑓  (    𝑀  ℎ   ) 


          (9.4)           lim             1  ℎ       (  𝐹  (  𝑥  +  ℎ  )  −  𝐹  (  𝑥  )  )   =  𝑓  (  𝑥  )  .    


     𝐹  ′   (  𝑥  )  =  𝑓  (  𝑥  ) 


     𝐹  ′   =  𝑓 


     ∫  𝑎  𝑏   𝑓  =  𝐹  (  𝑏  )  −  𝐹  (  𝑎  )  . 


   𝐹  ∶  𝑥  ∈  [  𝑎  ,  𝑏  ]  ↦    ∫  𝑎  𝑥   𝑓 


   𝑐  ∈  ℝ 


   𝐹  +  𝑐  =  𝐹 


   𝐹  (  𝑏  )  −  𝐹  (  𝑎  )  =  𝐹  (  𝑏  )  +  𝑐  −  (  𝐹  (  𝑎  )  +  𝑐  )  =  𝐹  (  𝑏  )  −  𝐹  (  𝑎  )  =  𝐹  (  𝑏  )  =    ∫  𝑎  𝑏   𝑓  , 


     ∫  𝑎  𝑏     𝑓  ′   =  𝑓  (  𝑏  )  −  𝑓  (  𝑎  )  . 


     𝑓  ′  


   (  [  𝑎  ,  𝑏  ]  ,  𝑓  ) 


   𝜇  ,  𝜆  ∈  ℝ 


     ∫  𝑎  𝑏   (  𝜆  𝑓  +  𝜇  𝑔  )  =  𝜆    ∫  𝑎  𝑏   𝑓  +  𝜇    ∫  𝑎  𝑏   𝑔  . 


   𝐹  ∶  𝑥  ∈  [  𝑎  ,  𝑏  ]  →    ∫  𝑎  𝑥   𝑓 


   𝐺  ∶  𝑥  ∈  [  𝑎  ,  𝑏  ]  →    ∫  𝑎  𝑥   𝑔 


   𝐻  =  𝜆  𝐹  +  𝜇  𝐺 


     𝐻  ′   =  𝜆    𝐹  ′   +  𝜇    𝐺  ′   =  𝜆  𝑓  +  𝜇  𝑔 


   𝜆  𝑓  +  𝜇  𝑔 


             ∫  𝑎  𝑏   (  𝜆  𝑓  +  𝜇  𝑔  )     =  𝐻  (  𝑏  )  −  𝐻  (  𝑎  )            =  𝜆  𝐹  (  𝑏  )  +  𝜇  𝐺  (  𝑏  )  −  (  𝜆  𝐹  (  𝑎  )  +  𝜇  𝐺  (  𝑎  )  )            =  𝜆  (  𝐹  (  𝑏  )  −  𝐹  (  𝑎  )  )  +  𝜇  (  𝐺  (  𝑏  )  −  𝐺  (  𝑎  )  )            =  𝜆    ∫  𝑎  𝑏   𝑓  +  𝜇    ∫  𝑎  𝑏   𝑔  .    


     ∫  𝑎  𝑏   0  =  0 


   𝑓  (  𝑥  )  ≥  0 


   (  𝐸  ,  ≤  ) 


     {    1  𝑛   ∶  𝑛  ∈  ℕ  }   ⊆  𝑆 


   0  ≤   inf     𝑆  ≤   inf       {    1  𝑛   ∶  𝑛  ∈  ℕ  }   =  0 


    inf     𝑆  =  0 


   𝑥  <  0 


           𝑥     =  −  (  −  𝑥  )            =  −   inf   {  𝑞  ∈  ℚ  ∶  −  𝑥  ≤  𝑞  }            =   sup   {  −  𝑞  ∈  ℚ  ∶  −  𝑥  ≤  −  𝑞  }            =   sup   {  𝑞  ∈  ℚ  ∶  𝑞  ≤  𝑥  }  .    


   𝑥  =   inf   {  𝑞  ∈  ℚ  ∶  𝑥  ≤  𝑞  } 


     𝑆  ′   =  {  𝑞  ∈  ℚ  ∶  𝑥  ≤  𝑞  } 


   𝑆  ⊆    𝑆  ′  


   𝑥  ≤   inf       𝑆  ′   ≤   inf     𝑆  =  𝑥 


   𝑥  =   inf       𝑆  ′  


   𝑥  ∈  ℚ 


     𝑆  ′  


    inf       𝑆  ′   =  𝑥 


   𝑥  ∉  𝑄 


   𝑆  =    𝑆  ′  


    inf       𝑆  ′   =   inf     𝑆  =  𝑥 


   𝑥  =   sup       {  𝑞  ∈  ℚ  ∶  𝑞  ≤  𝑥  }  


   ℝ 


   𝐶  ⊆  ℚ 


   𝐶  ≠  ∅ 


   ∀  𝑥  ,  𝑦  ∈  ℚ    𝑥  <  𝑦    and    𝑥  ∈  𝐶    ⟹    𝑦  ∈  𝐶 


   𝐶 


     𝑞  ℝ   =  {  𝑥  ∈  𝑄  ∶  𝑥  >  𝑞  } 


     𝑞  ℝ  


   𝑥  ,  𝑦 


   𝑦  ⊆  𝑥 


   𝑥  ⊈  𝑦 


   𝑡  ∈  𝑦 


   𝑠  ∈  𝑥 


   𝑠  ≥  𝑡 


   ∀  𝑠  ∈  𝑥    𝑠  ∈  𝑦 


   𝑥  ⊈  𝑦 


   𝑠  ∈  𝑥 


   𝑠  <  𝑡 


   𝑡  ∈  𝑥 


   𝑦  ⊆  𝑥 


   𝑥  =  ⋃  𝑆 


   ⊆ 


   𝑚 


   𝑚  ≤  𝑡 


   𝑡  ∈  𝑆 


   𝑡  ⊆  𝑚 


   𝑡  ∈  𝑆 


   𝑥  ⊆  𝑚 


   𝑡  ,  𝑠  ∈  ℚ 


   𝑡  <  𝑠 


   𝑦  ∈  𝑆 


   𝑠  ∈  𝑦 


   𝑚  ∈  ℚ 


   𝑚  ∈  𝑦 


   𝑢  ∈  𝑦 


   𝑢  <  𝑚 


   𝑢  ∈  𝑥 


   𝑚  =   min     𝑥 


   𝑥    +  ℝ   𝑦 


   𝑥    +  ℝ   𝑦  =    {  𝑡  +  𝑠  ∶  𝑡  ∈  𝑥  ,  𝑠  ∈  𝑦  }  


   𝑥    +  ℝ   𝑦 


     𝑀  𝑥   ,    𝑀  𝑦   ∈  ℚ 


   𝑠  ∈  𝑦 


     𝑀  𝑥   <  𝑡 


     𝑀  𝑦   <  𝑠 


     𝑀  𝑥   +    𝑀  𝑦   <  𝑠  +  𝑡 


   𝑡  <  𝑠 


   𝑡  ∈  𝑥    +  ℝ   𝑦 


   𝑡  =  𝑢  +  𝑣 


   𝑢  ∈  𝑥 


   𝑣  ∈  𝑦 


   𝑠  −  𝑢  >  𝑡  −  𝑢  =  𝑣 


   𝑠  −  𝑢  ∈  𝑦 


   𝑠  =  𝑢  +  (  𝑠  −  𝑢  )  ∈  𝑥    +  ℝ   𝑦 


   𝑠  ∈  𝑥    +  ℝ   𝑦 


   𝑠  =  𝑢  +  𝑣 


   𝑎  ∈  𝑥 


   𝑎  +  𝑣  ∈  𝑥    +  ℝ   𝑦 


   𝑢  +  𝑣  =  𝑠  ≤  𝑎  +  𝑣 


   𝑢  ≤  𝑎 


   𝑢 


     +  ℝ  


     0  ℝ  


   𝑥  ⊆  ℚ 


   𝑡  ∈  𝑥    +  ℝ     0  ℝ  


   𝑡  =  𝑢  +  𝑣 


   𝑣  >  0 


   𝑡  >  𝑢 


   𝑥  +    0  ℝ   ⊆  𝑥 


   𝑢  <  𝑡 


   𝜀  =  𝑡  −  𝑢  >  0 


   𝜀  ∈    0  ℝ  


   𝑡  =  𝑢  +  𝜀 


   𝑥    +  ℝ     0  ℝ   =  𝑥 


   𝑥  ,  𝑦  ,  𝑧 


   𝑡  ∈  (  𝑥    +  ℝ   𝑦  )    +  ℝ   𝑧 


   𝑢  ∈  𝑥    +  ℝ   𝑦 


   𝑣  ∈  𝑧 


   𝑤  ∈  𝑦 


   𝑢  =  𝑠  +  𝑤 


   𝑡  =  (  𝑠  +  𝑤  )  +  𝑣  =  𝑠  +  (  𝑤  +  𝑣  ) 


   𝑡  ∈  𝑥    +  ℝ   (  𝑦    +  ℝ   𝑧  ) 


   (  𝑥    +  ℝ   𝑦  )    +  ℝ   𝑧  ⊆  𝑥    +  ℝ   (  𝑦    +  ℝ   𝑧  ) 


   𝑥    +  ℝ   (  𝑦    +  ℝ   𝑧  )  ⊆  (  𝑥    +  ℝ   𝑦  )    +  ℝ   𝑧 


   𝑠  >    𝑚    𝑚  −  1   


   0  <  𝑞  <    𝑡  𝑛  


   𝑚  =   min   {  𝑘  ≥  𝑛  ∶  𝑘  𝑞  ∈  𝑥  } 


   (  𝑚  −  1  )  𝑞  ∉  𝑥 


   𝑡  >  (  𝑚  −  1  )  𝑞 


   𝑡    𝑠    𝑚  𝑞    >  (  𝑚  −  1  )  𝑞    𝑠    𝑚  𝑞    =      𝑚  −  1   𝑚   𝑠  >      𝑚  −  1   𝑚     𝑚    𝑚  −  1    =  1  . 


     𝑠    𝑚  𝑞    ∈    𝑥    −  1   


   𝑠  =    [  ⎵   1  𝑝  𝑡  ]      𝑚  𝑞     ∈  𝑥      [  ⎵   1  𝑝  𝑡  ]      𝑠    𝑚  𝑞      ∈    𝑥    −  1     


   𝑠  ∈  𝑥    𝑥    −  1   


   𝑥    𝑥    −  1    =    1  ℝ  


   𝑥  ,  𝑦  ,  𝑧  ∈    ℝ  +  


   𝑥  (  𝑦    +  ℝ   𝑧  )  =  𝑥  𝑦    +  ℝ   𝑥  𝑧 


   𝑥  ,  𝑦  ∈  ℝ 


   𝑦  ≤  0 


   𝑥  𝑦  =  𝑥  (  −  𝑦  ) 


   𝑥  ≤  0 


   𝑥  𝑦  =  (  −  𝑥  )  𝑦 


   𝑥  𝑦  =  (  −  𝑥  )  (  −  𝑦  ) 


   (  ℝ  ,  +  ) 


   (    ℝ  +   ∖  {  0  }  ,  ⋅  ) 


   𝑥  ≥  0 


   𝑦  ≥  0 


   𝑥  𝑦  ≥  0 


   ≤ 


   (  −  𝑥    )    −  1   


   𝑥  ,  𝑦  ,  𝑧  ∈  ℝ 


   𝑧  ≥  0 


   𝑦    +  ℝ   𝑧  ≥  0 


           𝑥  𝑧     =  𝑥  (  𝑧    +  ℝ     0  ℝ   )            =  𝑥      (    [  ⎵   1  𝑝  𝑡  ]      𝑧    +  ℝ   𝑦     ≥  0    +    [  ⎵   1  𝑝  𝑡  ]      (  −  𝑦  )     ≥  0    )             =  𝑥  (  𝑧    +  ℝ   𝑦  )  +  𝑥  (  −  𝑦  )    


   𝑥  𝑧  +  𝑥  𝑦  =  𝑥  (  𝑧    +  ℝ   𝑦  ) 


   𝐴  ⊆  ℝ 


   𝑥  ∈  ℝ 


   ∀  𝜀  >  0    ∃  𝑦  ∈  𝐴    𝑦  <  𝑥  +  𝜀  . 


