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Abstract
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sume the notion of an ordered field, and focuses on the definitions, the-
orems and proofs, with no additional comment, as a sort of reference
manual.
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1 The Continuum

1.1 Review: special elements related to orders

Definition 1.1. Let (E,<) be an ordered set and A € E, A # . An element
M € E is a lower bound of AwhenVae€ A M <a. Anelement M € E is an
upper bound of AwhenVaeA a<M.

Definition 1.2. Let (E, <) be an ordered set, and let A < E be nonempty. The
set A is bounded above when it has an upper bound; A is bounded below when
it has alower bound. Last, A is bounded when it has both an upper bound and
a lower bound.



Definition 1.3. Let (E,<) be an ordered set and A € E, A # @. An element
x € A is a smallest element of A when x is lower bound of A. An element x € A
is a largest element of A when x is an upper bound of A.

If x,y € A are two smallest elements of Athenx < yandy <xsox =y
— smallest elements, if they exist, are unique. Similarly, largest elements are
unique as well. We denote the smallest element of A, if it exists, by min A, and
the largest element of A, if it exists, by maxA.

Definition 1.4. Let (E, <) be an ordered set and A < E a nonempty subset
of E. The infimum infA, if it exists, is the largest element of the set of lower
bounds of A. The supremum sup A, if it exists, is the smallest element of the
set of upper bounds of A.

Suprema and infima are unique, if they exist.
Let (E, <) be an ordered set, A < E not empty, and x € E. The key idea is
the following equivalence:

e x =infA,

e xisalowerboundofA,andVyeE y>x = JacA a<y.
Similarly,

* X =SupA,

e xisanupperboundofA,andVyeE y<x — JacA y<a.

1.2 Archimedean Fields

Definition 1.5. An ordered field F is Archimedean wheninf {1 : n e N,n > 0} =
0.

Lemma 1.6. Q is an Archimedean field.

Proof. For all n € N, n > 0, we observe that % > (0. Let g > 0. Then g =
P> L forsome p,n € N~{0}. Soinf{+ : n € N,n > 0} = 0. This concludes our
proof. ]

Lemma 1.7. A field[ is Archimedean if, and only if, for all x,y € F, ifx > 0 and
y >0, then there exists n € N such thaty < nx.
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Proof. Assume that F is Archimedean. There exists n € N such that % < i
since i > 0; since y > 0 and n > 0, we conclude that y < nx, as claimed.
Assume that for all x,y € F, with x > 0 and y > 0, there exists n € N such
that x < ny. First, note that % >0 forall n € N, n > 0. On the other hand, let
x € [, with x > 0. There exists n € N such that nx > 1 — in particular, n > 0.
Thus x > +. So inf{% : n € N,n > 0} = 0 and F is Archimedean. O

While ordered fields always contain a copy of Q, Archimedean fields always
contain a dense copy of the field of rational numbers.

Theorem 1.8. IfT is an Archimedean ordered field then:

VxeF x=inf{geQ:x<q}
=inf{geQ:x < q}
=sup{geQ:q=x}
=sup{geQ:q<ux}.

In particular, ifx,y € Fand x < y then thereexistsq € Q suchthatx < q <y.

Proof. Let x € F with x > 0.

LetS ={g € Q: x < g}. Since [F is Archimedean, there exists k € N such that
x<k,sok+1e€SandthusS # @.

By construction, x is a lower bound of S. Let now y € F with x < y. Since
0 = inf{+ : n € N}, there exists n € N such that - < y —x.

Let N = {peN:x < £} Since F is Archimedean, there exists p € N such
that p% > 1i.e. % > x so N is not empty. As a nonempty subset of N, the set
N has a smallest element g. Note that since x > 0, we have g > 1.

Now, qT_l < x since g —1 < g and thus g — 1 ¢ N. Therefore:

a1,
n

= +—Sx+l<x+(y—x):y.

n n n

Therefore, £ € S and £ < y. Thus y is not a lower bound for §.

Therefore, we have proven that x = infS as desired. Moreover, as claimed,
there exists % € Qwith x < % < y. We note that if x’ < y’ < 0 then there exists
q € Q with -y’ < g < —x" and thus x’ < —g < y'. The case x' < 0 < y' being
trivial here, we note that indeed, for all x’ < y' there exists g € Q@ such that
x'<qg<y'.



LetnowU ={qge€Q:qg <x}. Asx >0, we have 0 € U so U is not empty. By
construction, x is an upper bound for U.

Let y < x. As [ is Archimedean, as above, there exists n € N such that % <
x—ysince0<x—y.LetP={peN: % > x}; for the same reason as with the
set N, the set P is not empty; let ¢ = min P. By definition of P, we thus have
-1 _

— < X.
We then note that:
1 g 1 ¢g-1

=X+y—-X<X-—<——-——=
Y Y n n n n

Thus qT_l eU,andy < q7—1’ so y isnot an upper bound of U. Consequently,
supU = x as desired.

If x = 0 then, since {%:nel\l} gS,wehaveOsinszinf{% :neN}=0so
infS = 0.

Now, if x < 0 then:
x=-(-x)
=—-inflgeQ:-x <gq}

=sup{-g€Q:-x < —q}
=sup{geQ:q < x}.

Similarly, x =inf{g € Q: x < gq}.

Last, let x € F. As x is also a lower bound for S’ ={geQ:x<g}and Sc S’
so x < infS’ < infS = x, so x = infS’. Alternatively, if x € Q then of course x
is the smallest element of S’ so infS’ = x, and if x ¢ Q then S = S’ and thus
infS’' =infS = x.

Similarly, x = sup{g e Q: g < x}. O
1.3 The Field R of real numbers

We build a field R from the field of rationals, using Dedekind cut construction.

Definition 1.9. A subset C € Q is a cut when:

1. C+ ¢,



2. Vx,yeQ x<yandxeC = yeC,
3. C is bounded below,

4. C has no smallest element.

Notation 1.10. For any g € Q, we write g = {x € Q : x > g}; the set g is a cut.
Inclusion defines an order on the set of cuts.

Notation 1.11. If x, y are cuts, we write x < y whenever y < x.