   𝑥  +  𝜀  >  𝑥 


   𝑥  +  𝜀 


   𝑦  ∈  𝐴 


   𝑦  <  𝑥  +  𝜀 


   𝑦  <  𝑥  +  𝜀 


   𝑧  >  𝑥 


   𝜀  =  𝑧  −  𝑥  >  0 


   𝑦  <  𝑥  +  𝜀  =  𝑧 


   𝑧 


   {    1  𝑛   ∶  𝑛  ∈  ℕ  ∖  {  0  }  } 


   𝑆  =    {    1  𝑛   ∶  𝑛  ∈  ℕ  ∖  {  0  }  }  


   𝑥  =   inf     𝑆  ≥  0 


   𝑥  ≤    1    2  𝑛   


   𝑥  +  𝑥  ≤    1  𝑛  


   𝑛  ∈  ℕ  ∖  {  0  } 


   𝑥  +  𝑥  ≤  𝑥 


    dist   (  𝑥  ,  𝐴  ) 


   𝑥  ∈  ℝ 


    dist   (  𝑥  ,  𝐴  )  =   inf       {  |  𝑥  −  𝑦  |  ∶  𝑦  ∈  𝐴  }   . 


   ∀  𝐴  ⊆  ℝ    𝐴  ≠  ∅    ⟹    0  ≤   dist   (  𝑥  ,  𝐴  ) 


   ∀  𝑥  ,  𝑦  ∈  ℝ     dist   (  𝑥  ,  {  𝑦  }  )  =  |  𝑥  −  𝑦  | 


   ∀  𝑥  ∈  ℝ    ∀  𝐴  ⊆  ℝ    𝐴    finite, not empty     ⟹     dist   (  𝑥  ,  𝐴  )  =   min   {  |  𝑥  −  𝑦  |  ∶  𝑦  ∈  𝐴  } 


   ∀  𝐴  ⊆  ℝ    ∀  𝑥  ∈  ℝ    𝑥  ∈  𝐴    ⟹     dist   (  𝑥  ,  𝐴  )  =  0 


   ∀  𝐴  ,  𝐵  ⊆  ℝ    𝐴  ⊆  𝐵    and    𝐴  ≠  ∅    ⟹    ∀  𝑥  ∈  ℝ     dist   (  𝑥  ,  𝐵  )  ≤   dist   (  𝑥  ,  𝐴  ) 


   ∀  𝐴  ⊆  ℝ    𝐴  ≠  ∅    ⟹    ∀  𝑥  ,  𝑦  ∈  ℝ        |   dist   (  𝑥  ,  𝐴  )  −   dist   (  𝑦  ,  𝐴  )  |   ≤  |  𝑥  −  𝑦  | 


   {  |  𝑥  −  𝑦  |  ∶  𝑦  ∈  𝐴  } 


   𝐴  ≠  ∅ 


   0  ≤   dist   (  𝑥  ,  𝐴  ) 


    inf   {  |  𝑥  −  𝑧  |  ∶  𝑧  ∈  {  𝑦  }  }  =   min   {  |  𝑥  −  𝑦  |  }  =  |  𝑥  −  𝑦  | 


   0  =  |  𝑥  −  𝑥  |  ∈  {  |  𝑥  −  𝑦  |  ∶  𝑦  ∈  𝐴  } 


    dist   (  𝑥  ,  𝐴  )  ≤  0 


    dist   (  𝑥  ,  𝐴  )  =  0 


   𝐴  ,  𝐵  ⊆  ℝ 


   𝐴  ⊆  𝐵 


     {  |  𝑥  −  𝑦  |  ∶  𝑦  ∈  𝐴  }   ⊆    {  |  𝑥  −  𝑦  |  ∶  𝑦  ∈  𝐵  }  


    dist   (  𝑥  ,  𝐴  )  =   inf       {  |  𝑥  −  𝑦  |  ∶  𝑦  ∈  𝐴  }   ≥    {  |  𝑥  −  𝑦  |  ∶  𝑦  ∈  𝐵  }   =   dist   (  𝑥  ,  𝐵  )  . 


   𝑧  ∈  𝐴 


            dist   (  𝑥  ,  𝐴  )  ≤  |  𝑥  −  𝑧  |  ≤  |  𝑥  −  𝑦  |  +  |  𝑦  −  𝑧  |  ,      


    dist   (  𝑥  ,  𝐴  )  −  |  𝑥  −  𝑦  |  ≤   dist   (  𝑦  ,  𝐴  ) 


    dist   (  𝑥  ,  𝐴  )  −   dist   (  𝑦  ,  𝐴  )  ≤  |  𝑥  −  𝑦  |  . 


    dist   (  𝑦  ,  𝐴  )  −   dist   (  𝑥  ,  𝐴  )  ≤  |  𝑥  −  𝑦  | 


     |   dist   (  𝑥  ,  𝐴  )  −   dist   (  𝑦  ,  𝐴  )  |   ≤  |  𝑥  −  𝑦  |  , 


   𝑥  ∈  𝐴 


    cl       (  𝐴  )  


      cl       (  𝐴  )    =    {  𝑥  ∈  ℝ  ∶   dist   (  𝑥  ,  𝐴  )  =  0  }   . 


      cl       (  ∅  )    =  ∅ 


   𝑎  ,  𝑏  ∈  ℝ 


   𝑀  >  0 


   𝜀  ∈  (  0  ,  𝑀  ) 


   𝑎  ≤  𝑏  +  𝜀 


   𝑎  ≤  𝑏 


   𝑎  >  𝑏 


   𝜀  =   min   {  𝑀  ,      𝑎  −  𝑏   2   }  >  0 


   𝑏  +  𝜀  ≤      𝑏  +  𝑎   2   <  𝑎 


   ∀  𝜀  >  0    𝑎  ≤  𝑏  +  𝜀 


   ∀  𝐴  ⊆  ℝ    𝐴  ⊆     cl       (  𝐴  )   


   ∀  𝐴  ⊆  ℝ       cl       (     cl       (  𝐴  )    )    =     cl       (  𝐴  )   


   ∀  𝐴  ,  𝐵  ⊆  ℝ    𝐴  ⊆  𝐵    ⟹       cl       (  𝐴  )    ⊆     cl       (  𝐵  )   


   ∀  𝐴  ,  𝐵  ⊆  ℝ       cl       (    𝐴  ∪  𝐵   )    =     cl       (  𝐴  )    ∪     cl       (  𝐵  )   


   𝐴  =  ∅ 


   𝐵  =  ∅ 


   𝐴  ≠  ∅ 


   𝑥  ∈     cl       (  𝐴  )   


   𝐴  ⊆     cl       (  𝐴  )   


      cl       (  𝐴  )    ⊆     cl       (     cl       (  𝐴  )    )   


   𝑥  ∈     cl       (     cl       (  𝐴  )    )   


    dist   (  𝑥  ,     cl       (  𝐴  )    )  =  0 


   [  𝑎  ,  𝑏  ] 


   𝐹  ⊆  ℝ 


   𝐹  =     cl       (  𝐴  )   


      cl       (     cl       (  𝐴  )    )    =     cl       (  𝐴  )   


   𝐹  =     cl       (  𝐹  )   


   𝐹  ,  𝐺  ⊆  ℝ 


   𝐹  ∪  𝐺 


   ℱ  ⊆    2  ℝ  


   ⋂  ℱ  ∶  =    {  𝑥  ∈  ℝ  ∶  ∀  𝐹  ∈  ℱ    𝑥  ∈  𝐹  }  


   𝐹  ,  𝐺  ⊆  𝐸 


      cl       (    𝐹  ∪  𝐺   )    =     cl       (  𝐹  )    ∪     cl       (  𝐺  )    =  𝐹  ∪  𝐺  , 


   ℱ 


     2  ℝ  


   ⋂  ℱ  ⊆     cl       (    ⋂  ℱ   )   


   𝐹  ∈  ℱ 


   ⋂  ℱ  ⊆  𝐹 


      cl       (    ⋂  ℱ   )    ⊆     cl       (  𝐹  )    =  𝐹 


   𝐹  ∈  ℱ 


      cl       (    ⋂  ℱ   )    ⊆  ⋂  ℱ 


      cl       (    ⋂  ℱ   )    =  ⋂  ℱ 


   ⋂  ℱ 


   (    𝐹  𝑗     )    𝑗  ∈  𝐽   


     ⋂    𝑗  ∈  𝐽      𝐹  𝑗   =  ⋂    {    𝐹  𝑗   ∶  𝑗  ∈  𝐽  }  


      cl       (  𝐴  )    =  ⋂    {  𝐹  ⊆  ℝ  ∶  𝐹    is closed and    𝐴  ⊆  𝐹  }   . 


   ⋂    {  𝐹  ⊆  ℝ  ∶  𝐹    is closed and    𝐴  ⊆  𝐹  }   ⊆     cl       (  𝐴  )    . 


   𝐴  ⊆  𝐹 


      cl       (  𝐴  )    ⊆     cl       (  𝐹  )    =  𝐹 


      cl       (  𝐴  )    ⊆  ⋂    {  𝐹  ⊆  ℝ  ∶  𝐹    is closed and    𝐴  ⊆  𝐹  }   . 


    sup     𝐹  ∈  𝐹 


   𝐹 


    inf     𝐹  ∈  𝐹 


   𝑥  ∈  𝐹 


    sup     𝐹  −  𝜀  <  𝑥  ≤   sup     𝐹 


    dist   (   sup     𝐹  ,  𝐹  )  ≤  |   sup     𝐹  −  𝑥  |  <  𝜀 


    dist   (   sup     𝐹  ,  𝐹  )  =  0 


    sup     𝐹  ∈     cl       (  𝐹  )    =  𝐹 


   ℝ  ∖  [  𝑎  ,  𝑏  ]  =  (  −  ∞  ,  𝑎  )  ∪  (  𝑏  ,  ∞  ) 


      cl       (    (  −  ∞  ,  𝑎  )  ∪  (  𝑏  ,  ∞  )   )    =     cl       (    (  −  ∞  ,  𝑎  )   )    ∪     cl       (    (  𝑏  ,  ∞  )   )    =  (  −  ∞  ,  𝑎  ]  ∪  [  𝑏  ,  ∞  ) 


   ℝ  ∖  𝑈 


   𝑈  ,  𝑉  ⊆  ℝ 


   𝑈  ∩  𝑉 


   𝒰  ⊆    2  ℝ  


   ⋃  𝒰  ∶  =    {  𝑥  ∈  ℝ  ∶  ∃  𝑈  ∈  𝒰    𝑥  ∈  𝑈  }  


   (  𝑎  ,  𝑏  ) 


   ℝ  ∖  (  𝑎  ,  𝑏  )  =  (  −  ∞  ,  𝑎  ]  ∪  [  𝑏  ,  ∞  ) 


   𝑥  ≠  𝑦 


   𝑉 


   𝑥  ∈  𝑈 


   𝑦  ∈  𝑉 


   𝛿  =      |  𝑥  −  𝑦  |   2   >  0 


   𝑈  =  (  𝑥  −  𝛿  ,  𝑥  +  𝛿  ) 


   𝑉  =  (  𝑦  −  𝛿  ,  𝑦  +  𝛿  ) 


   𝑈  ⊆  ℝ 


          (2.1)        ∀  𝑥  ∈  𝑈    ∃    𝛿  𝑥   >  0    (  𝑥  −    𝛿  𝑥   ,  𝑥  +    𝛿  𝑥   )  ⊆  𝑈  .    


   𝑥  ∈  𝑈 


   𝑥  ∉  ℝ  ∖  𝑈 


   ℝ  ∖  𝑈  =     cl       (    ℝ  ∖  𝑈   )   


    dist   (  𝑥  ,  ℝ  ∖  𝑈  )  >  0 


     𝛿  𝑥   =   dist   (  𝑥  ,  ℝ  ∖  𝑈  ) 


   𝑦  ∈  (  𝑥  −    𝛿  𝑥   ,  𝑥  +    𝛿  𝑥   ) 


   |  𝑥  −  𝑦  |  <    𝛿  𝑥  


   𝑦  ∉  ℝ  ∖  𝑈 


   𝑦  ∈  𝑈 


     𝛿  𝑥   >  0 


   𝑦  ∈  𝐸 


    dist   (  𝑥  ,  𝑦  )  <    𝛿  𝑥  


     𝛿  𝑥   >  0 


   (  𝑥  −    𝛿  𝑥   ,  𝑥  +    𝛿  𝑋   )  ⊆  𝑈 


   𝑈  =    ⋃    𝑥  ∈  𝑈    (  𝑥  −    𝛿  𝑥   ,  𝑥  +    𝛿  𝑥   ) 


   (  𝑥  −    𝛿  𝑥   ,  𝑥  +    𝛿  𝑥   ) 


   𝑈  =  ⋃    {  𝐼  ⊆  𝑈  ∶        𝐼   is an open interval   }   . 


   ⋃    {  𝐼  ⊆  𝑈  ∶        𝐼   is an open interval    }   ⊆  𝑈 


      cl       (  𝐴  )    =    {  𝑥  ∈  ℝ  ∶  ∀  𝑈  ⊆  ℝ        𝑈   open and    𝑥  ∈  𝑈    ⟹    𝑈  ∩  𝐴  ≠  ∅  }   . 


   𝑉  ⊆  ℝ 


   𝑥  ∈  𝑉 


   𝛿  >  0 


   (  𝑥  −  𝛿  ,  𝑥  +  𝛿  )  ⊆  𝑉 


    dist   (  𝑥  ,  𝑦  )  <  𝛿 


   𝑦  ∈  𝑉  ∩  𝐴 


   𝑉  ∩  𝐴  ≠  ∅ 


   𝑥  ∈  𝑉 


   𝐴  ∩  𝑉  ≠  ∅ 


   𝑦  ∈  𝐴  ∩  (  𝑥  −  𝜀  ,  𝑥  +  𝜀  ) 


    dist   (  𝑥  ,  𝐴  )  ≤  |  𝑥  −  𝑦  |  <  𝜀  . 


   𝑥  ∈     cl       (  𝐴  )   


   𝑥  ∉     cl       (  𝐴  )   


   𝑥  ∈  ℝ  ∖     cl       (  𝐴  )   


   𝑉  =  ℝ  ∖     cl       (  𝐴  )   


   ℝ  ∖     cl       (  𝐴  )    ⊆  ℝ  ∖  𝐴 


   𝑉  ∩  𝐴  =  ℝ  ∖     cl       (  𝐴  )    ∩  𝐴  ⊆  ℝ  ∖  𝐴  ∩  𝐴  =  ∅ 


   𝐴  ∩  𝑉  =  ∅ 


   𝐴  ⊆  ℝ  ∖  𝑉 


   ℝ  ∖  𝑉 


      cl       (  𝐴  )    ⊆  ℝ  ∖  𝑉 


      cl       (  𝐴  )    ∩  𝑈  ⊆     cl       (    𝐴  ∩  𝑈   )   


   𝑎  ∈     cl       (  𝐴  )    ∩  𝑈 


   𝛿  >  0 


   (  𝑎  −  𝛿  ,  𝑎  +  𝛿  )  ⊆  𝑈 


   𝑎  ∈     cl       (  𝐴  )   


   𝜀  ∈  (  0  ,  𝛿  ) 


   𝑓  ∶  𝐷  →  ℝ 


   𝐷 


   𝑓  (  𝐴  ∩  𝐷  ) 


   𝐴  ⊆  𝐷 


   𝑓  (     cl       (  𝐴  )    ∩  𝐷  )  ⊆     cl       (    𝑓  (  𝐴  )   )    . 


   𝑓  ∶  𝐷  →  ℝ 


   𝑔  ∶  𝐹  →  ℝ 


   𝑓  (  𝐷  )  ⊆  𝐹 


   𝑓 


   𝑔 


   𝑔  ∘  𝑓 


   𝑓  (     cl       (  𝐴  )    ∩  𝐷  )  ⊆     cl       (    𝑓  (  𝐴  )   )   


   𝑓  (  𝐴  )  ⊆  𝐹 


   𝑔  (  𝐹  ∩     cl       (    𝑓  (  𝐴  )   )    )  ⊆     cl       (    𝑔  (  𝑓  (  𝐴  )  )   )   


   𝑔  ∘  𝑓  (     cl       (  𝐴  )    ∩  𝐷  )  ⊆     cl       (    𝑔  (  𝑓  (  𝐴  )  )   )   


   𝐵  ⊆  𝐷 


     𝑓    |  𝐵   


   𝐵 


     𝑓    |  𝐵    (     cl       (  𝐴  )    ∩  𝐵  )  =  𝑓  (     cl       (  𝐴  )    ∩  𝐵  )  ⊆  𝑓  (     cl       (  𝐴  )    ∩  𝐷  )  ⊆     cl       (    𝑓  (  𝐴  )   )    . 


   𝑘 


   𝑘  ≥  0 


   ∀  𝑥  ,  𝑦  ∈  𝐷    |  𝑓  (  𝑥  )  −  𝑓  (  𝑦  )  |  ≤  𝑘  |  𝑥  −  𝑦  |  . 


   𝑓  ∶  𝐷  ⊆  ℝ 


   𝑘  >  0 


   𝑥  ,  𝑦  ∈  𝐷 


   |  𝑓  (  𝑥  )  −  𝑓  (  𝑦  )  |  ≤  𝑘  |  𝑥  −  𝑦  | 


   𝑥  ∈     cl       (  𝐴  )    ∩  𝐷 


   |  𝑥  −  𝑦  |  <    𝜀  𝑘  


    dist   (  𝑓  (  𝑥  )  ,  𝑓  (  𝐴  )  )  ≤  |  𝑓  (  𝑥  )  −  𝑓  (  𝑦  )  |  ≤  𝑘  |  𝑥  −  𝑦  |  <  𝜀 


    dist   (  𝑓  (  𝑥  )  ,  𝑓  (  𝐴  )  )  =  0 


   𝑓  (  𝑥  )  ∈     cl       (    𝑓  (  𝐴  )   )   


   𝑥  ∈  𝐷  ↦  𝑥 


   𝑥  ∈  ℝ  ↦   dist   (  𝑥  ,  𝐷  ) 


   1 


    dist  


   𝐺 


     𝑓    −  1    (  𝐹  )  =  𝐺  ∩  𝐷 


     𝑓    −  1    (  𝑉  )  =  𝑈  ∩  𝐷 


     𝑓    −  1    (  𝐹  )  ⊆     cl       (      𝑓    −  1    (  𝐹  )   )   


     𝑓    −  1    (  𝐹  )  ⊆  𝐷 


     𝑓    −  1    (  𝐹  )  ∩  𝐷  ⊆     cl       (      𝑓    −  1    (  𝐹  )   )    ∩  𝐷  . 


           𝑓  (    [  ⎵   1  𝑝  𝑡  ]       cl       (      𝑓    −  1    (  𝐹  )   )      ≕  𝐴    ∩  𝐷  )     ⊆     cl       (    𝑓  (  𝐴  )   )    =     cl       (    𝑓  (    𝑓    −  1    (  𝐹  )  )   )              ⊆    [  ⎵   1  𝑝  𝑡  ]       cl       (  𝐹  )      𝑓  (    𝑓    −  1    (  𝐹  )  )  ⊆  𝐹              =  𝐹    since     𝐹   is closed.     


      cl       (      𝑓    −  1    (  𝐹  )   )    ⊆    𝑓    −  1    (  𝐹  ) 


      cl       (      𝑓    −  1    (  𝐹  )   )    =    𝑓    −  1    (  𝐹  ) 


   𝐺  ≔     cl       (      𝑓    −  1    (  𝐹  )   )   


   𝐺  ⊆  ℝ 


   𝐺  ⊆  ℝ 


   𝐺  ∩  𝐷  =    𝑓    −  1    (     cl       (    𝑓  (  𝐴  )   )    ) 


   𝐴  ⊆    𝑓    −  1    (  𝑓  (  𝐴  )  )  ⊆    𝑓    −  1    (     cl       (    𝑓  (  𝐴  )   )    )  =  𝐺  ∩  𝐷  ⊆  𝐺  . 


      cl       (  𝐴  )    ⊆     cl       (  𝐺  )    =  𝐺 


      cl       (  𝐴  )    ∩  𝐷  ⊆  𝐺  ∩  𝐷  =    𝑓    −  1    (     cl       (    𝑓  (  𝐴  )   )    ) 


   𝜀 


   𝛿 


   𝑥  ∈  𝐷 


          (3.1)        ∀  𝜀  >  0    ∃  𝑦  ∈  𝐷    |  𝑦  −  𝑥  |  <  𝛿    ⟹    |  𝑓  (  𝑦  )  −  𝑓  (  𝑥  )  |  <  𝜀  .    


   𝑦  ∈  𝑓  (     cl       (  𝐴  )    ∩  𝐷  ) 


   𝑦  =  𝑓  (  𝑥  ) 


   𝑡  ∈  𝐷 


   |  𝑡  −  𝑥  |  <  𝛿 


   |  𝑓  (  𝑡  )  −  𝑓  (  𝑥  )  |  <  𝜀 


   𝑥  ∈     cl       (  𝐴  )    ∩  𝐷 


   𝑡  ∈  𝐴 


   𝑓  (  𝑡  )  ∈  𝑓  (  𝐴  ) 


    dist   (  𝑓  (  𝑥  )  ,  𝑓  (  𝐴  )  )  ≤  |  𝑓  (  𝑥  )  −  𝑓  (  𝑡  )  |  <  𝜀 


   𝑓  (     cl       (  𝐴  )    ∩  𝐷  )  ⊆     cl       (    𝑓  (  𝐴  )   )   


   𝑡  ∈  𝐷 


   |  𝑓  (  𝑡  )  −  𝑓  (  𝑥  )  |  ≥  𝜀 


   𝐴  =    {  𝑡  ∈  𝐷  ∶  |  𝑓  (  𝑡  )  −  𝑓  (  𝑥  )  |  ≥  𝜀  }  


    dist   (  𝑥  ,  𝐴  )  <  |  𝑥  −  𝑡  |  <  𝛿 


   𝑥  ∈  𝐷 


   |  𝑓  (  𝑡  )  −  𝑓  (  𝑥  )  |  ≥  𝜀 


    dist   (  𝑓  (  𝑡  )  ,  𝑓  (  𝐴  )  )  ≥  𝜀 


   𝑓  (  𝑥  )  ∉     cl       (    𝑓  (  𝐴  )   )   


   ∀  𝑥  ,  𝑦  ∈  𝐷    |  𝑓  (  𝑥  )  −  𝑓  (  𝑦  )  |  ≤  𝑘  |  𝑥  −  𝑦  | 


   𝛿  =    𝜀  𝑘   >  0 


   |  𝑥  −  𝑦  |  <  𝛿 


   |  𝑓  (  𝑥  )  −  𝑓  (  𝑦  )  |  ≤  𝑘  𝛿  =  𝑘    𝜀  𝑘   =  𝜀  . 