Theorem 1.12. The ordering on cuts is linear, and every nonempty bounded-
below set of cuts has an infimum.

Proof. Let x,y be two cuts. Assume thatx ¢ y. Lett € y. If for all s € x, we
have s = f then Vs € x s € y as y is a cut. Since x ¢ y, there exists s € x such
thats <. Sincexisacut, f € x. Soy € x. Soeitherx <yory < x.

Now, let S be a nonempty set of cuts, bounded below. Let x = JS. Of
course, x is the least upper bound of S for < and thus, if x is indeed a cut, then
x is the infimum of S. Since cuts are not empty, x is not empty. Since S is
bounded, there exists a cut m such that m < ¢ forall r € S. Thus ¢t € m for all
t €85,s0x € m. So x is bounded below, since m is. Let t,s € Q with r < s and
t € x. By definition, there exists y € S such that ¢ € y. Since yisacut, s €y
so s € x. Last, assume x has a smallest element m € Q. Then m € y for some
y € S. Yet m is not the smallest element of y since cuts do not have smallest
elements. Therefore, there exists u € y with u < m — but then, u € x, which
contradicts that m = min x. So x is a cut, as desired. O

Theorem 1.13. Ifx,y are cuts, then x +y y, defined by
X+gy={t+s:tex,sey}
isacut.

Proof. By construction, x+gy is notempty. Let M, M,, € Q belower bounds
for, respectively, x and y. Let t € x and s € y. Then M, <t and M, < s so
M, +M, <s+1t.S0x +gy is bounded below. Let ¢, s € Q such that ¢ < s and
t € X+ y. By definition, t =u+vwithuexandvey. Thuss—u>t-u=v
sos—ueyasyisacut. Thuss = u+(s—u) € x +p y as needed. Last, assume
§ € x + y is the smallest element of x + y. By definition, s = u + v for some
uexandvey. letnowaex. Sincea+vex+gy,wehaveu+v=s<a+v
so u < a. Hence u is the smallest element of x, which does not exist. So x +p y
does not have a smallest element. ]



Theorem 1.14. The set of all cuts with the operation +y is an Abelian group
with neutral element Og.

Proof. Letx cQbeacut. Lett € x+z0g, 50t =u+vwithuexandv > 0.
Sot>uand u € x,sot € xasxisacut. Sox+0x < x. Now, let ¢ € x. Since
x has no smallest element, there exists u e x withu <t. Lete=t—-u>0—
by definition, € € Oi. Moreover, t = u +¢&,50 £ € X +x Og. S0 X +x Ox = x for all
cuts x.

The operation + is trivially commutative by definition. It is also easy to
check that it is associative. Let x, y, z be three cuts. Let t € (x +p y) +g 2. Thus,
t =u+vforsome u € x +p y and v € z. Further, there exist s e x and w € y
suchthatu=s+w.Sot=(s+w)+v=s+(w+v)ie tex+g(y+rz). We
thus proved that (x +g ¥) +g 2 S X +g (¥ +g 2). The same argument will show
that x +g (Y +r2) S (x +g V) +r 2, ie. (x+g V) +r 2 =X+ (V +g 2).

It thus suffices to prove that every cut has an opposite. Let x be a cut. We
define:

—x={seQ:3ueQ Vtex s>wuandu+t>0}.

We first check that —x isa cut. Let M € Q such thatforall r € x, wehave M < t.
Thus for all ¢ € x, we have t — M >0, and thusif s > —M thens € —x. So x # @.
On the other hand, lett e x and s < —¢. Then s+t <0so s ¢ —x, and thus —x
is bounded below.

By construction, if f € —x and s > ¢ then s € —x. Last, if € —x then there
exists t e Qsuchthatt >sandVuex t+u>0.So %t € —x and thus, —x
does not have a smallest element. Hence, —x is indeed a cut.

By construction, —x +x < O. Itis thus sufficient to prove the reverse inclu-
sion to conclude that (R, +) is a group. Let s € O, i.e. s > 0. There exists ¢ € x
such that r — s ¢ x: indeed, pick a € x; the set {n e N: a — ns ¢ x} is not empty
since x is a cut (if it was empty, then a — ns € x for all n € N, and since for any
q € Q, there exists n € N such that a — ns < g as Q is Archimedean, we would
conclude g € x i.e. x = Q, which is not a cut). Let m = min{n e N: a — ns ¢ x}
and set t = a—(n—1)s (note: n = 1 since a € x). By definition, ¢ € x yet
I—sé¢x.

Now, let u € x. Since x isa cut and ¢ — s ¢ x, we have u > r — s (as cuts are
closed upward). Thens—t+u >s—t+(t—s) =0. Hence, s — t € —x. Since

s =s—t+ t,weconclude s € —x + x as desired. So Op S —x +p x, and thus
€E—Xx €x

—x +x = 0. ]

Theorem 1.15. Ifx,y,z arecuts withx <y,thenx +gz <y +g 2.
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Proof. Let t € y +p z. There exist u € y and v € z such that ¢ = u + v. Since
x<y,ie.ycx,weconcludeuexandthustex+gz. S0y +rz2 S x +g 2, i.e.
X+pz <y +g=z. [

Notation 1.16. Let R, = {x e R: 0 < x}.
Theorem 1.17. If, for x,y € R, , we define:
xy={st:sex,tey}

then xy € R, . Moreover, this operation is associative and commutative on R,
and (R, ~{0},-) is an Abelian group.

Proof. Let x,y € R,. Itis immediate that xy = yx.

It is also clear that xy # @, and that xy has 0 as a lower bound. Moreover,
ift,g€Q, t €exy and g > ¢, then by construction, t = uv withu e xand v e y.
By assumption, u > 0, and thus £ = v. Thus Z > v. Therefore, L € yas y is a

u u u
cut. Therefore, g = u? € xy.

Last, if s € xy then s = uv for u € x and v € y. Since x does not have a
smallest element, there exists g € x with g < u, so gv < uv, and by definition,
quv e xy and qv < s. So xy has no smallest element.

So xy isindeed a cut.
Associativity is proven as with the sum.

Letx e R,. Lets € 1, i.e. s > 1. Lett € x. Then ¢ts > ¢, and since ¢ € x
and x is cut, s € x. So x1 < x. On the other hand, let t € x. Since x is a cut,
there exists u € x with u < t. Now, ¢ = ﬁu, with 5 >1li.e. 5 € 1g, and u € x, so
t € x1g. Thus x = x1p.

Last, let x > Op. First, note that x > Op implies that there exists u € Q,u >0
with V¢ € x = u. Indeed otherwise, for any € > 0, there would exist t € x
with ¢ < €; in turn this implies, as x is a cut, that € € x. We see then that x = O,
which contradicts x > Og.

Let

x1={seQ:3teQ Vvex s>tandsv>1}.

Of course, x~! is not empty since x > 0. Moreover, x~ ! is bounded below
by 0. If s € x and ¢ > s, then by construction, ¢ € x™!. If t € x™!, then there
exists s € x~1 with ¢ > s (indeed, there exists u € Q such that Vae x au > 1;
lets = ”T”). So x~! does not have a smallest element.
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Thus x~! is indeed a cut.

Thus by construction, xx™" < 1. We now prove the converse inclusion. Let
s > 1. There exists n € N such that, if m = n, then s > % by the Archimedean
property for Q. Letnow ¢ € x. Let g € Q such that0 < g < %

Let m = min{k = n : kq € x} — this set is not empty, as if it where, so
would x be, as x is a cut (as soon as it contains an element, which it does, it
must contain all elements greater). By construction, (m —1)q ¢ x. Therefore,

for any t € x, we have ¢ > (m — 1)q. Therefore:

1

S S m-—1 m-1 m
t—>(m-1)q = s> =1.
mq mq m m m-1
Therefore, qu € x~!, and thus
q S

s=mq—

= "4

ex!

so s € xx . In all, we have showed that xx ™' = 1.

This concludes our proof. [

Theorem 1.18. Ifx,y,z € R, thenx(y +gz) = Xy +g Xz.

Proof. This follows from the distributivity of the multiplication with re-
spect to the addition on @, in a manner identical to the proof of associativ-

ity. O]
We extent the multiplicative structure to R as follows.
Definition 1.19. Form all x,y € R,
1. ifx >0and y <0then xy = x(—y),
2. ifx<0and y > 0then xy = (—x)y,
3. ifx<0and y <0then xy = (—x)(-y).

Theorem-Definition 1.20. The field R is an ordered field which is Dedekind
complete, i.e with the property that every nonempty subset of R with a lower
bound has an infimum.



Proof. We have shown that (R, +) is an Abelian group, that the multipli-
cation on R, is associative, commutative, and distributive with respect to the
addition, and that (R, ~ {0}, -) is an Abelian group.

Of course, if x = 0 and y = 0 then xy = 0. Moreover, we saw the order < is
linear on R, and every nonempty bounded-below subset of R has an infimum.

Last, it is a routine exercise to check that the extended multiplication to R
is still associative, commutative and distributive with respect to the addition.
Moreover, it is easy to check that if x < 0 then (—x)~! is the inverse of x for the
multiplication.

As an example, let x,y,z€e Rwithx =0, y <0, z=0suchthaty +gz = 0.
Then

Xz = x(Z +|R OR)

i)
=0 =0

=x(z+gy) +x(-y)

and thus xz+xy = x(z+gy), as desired. The other cases are handled similarly.
]

We conclude by showing that R is Archimedean.

Theorem 1.21. Let A < R be not empty and bounded below. The number x € R
is the infimum of A if, and only if x is a lower bound of A, and

Ve>0 dyeA y<x+e.

Proof. Assume x = infA. By definition, x is the largest lower bound of A.
Let € > 0. Since x + € > x, we conclude that x + € is not a lower bound of A.
Thus, there exists y € A such thaty < x + €.

Assume that x is a lower bound of A, and that, for all € > 0, there exists
y € Asuchthaty < x+¢€. Let z > x. We set € = z—x > 0. By assumption, there
exists y € A such that y < x + € = z. Thus, z is not a lower bound for A. Hence,
x is the largest lower bound of A. ]

Dedekind completeness implies that R is an Archimedean field.

Theorem 1.22. The infimum of {+ : n e N~ {0}} inR is0.



Proof.  Byassumption, S = {3 : n.€ N~{0}} is bounded below by 0 and not
empty, so it has an infimum x = infS = 0. Note that x < ﬁ forallneN,n >0,
and thus x + x < % for all n € N~ {0}. Since x is the largest lower bound for S,
we have x + x < x, i.e. x < 0. We therefore conclude x = 0, as claimed. OJ

We note that given any Archimedean field F, there exists an injective in-
creasing field morphism from F into R, using the density of Q. Thus R is the
largest Archimedean field as well.

2 Basic topology of R: sets

2.1 Distance from a point to a set
Definition 2.1. Let A < R be any nonempty set. The distance dist(x,A) from
x€RtoAis:
dist(x,A) =inf{|x —y|:y € A}.
Theorem 2.2. The following properties hold.
1. VASR A+@ = 0=<dist(x,A),
2. Vx,yeR dist(x,{y})=|x—-yl,

3. VxeR VACR A finite, notempty = dist(x,A) =min{|lx-y|:y €
A},

N

. VAR VxeR xeA — dist(x,A)=0,
5. VA, BSR AcBandA+ @ — VxeR dist(x,B) <dist(x,A),
6. VACR A+¢@ = Vx,yeR |dist(x,A)—-dist(y,A)| < |x—-y]|.

Proof. By construction, 0 is a lower bound of {|{x —y|:y € A} forall A c R
with A # @ and x € R. So 0 < dist(x,A), i.e. Assertion (1) holds.

A nonempty finite subset of R has a smallest element, which is also its in-
fimum, so Assertion (3) holds. In particular, let x, y € R. By definition, inf{|x —
z|:z € {y}} = min{|x —y|} = |x —y|. This shows that Assertion (2) holds as well.
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Ifxe Athen0=|x—x|€{|x—y|:y € A}sodist(x,A) <0 by definition. As
0 < dist(x,A), we conclude that dist(x, A) = 0. Thus, Assertion (4) holds.