   𝐺  =     cl       (      𝑓    −  1    (  𝐹  )   )   


     𝑓    −  1    (  𝐹  )  ⊆  𝐺  ∩  𝐷 


   𝑥  ∈  𝐺  ∩  𝐷 


   |  𝑡  −  𝑥  |  <  𝛿 


   𝑥  ∈  𝐺 


    dist   (  𝑥  ,    𝑓    −  1    (  𝐹  )  )  =  0 


   𝑡  ∈    𝑓    −  1    (  𝐹  ) 


   𝑓  (  𝑡  )  ∈  𝐹 


    dist   (  𝑓  (  𝑥  )  ,  𝐹  )  ≤  |  𝑓  (  𝑥  )  −  𝑓  (  𝑡  )  |  <  𝜀 


   𝑓  (  𝑥  )  ∈     cl       (  𝐹  )    =  𝐹 


   𝑥  ∈    𝑓    −  1    (  𝐹  ) 


   𝑈  ⊆  ℝ 


   𝐷  ∖    𝑓    −  1    (  𝑈  )  =    𝑓    −  1    (  ℝ  ∖  𝑈  )  =  𝐺  ∩  𝐷 


     𝑓    −  1    (  𝑈  )  =  (  ℝ  ∖  𝐺  )  ∩  𝐷 


   𝑉  =  ℝ  ∖  𝐺 


   𝑈  =  (  𝑓  (  𝑥  )  −  𝜀  ,  𝑓  (  𝑥  )  +  𝜀  ) 


     𝑓    −  1    (  𝑈  )  =  𝑉  ∩  𝐷 


   𝑓  (  (  𝑥  −  𝛿  ,  𝑥  +  𝛿  )  ∩  𝐷  )  ⊆  𝑓  (  𝑉  ∩  𝐷  )  ⊆  𝑈 


   |  𝑓  (  𝑡  )  −  𝑓  (  𝑥  )  |  <  𝜀  . 


   𝑓  ∶  𝑈  →  ℝ 


     𝑓    −  1    (  𝑉  ) 


   𝑓  ∶  𝐹  →  ℝ 


     𝑓    −  1    (  𝐹  ) 


     𝛿  𝑔   >  0 


    dist   (  𝑥  ,  𝑡  )  <    𝛿  𝑔  


   |  𝑙  −  ℎ  (  𝑡  )  |  <  𝜀 


   𝑙  −  𝜀  <  ℎ  (  𝑡  ) 


    dist   (  𝑡  ,  𝑥  )  <   min   {    𝛿  𝑓   ,    𝛿  𝑓   } 


   𝑙  −  𝜀  <  𝑓  (  𝑡  )  −  𝑙  <  𝑔  (  𝑡  )  −  𝑙  <  ℎ  (  𝑡  )  −  𝑙  <  𝑙  +  𝜀 


   |  𝑔  (  𝑡  )  −  𝑙  |  <  𝜀 


    min   {    𝛿  𝑓   ,    𝛿  𝑓   }  >  0 


      lim           𝑓  (  𝑡  )  =  𝑦    ⟺       lim         |  𝑓  (  𝑡  )  −  𝑦  |  =  0  . 


   𝑥  ∈     cl       (  𝐷  )   


   ∀  𝑡  ∈  𝐷    |  𝑓  (  𝑡  )  −  𝑦  |  ≤  𝑔  (  𝑡  ) 


      lim           𝑔  (  𝑡  )  =  0 


      lim           𝑓  (  𝑡  )  =  𝑦  . 


   0  ≤  |  𝑓  (  𝑡  )  −  𝑦  |  ≤  𝑔  (  𝑡  )  . 


      lim           0  =     lim           𝑔  (  𝑡  )  =  0 


      lim         |  𝑓  (  𝑡  )  −  𝑦  |  =  0  . 


   𝜆  ∈  ℝ 


   𝜆  𝑓  +  𝑔 


      lim             (  𝜆  𝑓  (  𝑡  )  +  𝑔  (  𝑡  )  )   =  𝜆       lim           𝑓  (  𝑡  )  +     lim           𝑔  (  𝑡  )  . 


     𝑙  𝑓   =     lim           𝑓  (  𝑡  ) 


     𝑙  𝑔   =     lim           𝑔  (  𝑡  ) 


    dist   (  𝑡  ,  𝑥  )  <    𝛿  𝑓  


   |  𝑓  (  𝑥  )  −    𝑙  𝑓   |  <    𝜀    2  (  |  𝜆  |  +  1  )   


    dist   (  𝑡  ,  𝑥  )  <    𝛿  𝑔  


   |  𝑔  (  𝑥  )  −    𝑙  𝑔   |  <    𝜀  2  


   𝛿  =   min   {    𝛿  𝑓   ,    𝛿  𝑔   } 


    dist   (  𝑡  ,  𝑥  )  <  𝛿 


           |  (  𝜆  𝑓  (  𝑡  )  +  𝑔  (  𝑡  )  )  −  (  𝜆    𝑙  𝑓   +    𝑙  𝑔   )  |     ≤  |  𝜆  (  𝑓  (  𝑡  )  −    𝜆  𝑓   )  |  +  |  𝑔  (  𝑡  )  −    𝑙  𝑔   |            =  |  𝜆  |  |  𝑓  (  𝑡  )  −    𝜆  𝑓   |  +  |  𝑔  (  𝑡  )  −    𝑙  𝑔   |            ≤  |  𝜆  |    𝜀    2  (  |  𝜆  |  +  1  )    +    𝜀  2             ≤  𝜀  ,    


   𝑓  𝑔 


      lim           𝑓  (  𝑡  )  𝑔  (  𝑡  )  =     lim           𝑓  (  𝑡  )  ⋅     lim           𝑔  (  𝑡  )  . 


     𝛿  0   >  0 


    dist   (  𝑡  ,  𝑥  )  <    𝛿  0  


   |  𝑓  (  𝑡  )  |  ≤  𝑀 


    dist   (  𝑡  ,  𝑥  )  <    𝛿  1  


   |  𝑓  (  𝑡  )  −    𝑙  𝑓   |  <    𝜀    2  (  |    𝑙  𝑔   |  +  1  )   


     𝛿  3   >  0 


    dist   (  𝑡  ,  𝑥  )  <    𝛿  3  


   |  𝑔  (  𝑡  )  −    𝑙  𝑔   |  <    𝜀    2  𝑀   


   𝛿  =   min   {    𝛿  0   ,    𝛿  1   ,    𝛿  2   } 


           |  𝑓  (  𝑡  )  𝑔  (  𝑡  )  −    𝑙  𝑓     𝑙  𝑔   |     =  |  𝑓  (  𝑡  )  𝑔  (  𝑡  )  −  𝑓  (  𝑡  )    𝑙  𝑔   +  𝑓  (  𝑡  )    𝑙  𝑔   −    𝑙  𝑓     𝑙  𝑔   |            ≤  |  𝑓  (  𝑡  )  |  |  𝑔  (  𝑡  )  −    𝑙  𝑔   |  +  |    𝑙  𝑔   |  |  𝑓  (  𝑡  )  −    𝑙  𝑓   |            ≤  𝑀    𝜀    2  𝑀    +  |    𝑙  𝑔   |    𝜀    2  (  |    𝑙  𝑔   |  +  1  )              ≤  𝜀  ,    


   𝑓  ∶  𝐷  ⊆  𝐹 


   𝑔  ∶  𝐷  →  𝐹 


      lim     𝑡  →  𝑥      𝑓  (  𝑡  )  =  𝑓  (  𝑥  ) 


      lim     𝑡  →  𝑥      𝑔  (  𝑡  )  =  𝑔  (  𝑥  ) 


      lim     𝑡  →  𝑥    (  𝜆  𝑓  (  𝑡  )  +  𝑔  (  𝑡  )  )  =  𝜆  𝑓  (  𝑥  )  +  𝑔  (  𝑥  )  , 


   𝑓  +  𝜆  𝑔 


   𝑋  ∶  𝑥  ∈  ℝ  ↦  𝑥 


     𝑋  𝑛   ∶  𝑥  ∈  ℝ  ↦    𝑥  𝑛  


   𝑋  ⋅    𝑋  𝑛   ∶  𝑥  ∈  ℝ  ↦  𝑥  ⋅    𝑥  𝑛   =    𝑥    𝑛  +  1   


     𝑋  𝑛  


   𝑃  =    ∑    𝑗  =  1   𝑛     𝑎  𝑗     𝑋  𝑗  


   𝑄  ∶  ℝ  →  ℝ 


   𝑄  =    ∑    𝑗  =  0     𝑛  +  1      𝑎  𝑗     𝑋  𝑗  


   𝑄  =  𝑃  +    𝑎    𝑛  +  1      𝑋    𝑛  +  1   


   𝑃  ∶  ℝ  →  ℝ 


   𝑃  (  0  )  =  0 


   𝐷  ⊆  ℝ 


   𝑓  (  𝑦  )  ≠  0 


      lim             1    𝑓  (  𝑡  )    =    1       lim           𝑓  (  𝑡  )    . 


   𝛼  =      |  𝑙  |   2   >  0 


   |  𝑓  (  𝑡  )  −  𝑙  |  <  𝛼 


   |  𝑓  (  𝑡  )  |  >  𝛼 


   𝑈  =  𝐸  (  𝑥  ,    𝛿  0   ) 


   |  𝑓  (  𝑡  )  −  𝑙  |  <  𝜀  |  𝑙  |  𝛼 


   |  𝑙  |  𝛼  >  0 


    dist   (  𝑥  ,  𝑡  )  <   min   {    𝛿  0   ,    𝛿  1   }  >  0 


           |    1    𝑓  (  𝑡  )    −    1  𝑙   |     =    |      𝑙  −  𝑓  (  𝑡  )     𝑙  𝑓  (  𝑡  )    |             ≤  |  𝑙  −  𝑓  (  𝑡  )  |    1    𝑙  𝛼    ≤  𝜀  .    


      lim               𝑓  (  𝑡  )     𝑔  (  𝑡  )    =         lim           𝑓  (  𝑡  )        lim           𝑔  (  𝑡  )    . 


      lim             1    𝑔  (  𝑡  )    =    1       lim           𝑔  (  𝑡  )   


   0  ∉  𝑔  (  𝐸  ) 


     𝑓  𝑔  


   𝑅 


   𝐻  ⊆  ℝ 


   𝑔  ∶  𝐻  →  ℝ 


   𝐻 


   𝑓  (  𝐷  )  ⊆  𝐻 


   𝑙  ∈     cl       (  𝐻  )   


   𝑡  ∈  𝐻 


   |  𝑡  −  𝑙  |  <    𝛿  𝑔  


   |  𝑔  (  𝑡  )  −  𝑦  |  <  𝜀 


   |  𝑥  −  𝑎  |  <    𝛿  𝑓  


   |  𝑓  (  𝑥  )  −  𝑙  |  <    𝛿  𝑔  


   𝑓  (  𝑥  )  ∈  𝐻 


   |  𝑔  (  𝑓  (  𝑥  )  )  −  𝑦  |  <  𝜀 


   𝑓          ∶    𝑥  ∈  ℝ  ↦    {            1    if    𝑥  ≠  0             0    at    0               


   𝑔          ∶    𝑥  ∈  ℝ  ∖  {  0  }  ↦  𝑥     sin   (    1  𝑥   ) 


      lim   0     𝑔  =  0 


   0  ∈  𝑔  (  ℝ  ) 


      lim     𝑥  →  0      𝑓  (  𝑥  )  =  1 


   ℝ  ∖  {  0  } 


   𝑓  ∘  𝑔 


   (    𝑥  𝑛     )    𝑛  ∈  ℕ   


   𝑓      (    1    𝑛  +  1    )   =    𝑥  𝑛  


   𝑓  ∶  𝑆  →  ℝ 


   𝑆  =    {    1    𝑛  +  1    ∶  𝑛  ∈  ℕ  }  


   0  =   inf     𝑆 


   0  ∈     cl       (  𝑆  )   


   |  𝑡  |  <  𝛿 


   𝑡  =    1    𝑛  +  1   


   𝑁  =  ⌈    1  𝛿   ⌉ 


   𝑆  ⊆     cl       (  𝐴  )   


   (  𝑓  (    𝑥  𝑛   )    )    𝑛  ∈  ℕ   


      lim           𝑓  (  𝑥  )  =  𝑙 


      lim     𝑛  →  ∞      𝑓  (    𝑥  𝑛   )  =  𝑙 


   |  𝑓  (  𝑡  )  −  𝑙  |  <  𝜀 


      lim     𝑛  →  ∞        𝑥  𝑛   =  𝑎 


   |    𝑥  𝑛   −  𝑎  |  <  𝛿 


   |  𝑓  (    𝑥  𝑛   )  −  𝑙  |  <  𝜀 


      lim     𝑛  →  ∞      𝑓  (    𝑥  𝑛   )  =  𝑙 


   |  𝑡  −  𝑎  |  <  𝛿 


   |  𝑓  (  𝑡  )  −  𝑙  |  ≥  𝜀 


     𝑡  𝑛   ∈  𝐷 


   |    𝑡  𝑛   −  𝑎  |  <    1    𝑛  +  1   


   |  𝑓  (    𝑡  𝑛   )  −  𝑙  |  ≥  𝜀 


      lim     𝑛  →  ∞        𝑡  𝑛   =  𝑎 


   (  𝑓  (    𝑡  𝑛   )    )    𝑛  ∈  ℕ   


   ∀  𝑛  ∈  ℕ      𝑥  𝑛   ≤    𝑥    𝑛  +  1    . 