Letnow A,BcRwithAc Band A # @. Let x € R. Since A € B, we con-
clude:

{lx—yl:yeAlc{lx-y|:yeB}
and thus:

dist(x,A) =inf{|x —y|:y € A} = {|x — y| : y € B} = dist(x, B).

Last, let AR, A+ @, and let x,y € R. Let now z € A. Since:
dist(x,A) <|x—-z|<|x-y|+|y -zl

and since z € Aisarbitraryin A, we conclude that dist(x, A)—|x—y| < dist(y, A).
Therefore:
dist(x,A) —dist(y,A) < |[x —y|.

Similarly, dist(y,A) — dist(x,A) < |x — y/|, and thus:
|dist(x,A) —dist(y,A)| < |x -],

which completes our proof. [

2.2 Closure of a set

In general, dist(x, A) = 0 does not imply that x € A. We introduce the following
concept.

Definition 2.3. The closure cl(A) of a nonempty subset A < R is
cl(A) ={x e R:dist(x,A) =0}.
We set cl(@) = @.

We thus have defined an operator on the power set of R, called the closure
operator. To study this operator, we present a standard technique to prove
inequalities, which we will use very often.

Theorem 2.4. Leta, b € R. If there exists M > 0 such that, for alle € (0,M ), we
havea<b+e¢,thena <Db.
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Proof.  Ifa>b,lete = min{M, %2} > 0. Then b+¢ < 2% < a. Our theorem
holds by contraposition. O]

We remark that, as a corollary, if Ve >0 a<b+¢,thena<b.
We now state the core properties of the closure operator.

Theorem 2.5. The closure operator has the following properties.
1 cl(®)=9,
2. VACR Accl(A),
3. VACSR cl(cl(A))=cl(A),
4. VAL BSR AcB = cl(A)ccl(B),
5. VA, BSR cl(AuB)=cl(A)ucl(B).
Proof. Assertion (1) is by definition.

If A = @, then all assertions are trivial (and Assertion (5) is trivial if B = @
as well). We assume henceforth that A # @.

If x € A, then dist(x,A) = 0 by Theorem (2.2), and thus x € cl(A). So A <
cl(A).

In particular, cl(A) < cl(cl(A)). If x € cl(cl(A)) then dist(x,cl(A)) = 0. Let
€ > 0. There exists y € cl(A) such that [x - y| < . By definition of cI(A), we
have dist(y, A) = 0, so there exists z € A such that |y — z| < 5. Therefore

dist(x,A) < |x - z| < |x — y| + |y — 2| <§+§=£.
Therefore dist(x,A) < € for all € > 0 and therefore, dist(x,A) =0. So x € cl(A).
Therefore, we have proven that cl(cl(A)) < cl(A), and thus cl(A) = cl(cl(A)).

Now, if A € B and x € cl(A) then dist(x, A) = 0 by definition of the closure,
and since A < B, by Theorem (2.2), we also have 0 < dist(x, B) < dist(x,A) =0
so x € cl(B). Thus cl(A) < cl(B).

Let now A,B < E. First, note that since A £ AUB so cl(A) € cl(AUB).
Similarly, B< AU B so cl(B) < cl(A UB). Therefore, cl(A) ucl(B) < cl(A uUB).
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On the other hand, let x € cl(A U B). Thus dist(x, A U B) = 0. Assume that
x ¢ cl(A), so that dist(x,A) > 0.

Let € € (0,dist(x,A)). There exists y € A U B such that dist(x, y) < €. Since
dist(x,y) < dist(x,A), we conclude that y € B. Thus dist(x,B) < € forall € €
(0,dist(x,A)) and thus 0 < dist(x,B) < inf(0, dist(x,A)) = 0,so x € cl(B). Hence,
ifx ecl(AuB), then x € cl(A) ucl(B).

In conclusion, cl (A)ucl(B) = cl(A U B). This completes our theorem. [

Corollary 2.6. IfA,B <R, then
cl(AnB)ccl(A)ncl(B).
Proof. Since AN B < A, we conclude by Theorem (2.5) that cl(AnB) <

cl(A). Similarly, cl (A N B) < cl(B). Thus our theorem is proven. O

Remark 2.7. We note that if an operator on the power set of some set satisfies
(5) in Theorem (2.5), then it automatically satisfies (4) as well (since A < B im-
plies AU B = B, we have cl(A) ucl(B) = cl(AuB) = cl(B) so cl(A) < cl(B));
it is however more natural for us to follow the path of proof of Theorem (2.5).
Properties (1),(2),(3) and (5)) together define what is called a Kuratoswky clo-
sure operator.

We now compute the closure of some basic important sets.

Theorem 2.8. IfF <R is finite, thencl(F) = F.

Proof. We have F < cl(F). On the other hand, if dist(x,F) =0 then x € F,
socl(F)<F. O

Theorem 2.9. cl(@) = @ and cl(R) = R.

Proof. cl(@) = @ by definition. On the otherhand, R < cl (R) S Rsocl(R) =
R. O

Definition 2.10. A subset D < R of R is dense in R when cl (D) = R.

Theorem 2.11. The closure of Q isR. The closure of R~ Q is R.
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Proof. First, Q < cl(Q). Let x € R. Let € > 0. There exists g € Q such that
X < g < x + € by Theorem (1.8). Therefore, dist(x,Q) < |x—qg| <e. Ase >01is
arbitrary, we conclude that dist(x, Q) =0, i.e. x € cl(Q).

The same reasoning applies to R~ Q. [

Theorem 2.12. Ifa € R then
cl((—o0,a)) =cl((—o0,a]) = (—oo,a] andcl((a,o0)) = cl([a,o0)) = [a,00).
Ifa<beRthen

cl((a,b)) =cl([a,b)) =cl((a, b]) =cl([a, b]) =[a, b].

Proof. Leta € R. If b > a, then dist(b, (—o0,a]) = |b—a| > 0, and therefore

b ¢ cl((—oo, a]); henceforth cl ((—oo, a]) € (—oo, a]. Since (—o0, a] < cl((—o0, a]),
we conclude cl ((—o0, a]) = (—oo, a]. Asimilar argument shows thatcl ([a,c0)) =
[a,o0).