   ∀  𝑛  ∈  ℕ      𝑥  𝑛   ≥    𝑥    𝑛  +  1    . 


   {    𝑥  𝑛   ∶  𝑛  ∈  ℕ  } 


   𝐿  =   sup       {    𝑥  𝑛   ∶  𝑛  ∈  ℕ  }  


   𝐿  −  𝜀  <    𝑥  𝑀   ≤  𝐿 


   𝑛  ≥  𝑁 


   𝐿  −  𝜀  <    𝑥  𝑁   ≤    𝑥  𝑛  


     𝑥  𝑛   ≤  𝐿 


   𝐿  −  𝜀  <    𝑥  𝑛   ≤  𝐿 


   |    𝑥  𝑛   −  𝐿  |  <  𝜀 


   𝐿 


   (    𝐼  𝑛     )    𝑛  ∈  ℕ   


   ∀  𝑛  ∈  ℕ      𝐼    𝑛  +  1    ⊆    𝐼  𝑛  


     ⋂    𝑛  ∈  ℕ      𝐼  𝑛   ≠  ∅ 


     𝐼  𝑛   =  [    𝑎  𝑛   ,    𝑏  𝑛   ] 


     𝐼    𝑛  +  1    ⊆    𝐼  𝑛  


     𝑎  𝑛   ≤    𝑎    𝑛  +  1   


     𝑏    𝑛  +  1    ≤    𝑏  𝑛  


   (    𝑎  𝑛     )    𝑛  ∈  ℕ   


     𝑏  0  


   𝑥  ≥    𝑎  𝑛  


   (    𝑏  𝑛     )    𝑛  ∈  ℕ   


   𝑦  ≤    𝑏  𝑛  


     𝑎  𝑛   ≤    𝑏  𝑛  


     𝑎  𝑛   ≤  𝑥  ≤  𝑦  ≤    𝑏  𝑛  


   [  𝑥  ,  𝑦  ]  ⊆    ⋂    𝑛  ∈  ℕ   


   (    𝑥    𝜙  (  𝑛  )      )    𝑛  ∈  ℕ   


   𝜙  ∶  ℕ  →  ℕ 


   𝜙  (  𝑛  )  ≥  𝑛 


   𝜙  (  0  )  ≥  0 


   𝜙  (  𝑛  +  1  )  >  𝜙  (  𝑛  )  ≥  𝑛 


   𝜙  (  𝑛  +  1  )  ≥  𝑛  +  1 


   (  (  −  1    )  𝑛     )    𝑛  ∈  ℕ   


     ⋂    𝑛  ∈  ℕ       cl       (    {    𝑥  𝑘   ∶  𝑘  ≥  𝑛  }   )   


   𝑙  ∈    ⋂    𝑛  ∈  ℕ       cl       (    {    𝑥  𝑘   ∶  𝑘  ≥  𝑛  }   )   


   𝑙  ∈     cl       (    {    𝑥  𝑘   ∶  𝑘  ≥  0  }   )   


   𝜑  (  0  )  ∈  ℕ 


   |    𝑥    𝜑  (  0  )    −  𝑙  |  ≤  1 


   𝜑  (  0  )  <  𝜑  (  1  )  <  …  <  𝜑  (  𝑛  ) 


   |    𝑥    𝜑  (  𝑘  )    −  𝑙  |  <    1    𝑘  +  1   


   𝑘  ∈  {  0  ,  …  ,  𝑛  } 


   𝑙  ∈     cl       (    {    𝑥  𝑘   ∶  𝑘  ≠  𝜑  (  𝑛  )  +  1  }   )   


   𝜑  (  𝑛  +  1  )  >  𝜑  (  𝑛  ) 


   |    𝑥    𝜑  (  𝑛  +  1  )    −  𝑙  |  <    1    𝑛  +  2   


   (    𝑥    𝜑  (  𝑛  )      )    𝑛  ∈  ℕ   


   |    𝑥    𝜑  (  𝑛  )    −  𝑙  |  <    1    𝑛  +  1   


   (    𝑥    𝜑  (  𝑛  )      )    𝑛  ≥  𝑁   


   𝑙  ∈     cl       (    {    𝑥  𝑘   ∶  𝑘  ≥  𝜑  (  𝑛  )  }   )   


   𝑙  ∈    ⋂    𝑛  ∈  ℕ       cl       (    {    𝑥  𝑘   ∶  𝑘  ≥  𝜑  (  𝑛  )  }   )   


   𝜑  (  𝑛  )  ≥  𝑛 


   {    𝑥  𝑘   ∶  𝑘  ≥  𝜑  (  𝑛  )  }  ⊆  {    𝑥  𝑘   ∶  𝑘  ≥  𝑛  } 


      cl       (    {    𝑥  𝑘   ∶  𝑘  ≥  𝜑  (  𝑛  )  }   )    ⊆     cl       (    {    𝑥  𝑘   ∶  𝑘  ≥  𝑛  }   )   


   𝑙  ∈    ⋂    𝑛  ∈  ℕ       cl       (    {    𝑥  𝑘   ∶  𝑘  ≥  𝑛  }   )   


   |    𝑥  𝑛   −  𝑙  |  <  𝜀 


   |    𝑥    𝜙  (  𝑛  )    ,  𝑙  |  <  𝜀 


   𝜙  (  𝑛  )  ≥  𝑛  ≥  𝑁 


   𝒫  =  {  𝑛  ∈  ℕ  ∶  ∀  𝑘  ∈  ℕ    𝑘  ≥  𝑛    ⟹      𝑥  𝑛   ≥    𝑥  𝑘   }  . 


   𝒫 


   𝜑  (  0  )  =   min     𝒫 


   𝜑  (  0  )  <  …  <  𝜑  (  𝑛  )  ∈  𝒫 


   𝒫  ∖  {  𝑗  ∶  𝑗  ≤  𝜑  (  𝑛  )  } 


   𝜑  (  𝑛  +  1  ) 


   𝜑  ∶  ℕ  →  ℕ 


   𝑛  ≤  𝑚 


     𝑥    𝜑  (  𝑚  )    ≤    𝑥    𝜑  (  𝑛  )   


   𝑀 


   𝜑  (  0  )  =  𝑀  +  1 


   𝜑  (  0  )  <  …  <  𝜑  (  𝑛  ) 


     𝑥    𝜑  (  𝑗  )    ≤    𝑥    𝜑  (  𝑗  +  1  )   


   0  ≤  𝑗  ≤  𝑛  −  1 


   𝜑  (  𝑛  )  ∉  𝒫 


     𝑥    𝜑  (  𝑛  +  1  )    ≥    𝑥    𝜑  (  𝑛  )   


   𝐾  ⊆  ℝ 


   𝐾 


   𝑙  ∈  𝐾 


     𝑥  𝑛   ∈  𝐾 


   |    𝑥  𝑛   |  ≥  𝑛 


   𝑙  ∈  ℝ  ∖  𝐾 


   𝐾  ∩  𝐹 


   𝐾  ∩  𝐹  ⊆  𝐾 


   𝑓  ∶  𝐾  →  ℝ 


   𝑓  (  𝐾  ) 


   𝑓  (    𝑥  𝑛   )  =    𝑦  𝑛  


   𝑙  =     lim     𝑛  →  ∞      𝑓  (    𝑥    𝜑  (  𝑛  )    ) 


   𝑛  ≥   max   {  𝑁  ,  𝑀  } 


   𝜑  (  𝑛  )  ≥  𝑛  ≥   max   {  𝑀  ,  𝑁  } 


           |    𝑥  𝑛   −  𝑙  |     ≤  |    𝑥  𝑛   −    𝑥    𝜑  (  𝑛  )    |  +  |    𝑥    𝜑  (  𝑛  )    −  𝑙  |            ≤    𝜀  2   +    𝜀  2   =  𝜀  .    


   (    𝑥  𝑛     )    𝑛  ∈  ]  𝑁   


     2  


   ∀  𝑥  ∈  𝐴    ∃  𝑦  ∈  𝐹    |  𝑥  −  𝑦  |  <  𝛿  . 


   𝐹  ⊆  𝐴 


   𝑀  =   max   {  |  𝑥  −  𝑦  |  ∶  𝑥  ,  𝑦  ∈  𝐹  } 


   𝑎  ,  𝑏  ∈  𝐴 


   𝑥  ,  𝑦  ∈  𝐹 


   |  𝑎  −  𝑥  |  <  1 


   |  𝑏  −  𝑦  |  <  1 


   |  𝑎  −  𝑏  |  ≤  |  𝑎  −  𝑥  |  +  |  𝑥  −  𝑦  |  +  |  𝑦  −  𝑏  |  <  2  +  𝑀  . 


      diam       (  𝐴  )    ≤  2  +  𝑀 


   𝐴  ⊆    ⋃    𝑥  ∈  𝐹    (  𝑥  −  𝛿  ,  𝑥  +  𝛿  ) 


   𝐴  ⊆    ⋃    𝑥  ∈  𝐹    (  𝑥  −  𝑑  𝑒  𝑙  𝑡  𝑎  ,  𝑥  +  𝛿  ) 


   𝐴  ⊆    ⋃    𝑥  ∈  𝐹      (  𝑥  −    𝛿  2   ,  𝑥  +    𝛿  2   )  


   𝐴  =  ∅ 


   𝑧  ∈  𝐴 


   𝑦  (  𝑥  ) 


   𝐴  ∩    (  𝑥  −    𝛿  2   ,  𝑥  +    𝛿  2   )  


   𝑦  (  𝑥  )  =  𝑧 


   𝐺  =  {  𝑦  (  𝑥  )  ∶  𝑥  ∈  𝐹  } 


   𝑎  ∈  𝐴 


   |  𝑎  −  𝑥  |  <    𝛿  2  


   𝑦  (  𝑥  )  ∈  𝐴  ∩    (  𝑥  −    𝛿  2   ,  𝑥  +    𝛿  2   )  


   𝑎  ∈  𝐴  ∩    (  𝑥  −    𝛿  2   ,  𝑥  +    𝛿  2   )  


   |  𝑥  −  𝑦  (  𝑥  )  |  <    𝛿  2  


   |  𝑎  −  𝑦  (  𝑥  )  |  ≤  |  𝑎  −  𝑥  |  +  |  𝑥  −  𝑦  (  𝑥  )  |  <    𝛿  2   +    𝛿  2   =  𝛿  . 


   {  𝑦  (  𝑥  )  ∶  𝑥  ∈  𝐹  } 


   𝐵  ⊆  𝐴 


     𝑋    𝑛  ,  𝑝    =    {  𝑘  >  𝑛  ∶  |    𝑥  𝑘   −    𝑥  𝑛   |  <       diam       (  𝐴  )      𝑝  +  1    }   . 