Let now b > a. Of course, (a, b) < (—oo, b], so cl((a, b)) < cl((—o0, b]) =
(—oo, b]. Similarly, cl((a, b)) < [a,0c0). Hence cl((a, b)) < [a, b]. Of course,
(a,b) ccl((a,b)).

Let now ¢ > 0. Let ¢ = min{b —g,“T”’}. By construction, ¢ € (a, b), and
dist(b, (a, b)) < |b—c| < €. Therefore, dist(b, (a, b)) = 0. Similarly, dist(a, (a, b)) =
0. Hence cl((a, b)) = [a, b].

Now, (—00,a) = (—oo,a—1)uU(a—2,a) so
cl((—oo0,a)) =cl((—oo0,a—1))ucl((a-2,a)) = (—oco,a—1]ula-2,a] = (-0, a].
Similarly, cl((a,o0)) = [a, 00).

Last, if (a,b) < I < [a, b], then [a,b] = cl((a,b)) < cl(I) < cl([a, b]) =
[a, b], as claimed. O

We note that taking the closure of a bounded interval does not increase its
diameter; this is a general observation.

Definition 2.13. If A < Risbounded and not empty, then the diameter diam (A)
of A is defined as diam (A) =sup{|x —y|: x,y € A}.
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Theorem 2.14. IfA <R is a bounded subset of R, so is cl (A), and moreover:
diam(cl(A)) = diam(A).
Proof. Let x,y € cl(A). Let € > 0. There exists x,, y, € A such that |x —x, | <
fand |y - y,| < 5. Thus:
|x =yl =[x = x| +|xe = yel + |ye —y| = diam (A) +&.

As € > Oisarbitrary, we conclude that |x—y| < diam (A). Therefore, diam (cl(A)) <
diam (A). In particular, cl(A) is bounded in R.

Since A < cl(A), itisimmediate by Definition (2.13) that diam (A) < diam (cl(A)),

thus concluding our proof. [

2.3 Closed Sets

The fixed points for the closure operator are called closed sets.
Definition 2.15. A subset A € R is closed in R when cl(A) = A.
A subset A of R is thus closed if and only if:

VxeR dist(x,A)=0 < x€A.

Example 2.16. By Theorem (2.9), both ¢ and R are closed.

Example 2.17. By Theorem (2.12), for all a < b, the intervals (—oo, a], [a,o0)
and [a, b] are closed — these are, in fact, all closed intervals.

Example 2.18. Every finite subset of R is closed by Theorem (2.8).

Theorem 2.19. A subset F < R of R is closed if and only if there exists a subset
A SR of R such that F = cl(A).

Proof. Let A < R. By Theorem (2.5), cl(cl(A)) = cl(A) so cl(A) is closed by
Definition (2.15).

By Definition (2.15), if F < R is closed then F = cl(F). This completes our
proof. ]
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Closed sets form a lattice for the inclusion.

Theorem 2.20. The following assertions hold.
1. @ andR are closed subsets of R.
2. IfF,G c R are closed then F UG is closed.
3. IfF < 2% is a nonempty set of closed subsets of R, then:
((F:={xeR:YFeF xeF}
is closed.
Proof. By definition, cl (@) = @, and by Theorem (2.9), cl(R) = R.
Let F,G < E be closed subsets of R. Then
cl(FuG)=cl(F)ucl(G)=FuGg,
and thus F UG is closed.

Let & be a subset of the power set 28 whose elements are all closed subsets
of R. We first note that % < cl(N%). On the other hand, if F € & thenN% <
F. Therefore, cl (&) < cl(F) = F. Consequently, as F € & was arbitrary, we
conclude that cl (%) cNZ.

Therefore, cl (M) =%, i.e. by definition, % is closed in R. O

Remark 2.21. 1f (F;) ;¢ is a family of closed subsets of R then ¢, F; =N {F] je ]}
is closed by Theorem (2.20).

Theorem 2.22. IfA € R is a subset of R then:
cl(A) =[{F <R:F isclosed and A < F}.

In particular, cl(A) is the smallest closed subset of R containing A.

Proof. If A< Rthencl(cl(A)) = cl(A) and thus cl(A) is closed. Moreover
A ccl(A). Soin particular:

(J{F <R:Fisclosed and A € F} < cl(A).
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Let F < R be a closed subset of R containing A. Since A < F, we have
cl(A) ccl(F)=F. Socl(A) is the smallest closed subset of R containing A.
In particular:

cl(A) <[ {F cR:Fisclosed and A € F}.
This concludes our proof. [

Theorem 2.23. IfF < R is closed, bounded above and notempty thensupF € F.
Similarly, if F is closed, bounded below and not empty, theninfF € F.

Proof. Assume F is not empty, closed and bounded above. For all € > 0,
there exists x € F such that supF — e < x <supF, so dist(supF,F) < |supF —
x| < &. Hence dist(supF,F) =0,sosupF e cl(F) =F.

The same reasoning applies to show infF € F whenever F is closed, not
empty and bounded below. ]

While closed sets form a sub-lattice of 2%, they do not form a Boolean sub-
algebra: indeed, R~[a, b] = (—oo, a)u(b,o0) isnot closed since cl ((—oo,a) U (b,00)) =
cl((—oo,a)) ucl((b,00)) = (—oo,a] U [b,00). We now study the geometry of
complements of closed sets.

2.4 Open Sets

Definition 2.24. A subset U of R is open when R~ U is closed in R.

The set of all open sets of a R satisfies properties inherited from the struc-
ture of the closed sets.

Theorem 2.25. The following assertions hold.
1. @ andR are open subsets of R.
2. IfU,V <R areopen thenU NV is open.
3. If < 2R is a nonempty set of open subsets of R, then:

U#Z :={xeR:U e% x€eU}

is open.
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Proof. This follows from Theorem (2.20) by taking complements. U

Definition 2.26. The collection of all open subsets of R is called the topology
of R.

A fundamental example of open subset of R is given by open intervals.

Theorem 2.27. For all a < b, the open interval (a, b) is open inR.