     𝑋    0  ,  0    =  ℕ 


   𝜑  (  0  )  <  …  <  𝜑  (  𝑛  ) 


     𝑋    𝜑  (  𝑛  )  ,  𝑛   


     𝑋    𝜑  (  𝑛  )  ,  𝑛    ⊆    𝑋    𝜑  (  𝑛  −  1  )  ,  𝑛  −  1    ⊆  ⋯  ⊆    𝑋    0  ,  0   


        diam     (  𝐴  )      2  (  𝑛  +  2  )   


     𝐹  𝑛  


   𝑥  ∈    𝐹  𝑛  


     𝐴    𝑛  ,  𝑥    =  {  𝑘  ∈    𝑋    𝜑  (  𝑛  )  ,  𝑛    ∶  |    𝑥  𝑘   −  𝑥  |  <    1    2  (  𝑛  +  2  )    |  } 


     𝑋    𝜑  (  𝑛  )  ,  𝑛    =    ⋃    𝑥  ∈    𝐹  𝑛       𝐴    𝑛  ,  𝑥   


   𝑥  ∈    𝐹  𝑛  


     𝐴    𝑛  ,  𝑥   


   𝜑  (  𝑛  +  1  )  =   min       𝐴    𝑛  ,  𝑥   


   𝑘  ∈    𝐴    𝑛  ,  𝑥   


   𝑘  >  𝜑  (  𝑛  ) 


           |    𝑥  𝑘   −    𝑥    𝜑  (  𝑛  +  1  )    |     ≤  |    𝑥  𝑘   −  𝑥  |  +  |  𝑥  −    𝑥    𝜑  (  𝑛  +  1  )    |            ≤    1    2  (  𝑛  +  2  )    +    1    2  (  𝑛  +  2  )    =    1    𝑛  +  2    .    


     𝐴    𝑛  ,  𝑥    ⊆    𝑋    𝑛  +  1    =  {  𝑘  >  𝜑  (  𝑛  +  1  )  ∶  |    𝑥  𝑘   −    𝑥    𝜑  (  𝑛  )    |  <    1    𝑛  +  2    } 


   𝜀  >  0 


     1    𝑁  +  1    <    𝜀  2  


   𝑝  ,  𝑞  ≥  𝑁 


           |    𝑥    𝜑  (  𝑝  )    −    𝑥    𝜑  (  𝑞  )    |     <  |    𝑥    𝜑  (  𝑝  )    −    𝑥    𝜑  (  𝑁  )    |  +  |    𝑥    𝜑  (  𝑁  )    −    𝑥    𝜑  (  𝑞  )    |            <    1  𝑁   +    1  𝑁   <  𝜀  .    


     𝑥  0   ∈  𝐴 


     𝑥  1   ∈  𝐴  ∖  (    𝑥  0   −  1  ,    𝑥  0   +  1  ) 


     𝑥  0   ,    𝑥  1   ,  …  ,    𝑥  𝑛   ∈  𝐴 


   |    𝑥  𝑗   −    𝑥  𝑘   |  ≥  1 


   0  ≤  𝑗  ≠  𝑘  ≤  𝑛 


     𝑥    𝑛  +  1    ∈  𝐴  ∖    ⋃    𝑗  =  0   𝑛   (    𝑥  𝑗   −  1  ,    𝑥  𝑗   +  1  ) 


   𝑗  ,  𝑘  ∈  ℕ 


   𝑗  ≠  𝑘 


   [  0  ,  1  ]  ∩  ℚ 


   𝑎  <  𝑏 


   𝐴  ⊆  [  𝑎  ,  𝑏  ] 


   [  𝑎  ,  𝑏  ]  ⊆    ⋃    𝑛  =  0   𝑁   (  (  𝑎  −  1  )  +  𝑛  𝛿  ,  𝑎  +  (  𝑛  +  1  )  𝛿  )    where    𝑁  =   min       {  𝑘  ∈  ℕ  ∶  𝑎  +  𝑘  𝛿  >  𝑏  }   . 


   𝑓  ∶  𝑥  ∈  (  0  ,  1  ]  ↦    1  𝑥  


     𝑧    2  𝑛    =    𝑥  𝑛  


     𝑧    2  𝑛  +  1    =  𝑥 


   (  𝑓  (    𝑧  𝑛   )    )    𝑛  ∈  ℕ   


   (  𝑓  (    𝑧    2  𝑛  +  1    )    )    𝑛  ∈  ℕ    =  (  𝑓  (  𝑥  )    )    𝑛  ∈  ℕ   


   𝑓  (  𝑥  ) 


   |  𝑓  (  𝑥  )  −  𝑓  (  𝑦  )  |  <  𝜀 


   𝑝  ,  𝑞  ∈  ℕ 


   |    𝑥  𝑝   −    𝑥  𝑞   |  <  𝛿 


   |  𝑓  (    𝑥  𝑝   )  −  𝑓  (    𝑥  𝑞   )  |  <  𝜀 


     𝑥  𝑛   ,    𝑦  𝑛   ∈  𝐴 


   |    𝑥  𝑛   −    𝑦  𝑛   |  <    1    2  𝑛   


   |  𝑓  (    𝑥  𝑛   )  −  𝑓  (    𝑦  𝑛   )  |  ≥  𝜀 


   (    𝑦    𝜑  ∘  𝜓  (  𝑛  )      )    𝑛  ∈  ℕ   


   𝜃  =  𝜑  ∘  𝜓 


   (    𝑥    𝜃  (  𝑛  )      )    𝑛  ∈  ℕ   


   (    𝑦    𝜃  (  𝑛  )      )    𝑛  ∈  ℕ   


     𝑥    𝜃  (  𝑛  +  1  )    −    𝑥    𝜃  (  𝑛  )    |  <    1    2  𝑛   


   |    𝑦    𝜃  (  𝑛  +  1  )    −    𝑦    𝜃  (  𝑛  )    |  <    1    2  𝑛   


   𝜃  (  𝑛  )  ≥  𝑛 


   ∀  𝑛  ∈  ℕ      𝑧    2  𝑛    =    𝑥  𝑛     and      𝑧    2  𝑛  +  1    =    𝑦  𝑛  


   |    𝑧    𝑛  +  1    −    𝑧  𝑛   |  <    1    2  𝑛   


   |  𝑓  (    𝑧    2  𝑛  +  1    )  −  𝑓  (    𝑧    2  𝑛    )  |  =  |  𝑓  (    𝑥    𝜃  (  𝑛  )    )  −  𝑓  (    𝑦    𝜃  (  𝑛  )    )  |  ≥  𝜀 


   𝑓  ∶  𝐴  →  ℝ 


   𝑓  (  𝐴  ) 


     𝑦  𝑛   ∈  𝐴 


   𝑓  (    𝑦  𝑛   )  =    𝑥  𝑛  


   (    𝑦    𝜑  (  𝑛  )      )    𝑛  ∈  ℕ   


   (    𝑥    𝜑  (  𝑛  )      )    𝑛  ∈  ℕ    =  (  𝑓  (    𝑦    𝜑  (  𝑛  )    )    )    𝑛  ∈  ℕ   


   𝑥  ∈  𝑓  (  𝐴  ) 


   𝑥  =  𝑓  (  𝑦  ) 


   𝑧  ∈  𝐹 


   |  𝑦  −  𝑧  |  <  𝛿 


   |  𝑥  −  𝑓  (  𝑧  )  |  =  |  𝑓  (  𝑦  )  −  𝑓  (  𝑧  )  |  <  𝜀 


   {  𝑓  (  𝑧  )  ∶  𝑧  ∈  𝐹  } 


     ⋂    𝑛  ∈  ℕ       cl       (    {    𝑥  𝑘   ∶  𝑘  ≥  𝑛  }   )   


       ‖    𝑡  −  𝑥   ‖   𝐸   <  𝛿 


       ‖    𝑓  (  𝑡  )  −  𝑓  (  𝑥  )   ‖   𝐸   <  𝜀 


       ‖      𝑥  𝑛   −  𝑥   ‖   𝐸   <  𝛿 


       ‖    𝑓  (    𝑥  𝑛   )  −  𝑓  (  𝑥  )   ‖   𝐸   <  𝜀 


     𝑥  𝛿   ∈  𝐸 


       ‖    𝑥  −    𝑥  𝛿    ‖   <     𝛿 


       ‖    𝑓  (  𝑥  )  −  𝑓  (    𝑥  𝛿   )   ‖   𝐹   ≥  𝜀 


     𝑥  𝑛   ∈  𝐸 


       ‖      𝑥  𝑛   −  𝑥   ‖   𝐸   <    1    𝑛  +  1   


       ‖    𝑓  (    𝑥  𝑛   )  −  𝑓  (  𝑥  )   ‖   𝐸   ≥  𝜀 


   𝜑  ∶  𝐸  →  𝐹 


   𝜑 


   {  𝑥  ∈  𝐸  ∶      ‖  𝑥  ‖   𝐸   <  1  } 


   {  𝑥  ∈  𝐸  ∶      ‖  𝑥  ‖   𝐸   =  1  } 


   {  𝑥  ∈  𝐸  ∶      ‖  𝑥  ‖   𝐸   ≤  1  } 


   𝐾  >  0 


       ‖    𝜑  (  𝑥  )   ‖   𝐹   ≤  𝐾        ‖  𝑥  ‖   𝐸     , 


       ‖  𝑥  ‖   𝐸   <  𝛿 


       ‖    𝜑  (  𝑥  )   ‖   𝐹   <  1 


       ‖  𝑥  ‖   𝐸   <  1 


       ‖    𝜑  (  𝑥  )   ‖   𝐹   =  0 


   𝑥  ≠  0 


   𝑦  ≔    𝛿    2      ‖  𝑥  ‖   𝐸     𝑥 


       ‖  𝑦  ‖   𝐸   =    𝛿    2        ‖  𝑥  ‖   𝐸           ‖  𝑥  ‖   𝐸   =    𝛿  2   <  𝛿 


       ‖    𝜑  (  𝑦  )   ‖   𝐹   <  1 


       ‖    𝜑  (  𝑥  )   ‖   𝐸   ≤    2  𝛿  


     2  𝛿  


       ‖  𝑥  ‖   𝐸   =  1 


       ‖      𝛿  2   𝑥   ‖   𝐸   =    𝛿  2   <  𝛿 


       ‖    𝜑  (    𝛿  2   𝑥  )   ‖   𝐹   ≤  1 


       ‖    𝜑  (  𝑥  )   ‖   𝐹   <    2  𝛿  


       ‖  𝑥  ‖   𝐸   ≤  1 


       ‖    𝜑  (  𝑥  )   ‖   𝐹   ≤  𝐾 


   𝑥  ∈  𝐸  ∖  {  0  } 


               ‖    𝜑  (  𝑥  )   ‖   𝐹      =      ‖  𝑥  ‖   𝐸         ‖    𝜑      (    1      ‖  𝑥  ‖   𝐸    𝑥  )    ‖   𝐹             ≤      ‖  𝑥  ‖   𝐸     𝐾  ,    


       ‖    𝜑  (  𝑥  )  −  𝜑  (  𝑦  )   ‖   𝐹   =      ‖    𝜑  (  𝑥  −  𝑦  )   ‖   𝐹   ≤  𝐾        ‖    𝑥  −  𝑦   ‖   𝐸   . 


   ℒ  (  𝐸  ,  𝐹  ) 


   𝜑  ∈  ℒ  (  𝐸  ,  𝐹  ) 


       |      |      |  𝜑  |     |     |   𝐸  𝐹   ≔   sup       {      ‖    𝜑  (  𝑥  )   ‖   𝐹   ∶      ‖  𝑥  ‖   𝐸   =  1  }     , 


   (  ℒ  (  𝐸  ,  𝐹  )  ,      |      |      |  ⋅  |     |     |   𝐸  𝐹   ) 


   𝜑  ,  𝜓  ∈  ℒ  (  𝐸  ,  𝐹  ) 


   𝑡  ∈  ℝ 


   𝑡  𝜑  +  𝜓 


       ‖    𝑡  𝜑  (  𝑥  )  +  𝜓  (  𝑥  )   ‖   𝐹   ≤  |  𝑡  |      ‖    𝜑  (  𝑥  )   ‖   𝐹   +      ‖    𝜓  (  𝑥  )   ‖   𝐹   ≤  |  𝑡  |      |      |      |  𝜑  |     |     |   𝐸  𝐹   +      |      |      |    𝜓  (  𝑥  )   |     |     |   𝐸  𝐹   <  ∞ 


   𝑡  𝜑  +  𝜓 


   𝑡  𝜑  +  𝜓  ∈  ℒ  (  𝐸  ,  𝐹  ) 


   0  ∈  ℒ  (  𝐸  ,  𝐹  ) 


       |      |      |    𝑡  𝜑  +  𝜓   |     |     |   𝐸  𝐹   ≤  |  𝑡  |      |      |      |  𝜑  |     |     |   𝐸  𝐹   +      |      |      |  𝜓  |     |     |   𝐸  𝐹  


       |      |      |  𝜑  |     |     |   𝐸  𝐹   =  0 


   𝜑  (  𝑥  )  =  0 


   𝑥  ∈  𝐸  ∖  {  0  } 


   𝜑  (  𝑥  )  =      ‖  𝑥  ‖   𝐸     𝜑      (    1      ‖  𝑥  ‖   𝐸    𝑥  )   =      ‖  𝑥  ‖   𝐸     0  =  0  . 