Proof. Simply note that R~ (a, b) = (—oo,a] U [b,00) is the union of two
closed subsets, which is closed by Theorem (2.20). O

A simple but useful consequence of Theorem (2.27) is the Hausdorff prop-
erty of the topology of R.

Theorem 2.28. Ifx,y € R and x + y, then there exist two disjoint open subsets
U andV such thatx €U andy€V.

Proof. Let6:@>0.SetU:(x—6,x+5)andV:(y—6,y+6). H

The main characterization of open sets is the following theorem, which il-
lustrates the important role, in R, of open intervals.

Theorem 2.29. A subset U <R of R is open if and only if:

VxeU 36,>0 (x-0,,x+d,)cU. (2.1)

Proof. Let x € U. Thus x ¢ R~ U. Now, by Definition (2.24), R~ U =
cl(R~U). Therefore, dist(x,R~U) > 0, by Definition (2.15). Let §,. = dist(x, R~
U).

Letye(x—0,,x+0,). Then |x —y| <d,, soy ¢ R~U, therefore y € U.
Therefore, if U is open, then Assertion (2.1) holds.

Assume now that Assertion (2.1) holds for some subset U of R. Thus, for
all x € U, there exists §, > 0 such that if y € E and dist(x,y) < d,,theny € U.
In other words, for all x € U, there exists §, > 0 such that (x —6,,x +dx) < U.
Then U = U,ey(x —6,,x +6,). As (x —,,x +0,) is open for all x € U, we
conclude that U is open in R, by Theorem (2.25). O
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Corollary 2.30. A subset U of R is open if, and only if,
U =UJ{I <U: I isan open interval} .

Proof. By construction, U{I < U : I is an open interval } < U. The converse
inclusion follows from Theorem (2.29). ]

We can characterize closure yet again using open sets.
Theorem 2.31. IfA <R is a subsetR then:

cl(A)={xeR:YVU<SR UopenandxecU = UNA+ ¢}.

Metric Method. Let x ecl(A). If V< Ris openin R and x € V, then there

exists 6 > 0 such that (x —,x + ) < V. Since dist(x,A) = 0, there exists y € A
such that dist(x,y) <6,andthusye VNnA.SoVNnA # @.

If, for all open subset V of R such that x € V, we have AnV # @, then for
alle >0, thereexistsye An(x—¢g,x+¢€),i.e.

dist(x,A) <|x-y| <e.
Thus dist(x,A) =0,i.e. x ecl(A). O

Topological Method. Let x ¢ cl(A). Thus x e R~cl(A). If V=R~cl(A)
then V is an open neighborhood of x in R. On the other hand, A < cl(A) so
R~cl(A)cR~AandthusVNA=R~cl(A)NASR~ANA=¢.

If there exists an open subset V < RofRsuch that ANV = @, then A < R~V
and R~V is closed, so cl(A) <R~ V. In particular, x ¢ cl(A). O

We note the following useful result about closure.

Theorem 2.32. IfA € R, andifU <R isanopenset, thencl(A)NnU < cl(AnU).

Metric proof. Let a € cl(A)nU. Since U is open, there exists § > 0 such
that(a—96,a+6) < U. Sincea € cl(A), forall € € (0,0), there exists b € A such
that |b—al| <¢,i.e. be UNA. Thusdist(a,AnU) < |b — a| < €. We conclude
that dist(a,AnU)=0,i.e. aecl(AnU). O

Topological proof. Letx e cl(A)nU. Let V < Rbe an open subset of R with
x € V. Since x € U NV, and since x € cl(A), by Theorem (2.31), we conclude
that (VNU)NA # @. Thus, again by Theorem (2.31), we thushave VN(ANU) #
@,soxecl(AnU). O
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2.5 Optional: Isolated points, Accumulation points

Definition 2.33. Let A € R. A point x € A is isolated when there exists an open
set U of Rsuch that U n A = {x}.

Definition 2.34. Let A € R. A point x € Ris an accumulation point of A when
for all open subset V of R, if x € V then V N (A ~ {x}) # @.

Accumulation points behave, in a sense, in the opposite manner to iso-
lated points.

Theorem 2.35. Let A < R. A point x is an accumulation point of A if and only
if for all open neighborhoodV of A, the setV N A is infinite.

Proof. Suppose V N A is finite for some open subset V of R containing x.
Let
VNnA~{x}={x,...,x,}.

Let € = dist(x, {x;, ..., x,,}) > 0. We then note that the set W defined by W =
Vn(x—¢,x+¢€)isopen, as the intersection of two open subsets of R. By con-
struction, x € W; moreover, x, ¢ W,...,x,, ¢ W, so (A~ {x}) nW = @. Thus
x is not an accumulation point of A. By contraposition, if x is an accumula-
tion point of A and V is an open neighborhood of x in R, then (A~ {x}) NV is
infinite. Therefore, A NV is also infinite.

If AnV isinfinite then A ~ {x} NV is infinite as well, and in particular, not
empty. So x is an accumulation point of A. [

Theorem 2.36. IfA S R, if #(A) is the set of all isolated points of A, and if A’ is
the set of all accumulation points of A inR then:

cl(A)=F(A)UA"and F(A)NA' = ¢@.

Proof. If x € #(A) then there exists an open neighborhood V of x in R such
that VNA={x},soVnNn(A~{x})=@pandthusx ¢ A". Thus #F(A)nA' = @.

Of course, .#(A) € A < cl(A). On the other hand, let x € A’ be an accumu-
lation point of A. Let V be an open neighborhood of x in R. By definition of
A',wehave VNA+ @. Thusx e cl(A). So F(A)UA' ccl(A).

Let now x € cl(A). If there exists an open subset V of R containing x such
that (A~{x})NnV =@ then ANV ={x} since ANV # @. Thus x € .¢(A); oth-
erwise x € A’. So x € #(A)U A’'. We have shown that cl(A) € .#(A)u A’ and
therefore our theorem is proven. O]
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Theorem 2.37. If A < R, then the set .#(A) of isolated points in A is at most
countable.

Proof. If x € £(A), then there exists > 0 such that (x—-6,x+6)NA = {x}.
By density of Q in R, there exists (g(x),7(x)) € Q* such that (g(x),r(x))
(x-6,x+0)s0ANn(q(x),r(x)) ={x}. Letnow x,y € £(A) with (g(x),r(x)) =
(@), r(y)). Then {x} = AN (q(x),r(x)) = A (G(1),7(y)) = {y}. Sox €
F(A) — (q(x),r(x)) € Q% is an injection. Since Q? is countable, the set .#(A)
is at most countable. ]

The set of isolated points need not be closed (for instance, consider S =

{ﬁ ‘ne I\I}). On the other hand, the set of accumulation points is closed.

Theorem 2.38. IfA < R then theset A' of the accumulation points of A is closed.

Proof. Let x € cl(A’). Let V be an open subset of R containing x. By The-
orem (2.31), there exists y € VN A'. Thus, y € A’ so V.n (A ~{y}) is infinite.
Therefore V N (A ~ {x, y}) is also infinite, and thus V n (A ~ {x}) is infinite as
well. Soxe A’. Socl(A")=A". O

Definition 2.39. A subset P € R is perfect when P = P', i.e. P is the set of all
its accumulation points.

Definition 2.40. A subset A < R is discrete when A = .#(A).

By Theorem (2.38), if a set is perfect, it is closed. By Theorem (2.36), a set is
perfect if it is closed and has no isolated points.

2.6 Optional: Interior of a set

Complementation implements by definition a duality between closed and open
subsets. It is natural to ask what the complement of the closure operator is, in
terms of open sets. Theorem (2.22) describes the closure of a set A as the small-
est closed subset of a metric space containing A, owing to the observation in
Theorem (2.20) that arbitrary intersections of closed sets are closed. Noting
the duality between Theorem (2.25) and Theorem (2.20), we thus introduce
the notion of the interior of a set.

We begin with the definition of an interior point, by observing that it can
be equivalently described in metric terms or in topological terms.
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Theorem 2.41. Let A <R and x € A. The following assertions are equivalent:

1. there exists an open subset U of R withx € U and U C A,

2. thereexists € > 0 such that ify e Rand |x —y| <€ theny € A.

Proof. If there exists an open set U of Rsuch that x €e U and U < A, then by
Theorem (2.29), there exists € > 0 such thatif y e Rand |x —y| <etheny e U
and thus y € A. Thus Assertion (1) implies Assertion (2).

If Assertion (2) holds, then let U = (x — ¢, x + €). By Theorem (2.29), U is
open in R. By Assertion (2), U < A, and thus Assertion (1) holds. ]

As the topological perspective is more general, we choose it for our defini-
tion.

Definition 2.42. Let A € R. A point x € A is an interior point of A if there exists
an open subset U of R such that x e U and U < A.

Definition 2.43. A neighborhood A of a point x € Ris a subset A € R of R such
that x is an interior point of A.

Definition 2.44. The interior int(A) of a subset A < R of R is the set of all the
interior points of A.

The interior of a set is a sort of dual concept to the closure of a set — seen
for instance with the following result, which we invite the reader to compare
with Theorem (2.22).

Theorem 2.45. Let A < R. The interiorint(A) of A is the largest open subset of
R contained in A.

Proof. Let:
U=J{VcA:VisopeninR}.

By Theorem (2.25), the set U is open in R. Moreover, U < A by construction.
IfVcRisopeninRand V € A then V < U by construction. Thus, U is the
largest open subset of R containing A.

If x € U then x is an interior point of A since U € A. So U < int(A).

If x € A is an interior point of A, then there exists an open subset V of R
suchthat x €e Vand V € A. Thus V € U and thus x € U. Thusint(A) € U.
Therefore U = int(A) as claimed. O
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Just as a set is closed if, and only if it equals its closure, we obtain the fol-
lowing characterization of open sets in terms of their interior.

Corollary 2.46. A subset U of R is open if, and only if, U = int(U).

Proof. Since int(U) is an open set, if U = int(U) then U is of course open.

If U is open, then U is an open set contained in itself, and thus U < int(U)
by Theorem (2.45). Since int(U) < U by Definition (2.42), we indeed conclude
that U = int(U). O

The duality between interior and closure is clarified with the following the-
orem.

Theorem 2.47. Forall A <R, the following assertion holds:
cl(R~A)=R~int(A) andint(R~A) =R~cl(A).
Proof. Since int(A) is open, the set R~ int(A) is closed. Moreover, since
int(A) € A, we also conclude that R~ A < R~ int(A). Therefore, cl(R~A) <
R~ int(A) by Theorem (2.22).
Letnow x € cl (R~ A). If x € int(A), since int(A) is open, then by Theorem

(2.31), we have R~ A nint(A) # @, which contradicts int(A) € A. So x € R~
int(A). Thus, we have proven that cl(R~A) = R~ int(A).

We then note that, if B=R~ A, then:
R~cl(R~B)=R~(R~int(B)) =int(R~ A).
This completes our proof. [
Hence, Theorem (2.5) together with Theorem (2.47) gives us:
Theorem 2.48. The following assertions hold:
1. int(@) = @,
2. VACSR int(A) <A,
3. VAR int(int(A)) =int(A),

4. VASB<R int(A) cint(B),
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5. VA, BSR int(AnB)=int(A)Nnint(B),
6. YVA,B<R int(A)uint(B) <int(AUB).

Proof. These assertions are obtained from Theorem (2.5) by taking the com-
plement and using Theorem (2.47). ]

If A <R, then it is quite possible that A is neither open nor closed.

Example 2.49. The set [0, 1) is neither open nor closed — it is a strict subset
of its closure [0, 1] which is the smallest possible closed set containing [0, 1)
and it is a strict superset of its interior [0, 1), the largest open set contained in
[0,1).

The closure and interior operators both provide a mean to replace a set by,
respectively, a closed set or an open set, which are best approximations in the
sense of the order given on sets by inclusion. We also note that some sets, such
as @, are both closed and open — such sets are sometimes called clopen sets.
So in no way does the power set of R gets partitioned in open sets and closed
sets.

3 BasicTopology of R: functions — Continuity and
Limit of Functions

3.1 Continuity on a set

Informally, a function f : D — R is continuous when, for any set A, it maps
a point in D which is “almost” in A to a point “almost” in f(A N D), which
indeed captures the motivation behind the notion of continuity — a function
is continuous when it does not jump and create gaps.

Definition 3.1. A function f : D — R is continuous on D when, for all subset
AcD,
f(c(A)nD) ccl(f(A)).

Theorem 3.2. Letf:D — Randg : F — R with f(D) € F. If f is continuous
on D and g is continuous on F, then g o f is continuous over D.
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Proof. Let A < D. Since f is continuous on D, we conclude that f(cl(A) N
D) c cl(f(A)). Since f(D) < F,we conclude that f(A) < F. Since g is continu-

ousover F, g(Fncl(f(A))) ccl(g(f(A))). Thusgef(cl(A)nD) ccl(g(f(A))).
Therefore, g o f is continuous over D. [

Theorem 3.3. If f : D — R is continuous over D, and if B < D, then the restric-
tion fig of f to B is continuous over B.

Proof. We simply note that forall A =R,

fis(cl(A)nB) = f(cl(A)nB) c f(cl(A)n D) ccl(f(A)).

This concludes our proof. [

An interesting proper subset of continuous functions is given by the Lips-
chitz functions:

Definition 3.4. Let D < R be a nonempty set. A function f : D — R is k-
Lipschitz, for some k = 0, when

Vx,yeD |f(x)-f)=klx-yl

Theorem 3.5. If f : D < R is Lipschitz over some D < R, then f is continuous
overD.

Proof. Let k > 0 such that, forall x,y € D, we have |f(x)—f(y)| < k|x—y].
LetA < Dandletx € cl(A)nD. Sincedist(x,A) =0, forall e > 0, there exists y €
Asuchthat|x-y| < ¢, and thus dist(f(x), f(A)) < |[f(x)-f(¥)| = k[x-y| <e.
As € > Ois arbitrary, we conclude that dist( f(x), f(A)) =0,i.e. f(x) e cl(f(A)).
So f is continuous on D. ]

Corollary 3.6. For any nonempty set D < R, every constant function over D, the
canonical injection functions x € D — x, and the function x € R — dist(x, D),
are all continuous; thus in particular, the absolute value is continuous as well
over R.

Proof. All the listed functions are 1-Lipschitz (see Theorem (2.2) for dist).
L]
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Continuity can be understood as a type of morphism between classes of
closed sets or between topologies. Note that the following result is topological
in nature: it only depends on the properties of closure, closed sets and open
sets.

Theorem 3.7. Let f : D — R. The following assertions are equivalent:

1. f is continuous over D.

2. For all closed subset F < R of R, there exists a closed subset G of R such
that f"Y(F)=GnD.

3. Forallopen subsetV < R of R, there exists an open subset U of R such that
f Y (v)=UnD.

Proof. Assume (1), so f : D — R is continuous on D. Let F < R be a closed
subset of R. Of course, f~'(F) < cl(f~'(F)) and since f~'(F) < D by defini-
tion, we end up with:

fFUF)NDcdl(f(F))nD.
We now prove the converge inclusion. By continuity:

flel(f(F))nD) e cl(f(A) = cl(f(f ' (F)))
=:A

c cl(F)
FUFYF)F
= F since F is closed.
So cl(f~1(F)) < f7'(F). In summary, cl(f~'(F)) = f~'(F), we obtain (2) by
setting G = cl(f ' (F)).
Assume (2), so for all closed subset F < R of R, there exists a closed subset

G cRof Rsuch that f7'(F) =GnD. Let A <R. Let G < R be a closed subset
of Rsuch that GND = f~!(cl(f(A))). Then:

AcfHfA) e fH(el(f(A))=GNDEG.

Since G is closed, we thus have cl(A) € cl(G) =G. Thuscl(A)nD<GnND =
f7H(el(f(A))). So
f(cl(A) D) < el (f(A)).
Therefore, (1) holds.
(2) and (3) are equivalent simply by taking complements. O
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We now get a metric characterization of continuity: the -6 characteriza-
tion of continuity.

Theorem 3.8. A function f : D — R is continuous on D if, and only if, for all
x€eD:
Ve>0 3JyeD |y-x|<é = |f(y)-f(x)|<e. (3.1)

Proof. Assume Expression (3.1). Let A < R. Let y € f(cl(A) n D). Let
x € cl(A)n D such that y = f(x). Let € > 0. By assumption, there exists § > 0
such that, if r € D, |t — x| < §, then |f(t) — f(x)| < €. Since x € cl(A) N D,
we conclude that dist(x,A) = 0. Thus, there exists t € A with |t — x| < §.
Therefore f(t) € f(A), and dist(f(x), f(A)) < |f(x)—f ()] < €. Consequently,
dist(f(x), f(A)) = 0. Therefore, f(x) € cl(f(A)). We thus have shown that

f(cl(A)nD) ccl(f(A)).

Suppose now that for some x € D and some ¢ > 0, for all § > 0, there exists
t € Dsuchthat|t—x| < and |f(t)-f(x)|=e.LetA={teD:|f(t)-f(x)| =&},
and note that by our assumption, A # @. Moreover, for all 6 > 0, there exists
t € Awith |t — x| < §. Thus, dist(x,A) < |x — t| <, and thus dist(x,A) =0, so
x€cl(A). Of course, x e Dsox e cl(A)nD.

On the other hand, if r € A, then |f(t) — f(x)| = €, so dist(f(¢),f(A)) = €.
Hence f(x) ¢ cl(f(A)). Our proof follows by contraposition. ]

We note that Theorem (3.8) gives an easy proof that Lipschitz functions are
in fact continuous:

Alternate proof of Theorem (3.5). Let k > 0 such that Vx,y € D |f(x) -
F(I<klx-yl| Lete>0.Setd =1 >0.1fx,y € D then |x — y| <6 then

1F(x) = f() <ké = k% e

This concludes our proof by Theorem (3.8). O

Remark 3.9. The choice of § in the proof of Theorem (3.5) does not depend on
the choice of x € D, which is stronger than what we need, and is a manifes-
tation of the fact that