   𝜑  =  0 


   ∀  𝜀  >  0    ∃  𝑁  ∈  ℕ    ∀  𝑝  ,  𝑞  ∈  ℕ    𝑝  ≥  𝑁    and    𝑞  ≥  𝑁    ⟹        ‖      𝑥  𝑝   −    𝑥  𝑞    ‖   𝐸   <  𝜀  . 


      sup     𝑛  ∈  ℕ          ‖    𝑥  𝑛   ‖   𝐸   <  ∞ 


       ‖      𝑥  𝑝   −    𝑥  𝑞    ‖   𝐸   <  1 


       ‖    𝑥  𝑝   ‖   𝐸   <      ‖    𝑥  𝑁   ‖   𝐸   +  1 


      sup     𝑛  ∈  ℕ          ‖    𝑥  𝑛   ‖   𝐸   ≤   max   {     max     𝑗  ∈  {  0  ,  …  ,  𝑁  }          ‖    𝑥  𝑗   ‖   𝐸   ,  1  +      ‖    𝑥  𝑁   ‖   𝐸  


   𝑙  =     lim     𝑛  →  ∞        𝑥  𝑛  


       ‖      𝑥  𝑛   −  𝑙   ‖   𝐸   <    𝜀  2  


       ‖      𝑥  𝑝   −    𝑥  𝑞    ‖   𝐸   ≤      ‖      𝑥  𝑝   −  𝑙   ‖   𝐸   +      ‖    𝑙  −    𝑥  𝑞    ‖   𝐸   <    𝜀  2   +    𝜀  2   =  𝜀  . 


      cl       (  𝐴  )    ≔    {     lim     𝑛  →  ∞        𝑥  𝑛   ∶  (    𝑥  𝑛     )    𝑛  ∈  ℕ      is a convergent sequence in     𝐸    }   . 


      cl       (  𝐴  )    ≔    {  𝑥  ∈  𝐸  ∶     inf     𝑡  ∈  𝐴          ‖    𝑥  −  𝑡   ‖   𝐸   =  0  }   . 


      lim     𝑛  →  ∞          ‖      𝑥  𝑛   −  𝑥   ‖   𝐸   =  0 


       ‖      𝑥  𝑛   −  𝑥   ‖   𝐸   <  𝜀 


      inf     𝑡  ∈  𝐴          ‖    𝑥  −  𝑡   ‖   𝐸   =  0 


     𝑡  𝑛   ∈  𝐴 


       ‖    𝑡  −  𝑥   ‖   𝐸   <    1    𝑛  +  1   


   𝑥  =     lim     𝑛  →  ∞        𝑡  𝑛  


   ∀  𝐴  ⊆  𝐸    𝐴  ⊆     cl       (  𝐴  )   


   ∀  𝐴  ⊆  𝐸       cl       (     cl       (  𝐴  )    )    =     cl       (  𝐴  )   


   ∀  𝐴  ,  𝐵  ⊆  𝐸       cl       (    𝐴  ∪  𝐵   )    =     cl       (  𝐴  )    ∪     cl       (  𝐵  )   


   ∀  𝐴  ,  𝐵  ⊆  𝐸    𝐴  ⊆  𝐵    ⟹       cl       (  𝐴  )    ⊆     cl       (  𝐵  )   


   𝐴  =     cl       (  𝐴  )   


   𝐸  ∖  𝐴 


   𝑈  ,  𝑉  ⊆  𝐸 


   (    𝑈  𝑗     )    𝑗  ∈  𝐽   


     ⋃    𝑗  ∈  𝐽      𝑈  𝑗  


   𝐹  ,  𝐺 


     ⋂    𝑗  ∈  𝐽      𝐹  𝑗  


      cl       (  𝐴  )    =    {  𝑥  ∈  𝐸  ∶  ∃  𝑈    open      𝑥  ∈  𝑈  ,  𝑈  ∩  𝐴  ≠  ∅  }     , 


   𝑓  ∶  𝐸  →  𝐹 


     𝑓    −  1    (  𝐺  ) 


     𝑓    −  1    (  𝑈  ) 


   𝐺  ⊆  𝐸 


      cl       (  𝐺  )    =  𝐸 


   𝜑  ∶  𝐺  →  𝐹 


   𝜓  ∶  𝐸  →  𝐹 


   𝜓 


       |      |      |  𝜓  |     |     |   𝐸  𝐹   =      |      |      |  𝜑  |     |     |   𝐺  𝐹  


       ‖    𝜑  (  𝑥  )   ‖   𝐹   ≤  𝐾        ‖  𝑥  ‖   𝐸  


       ‖    𝜑  (    𝑥  𝑝   )  −  𝜑  (    𝑥  𝑞   )   ‖   𝐹   ≤      ‖      𝑥  𝑝   −    𝑥  𝑞    ‖   𝐸  


       (  𝜑  (    𝑥  𝑛   )  )     𝑛  ∈  ℕ   


   𝑦  ∈  𝐹 


   (    𝑥  𝑛     )    𝑛  ∈  ℕ    ∈    𝐸  ℕ  


   |  𝜑  (    𝑥  𝑛   )  |  ≤  𝐾        ‖    𝑥  𝑛   ‖   𝐸                 −         →       𝑛  →  ∞      𝐾        ‖  0  ‖   𝐸   =  0  . 


      lim     𝑛  →  ∞      𝜑  (    𝑥  𝑛   )  =  0 


   (    𝑥  𝑛  ′     )    𝑛  ∈  ℕ   


      lim     𝑛  →  ∞      𝜑  (    𝑥  𝑛   −    𝑥  𝑛  ′   )  =  0 


   (    𝑥  𝑛   −    𝑥  𝑛  ′     )    𝑛  ∈  ℕ   


   𝑓  ∶  [  𝑎  ,  𝑏  ]  →  ℝ 


   [    𝜎    𝑗  −  1    ,    𝜎  𝑗   ] 


   𝑗  ∈  {  1  ,  …  ,  #  𝜎  } 


     ∑    𝑗  =  1     #  𝜎          𝜎  𝑗   −    𝜎    𝑗  −  1     2       (  𝑓  (    𝜎  𝑗   )  +  𝑓  (    𝜎    𝑗  −  1    )  )   =    ∑    𝑗  =  1     #  𝜂        𝑒  𝑡    𝑎  𝑗   −    𝜂    𝑗  −  1     2       (  𝑓  (    𝜂  𝑗   )  +  𝑓  (    𝜂    𝑗  −  1    )  )   . 


             ∑    𝑗  =  1     #  𝜎        (    𝜎  𝑗   −    𝜎    𝑗  −  1    )   2       (  𝑓  (    𝜎  𝑗   )  +  𝑓  (    𝜎    𝑗  −  1    )  )      =    ∑    𝑗  =  1     #  𝜂      ∑    {  𝑘  ∶    𝜂    𝑗  −  1    <    𝜎  𝑘   ≤    𝜂    𝑗  +  1    }          𝜎  𝑘   −    𝜎    𝑘  −  1     2       (  𝑓  (    𝜎  𝑘   )  +  𝑓  (    𝜎    𝑘  −  1    )  )             =    ∑    𝑗  =  1     #  𝜂          𝜂  𝑗   −    𝜂    𝑗  −  1     2       (  𝑓  (    𝜂  𝑗   )  +  𝑓  (    𝜂    𝑗  −  1    )  )   .    


   𝜁  ≔  𝜂  ∧  𝜎 


     𝜎  0   <    𝜎  1   <  ⋯  <    𝜎  𝑛  


     ∫  𝑎  𝑏   𝑓  ≔    ∑    𝑗  =  1   𝑛       (    𝜎  𝑗   −    𝜎    𝑗  −  1    )   2       (  𝑓  (    𝜎  𝑗   )  +  𝑓  (    𝜎    𝑗  −  1    )  )   . 


   𝑓  ,  𝑔 


     ∫  𝑎  𝑏   (  𝑡  𝑓  +  𝑔  )  =  𝑡    ∫  𝑎  𝑏   𝑓  +    ∫  𝑎  𝑏   𝑔 


   𝜁  =  𝜎  ∧  𝜂 


   𝑓  ∈    𝐶  𝑏   (  [  𝑎  ,  𝑏  ]  ) 


     |    ∫  𝑎  𝑏   𝑓  |   ≤    ∫  𝑎  𝑏   |  𝑓  |  ≤  (  𝑏  −  𝑎  )      ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]   


   |  𝑓  | 


           |    ∫  𝑎  𝑏   𝑓  |     =    |    ∑    𝑗  =  1   𝑛         𝜎  𝑗   −    𝜎    𝑗  −  1     2   (  𝑓  (    𝜎  𝑗   )  +  𝑓  (    𝜎    𝑗  −  1    )  |             ≤    ∑    𝑗  =  1   𝑛         𝜎  𝑗   −    𝜎    𝑗  −  1     2   (    |  𝑓  (    𝜎  𝑗   )  |   +    |  𝑓  (    𝜎    𝑗  −  1    )  |   )            =    ∫  𝑎  𝑏   |  𝑓  |            ≤    ∑    𝑗  =  1   𝑛         𝜎  𝑗   −    𝜎    𝑗  −  1     2   (      ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]    +      ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]    )            =  (  𝑏  −  𝑎  )      ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]    .    


     ∫  𝑎  𝑏  


   𝑏  −  𝑎 


   𝐶  [  𝑎  ,  𝑏  ] 


     ∫  𝑎  𝑏   𝑓  =    ∫  𝑎  𝑐   𝑓  +    ∫  𝑐  𝑏   𝑓 


   𝑓  ∈  𝐶  [  𝑎  ,  𝑏  ] 


   𝑐  ∈  [  𝑎  ,  𝑏  ] 


   𝑔  ∈    𝐶  𝑏   [  𝑎  ,  𝑏  ] 


   𝑓  ∈    𝐶  𝑏   [  𝑎  ,  𝑏  ]  ↦    ∫  𝑎  𝑏   𝑓  𝑔 


     𝐶  𝑏   [  𝑎  ,  𝑏  ] 


   (    𝜎  𝑗   ,    𝜎    𝑗  +  1    ) 


   𝑗  ∈  {  0  ,  …  ,  𝑛  } 


   ℰ  (  [  𝑎  ,  𝑏  ]  ) 


   𝑔  ∶  [  𝑎  ,  𝑏  ]  →  ℝ 


       ‖    𝑓  −  𝑔   ‖     [  𝑎  ,  𝑏  ]    <  𝜀 


   ℛ  𝑒  𝑔  (  [  𝑎  ,  𝑏  ]  ) 


   𝑡  ∈  (  𝑎  ,  𝑏  ] 


   𝑡  ∈  [  𝑎  ,  𝑏  ) 


   (  𝑎  ,  𝑏  ] 


   𝐾  =    {  𝑐  ∈  [  𝑎  ,  𝑏  ]  ∶  ∃  𝑔    step function          ‖    𝑓  −  𝑔   ‖     [  𝑎  ,  𝑐  ]    <  𝜀  }  


   𝑎  ∈  𝐾 


   𝑏 


   𝑑 


   𝑑  ∈  𝐾 


   𝑡  ∈  [  𝑎  ,  𝑑  ] 


   𝑑  −  𝑡  <  𝛿 


   |     lim     𝑑  −      𝑓  −  𝑓  (  𝑡  )  |  <  𝜀 


   𝑑  =   sup     𝐾 


   𝑡  ∈  𝐾 


   𝑑  −  𝑡  <  𝛿 


   𝑔  ∶  [  𝑎  ,  𝑡  ]  →  ℝ 


       ‖    𝑓  −  𝑔   ‖     [  𝑎  ,  𝑡  ]    <  𝜀 


   ℎ  ∶  𝑥  ∈  [  𝑎  ,  𝑑  ]  ⟼    {            𝑔  (  𝑥  )            if     𝑥  ∈  [  𝑎  ,  𝑡  ]  ,            lim     𝑑  −      𝑓            if     𝑥  ∈  (  𝑡  ,  𝑑  )  ,         𝑓  (  𝑑  )            if     𝑥  =  𝑑  .           


       ‖    𝑓  −  ℎ   ‖     [  𝑎  ,  𝑑  ]    <  𝜀 


   𝑑  =  𝑏 


   𝑑  <  𝑏 


   𝑡  ∈  [  𝑑  ,  𝑏  ] 


   𝑡  −  𝑏  <  𝛿 


   |  𝑓  (  𝑡  )  −     lim     𝑑  +      𝑓  |  <  𝜀 


   𝑔  ∶  [  𝑎  ,  𝑑  ]  →  ℝ 


       ‖    𝑓  −  𝑔   ‖     [  𝑎  ,  𝑑  ]    <  𝜀 


   𝜛  =    𝛿  2   >  0 


   ℎ  ∶  𝑡  ∈  [  𝑎  ,  𝑑  +  𝛿  ]  ⟼    {            𝑔  (  𝑡  )    if     𝑡  ∈  [  𝑎  ,  𝑑  ]  ,                  lim     𝑑  +      𝑓    if     𝑡  ∈  (  𝑑  ,  𝑑  +  𝜛  ]  .                


   [  𝑎  ,  𝑑  +  𝜛  ] 


   𝜛  >  0 


       ‖    𝑓  −  ℎ   ‖     [  𝑎  ,  𝑑  +  𝜛  ]    <  𝜀 


   𝑑  +  𝜛  ∈  𝐾 


   𝑑  +  𝜛  >  𝑑 


   𝑏  ∈  𝐾 


     ∑    𝑗  =  1     #  𝜎    (    𝜎  𝑗   −    𝜎    𝑗  −  1    )  𝜑  (    𝜉  𝑗   )  =    ∑    𝑗  =  1     #  𝜂    (    𝜂  𝑗   −    𝜂    𝑗  −  1    )  𝜑  (    𝜁  𝑗   ) 


   (    𝜉  1   ,  …  ,    𝜉    #  𝜎    ) 


     𝜎  0   <    𝜉  1   <    𝜎  1   <    𝜉  2   <  ⋯  <    𝜎    #  𝜎   


   (    𝜁  1   ,  …  ,    𝜁    #  𝜂    ) 


     𝜂  0   <    𝜁  1   <    𝜂  1   <    𝜁  2   <  ⋯  <    𝜂    #  𝜂   


   [    𝜂    𝑗  −  1    ,  𝜂  ] 


   𝑗  ∈  {  1  ,  …  ,  #  𝜂  −  1  } 


             ∑    𝑗  =  1     #  𝜎    (    𝜎  𝑗   −    𝜎    𝑗  −  1    )  𝜑  (    𝜉  𝑗   )     =    ∑    𝑗  =  1     #  𝜂      ∑    {  𝑘  ∶    𝜂    𝑗  −  1    <    𝜎  𝑘   ≤    𝜂  𝑗   }    (    𝜎  𝑗   −    𝜎    𝑗  −  1    )  𝜑  (    𝜁  𝑗   )            =    ∑    𝑗  =  1     #  𝜂    (    𝜂  𝑗   −    𝜂    𝑗  −  1    )  𝜑  (    𝜁  𝑗   )  .    


     𝜎  ′   =  𝜎  ∧  𝜂 


   𝜑  ∈  ℰ  [  𝑎  ,  𝑏  ] 


     ∫  𝑎  𝑏   𝜑  ≔    ∑    𝑗  =  1     #  𝜎    (    𝜎  𝑗   −    𝜎    𝑗  −  1    )  𝜑  (    𝜉  𝑗   ) 


     𝜉  1  


     𝜉    #  𝜎   


     𝜎  0   <    𝜉  1   <    𝜎  1   <    𝜉  2   <    𝜎  2   <  ⋯  <    𝜎    #  𝜎    . 


   𝜑  ,  𝜓  ∈  ℰ  [  𝑎  ,  𝑏  ] 


     ∫  𝑎  𝑏   (  𝑡  𝜑  +  𝜓  )  =  𝑡    ∫  𝑎  𝑏   𝜑  +    ∫  𝑎  𝑏   𝜓  . 


   𝑓  ∈  ℰ  [  𝑎  ,  𝑏  ] 


     |    ∫  𝑎  𝑏   𝑓  |   ≤    ∫  𝑎  𝑏   |  𝑓  |  ≤  (  𝑏  −  𝑎  )      ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]    . 


   𝑓  ∈  ℰ  [  𝑎  ,  𝑏  ] 


   |  𝑓  |  ∈  ℰ  [  𝑎  ,  𝑏  ] 


           |    ∫  𝑎  𝑏   𝜑  |     ≤    ∑    𝑗  =  1     #  𝜎    (    𝜎  𝑗   −    𝜎    𝑗  −  1    )    |  𝜑  (    𝜉  𝑗   )  |             =  𝑖  𝑛    𝑡  𝑎  𝑏   |  𝑓  |            ≤    ∑    𝑗  =  1     #  𝜎    (    𝜎  𝑗   −    𝜎    𝑗  −  1    )      ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]    =  (  𝑏  −  𝑎  )      ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]    .    


   ℰ  [  𝑎  ,  𝑏  ] 


     ∫  𝑎  𝑏   𝜑  ≥  0 


   𝑐  ∈  [  𝑎  ,  𝑏  ] 


     ∫  𝑎  𝑏   𝜑  =    ∫  𝑎  𝑐   𝜑  +    ∫  𝑐  𝑏   𝜑 


     ∫  𝑎  𝑐   𝜑  =    ∫  𝑎  𝑏   𝜑  ⋅    1    [  𝑎  ,  𝑐  ]   


   ℛ  𝑒  𝑔  [  𝑎  ,  𝑏  ] 


   ℛ  [  𝑎  ,  𝑏  ] 


   ∀  𝑓  ∈  ℛ  [  𝑎  ,  𝑏  ]      |    ∫  𝑎  𝑏   𝑓  |   ≤    ∫  𝑎  𝑏   |  𝑓  |  ≤  (  𝑏  −  𝑎  )      ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]      , 


   𝑓  ∈  𝑟  𝑒  𝑔  [  𝑎  ,  𝑏  ] 


     ∫  𝑎  𝑏   𝑓  =    ∫  𝑎  𝑐   𝑓  +    ∫  𝑐  𝑏   𝑓  . 


     ∫  𝑎  𝑏   1  =  𝑏  −  𝑎  =      |      |      |    ∫  𝑎  𝑏   |     |     |     ℛ  𝑒  𝑔  [  𝑎  ,  𝑏  ]   ℝ  


   𝑓  ∈  ℛ  𝑒  𝑔  [  𝑎  ,  𝑏  ] 


   𝑓  ≥  0 


     ∫  𝑎  𝑏   𝑓  ≥  0 


   𝑓  ≥  0 


       ‖        ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]    −  𝑓   ‖     [  𝑎  ,  𝑏  ]    ≤      ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]   


     ∫  𝑎  𝑏   𝑓  =  0 


   𝑓  =  0 


   𝐹  ∶  𝑥  ∈  [  𝑎  ,  𝑏  ]  ↦    ∫  𝑎  𝑥   𝑓 


     𝐹  ′   =  𝑓 


   𝐹  (  𝑎  )  ≤  𝐹  (  𝑥  )  ≤  𝐹  (  𝑏  ) 


   𝐹  (  𝑏  )  =    ∫  𝑎  𝑏   𝑓  =  0  =  𝐹  (  𝑎  ) 


   𝐹  (  𝑥  )  =  0 


   𝑓  (  𝑥  )  =    𝐹  ′   (  𝑥  )  =  0 


   𝑔  ∶  [  𝑎  ,  𝑏  ]  →  ℝ 


     ∫  𝑎  𝑏   𝑓    𝑔  ′   =  𝑓  (  𝑏  )  𝑔  (  𝑏  )  −  𝑓  (  𝑎  )  𝑔  (  𝑎  )  −    ∫  𝑎  𝑏     𝑓  ′   𝑔  . 


   (  𝑓  𝑔    )  ′   =    𝑓  ′   𝑔  +  𝑓    𝑔  ′  


   𝑓    𝑔  ′   =  (  𝑓  𝑔    )  ′   −    𝑓  ′   𝑔 


             ∫  𝑎  𝑏   𝑓    𝑔  ′      =    ∫  𝑎  𝑏   [  (  𝑓  𝑔    )  ′   −    𝑓  ′   𝑔  ]            =    ∫  𝑎  𝑏   (  𝑓  𝑔    )  ′   −    ∫  𝑎  𝑏     𝑓  ′   𝑔     by Theorem (??)             =  𝑓  (  𝑏  )  𝑔  (  𝑏  )  −  𝑓  (  𝑎  )  𝑔  (  𝑎  )  −    ∫  𝑎  𝑏     𝑓  ′   𝑔     by Theorem (??).     


   [  𝑢  (  𝑎  )  ,  𝑢  (  𝑏  )  ]  ∪  [  𝑢  (  𝑏  )  ,  𝑢  (  𝑎  )  ] 


     ∫  𝑎  𝑏   (  (  𝑓  ∘  𝑢  )  ⋅    𝑢  ′   )  =    ∫    𝑢  (  𝑎  )     𝑢  (  𝑏  )    𝑓  . 


   𝐹  ∶  𝑥  ∈  [  𝑎  ,  𝑏  ]  →    ∫  𝑎  𝑥   𝑓 


   𝑔  =  𝐹  ∘  𝑢 


     𝑔  ′   (  𝑥  )  =    𝑢  ′   (  𝑥  )    𝐹  ′   (  𝑢  (  𝑥  )  )  =    𝑢  ′   (  𝑥  )  𝑓  (  𝑢  (  𝑥  )  ) 


             ∫  𝑎  𝑏   𝑓  ∘  𝑢  ⋅    𝑢  ′      =    ∫  𝑎  𝑏     𝑔  ′             =  𝑔  (  𝑏  )  −  𝑔  (  𝑎  )            =  𝐹  (  𝑢  (  𝑏  )  )  −  𝐹  (  𝑢  (  𝑎  )  )            =    ∫    𝑢  (  𝑎  )     𝑢  (  𝑏  )    𝑓  .    


     |    ∫  𝑎  𝑏   𝑓  |   ≤    ∫  𝑎  𝑏   |  𝑓  |  . 


   −  |  𝑓  (  𝑥  )  |  ≤  𝑓  (  𝑥  )  ≤  |  𝑓  (  𝑥  )  |  . 


   −    ∫  𝑎  𝑏   |  𝑓  |  =    ∫  𝑎  𝑏   (  −  |  𝑓  |  )  ≤    ∫  𝑎  𝑏   𝑓  ≤    ∫  𝑎  𝑏   |  𝑓  |  , 


   𝑐  ∈  (  𝑎  ,  𝑏  ) 


     1    𝑏  −  𝑎      ∫  𝑎  𝑏   𝑓  =  𝑓  (  𝑐  )  . 


   𝐹  ∶  𝑥  ∈  [  𝑎  ,  𝑏  ]  →    ∫  𝑎  𝑥   𝑓 


   𝐹  (  𝑏  )  −  𝐹  (  𝑎  )  =  (  𝑏  −  𝑎  )    𝐹  ′   (  𝑐  )  =  𝑓  (  𝑐  )  (  𝑏  −  𝑎  )  . 


     1    𝑏  −  𝑎      ∫  𝑎  𝑏   𝑓 



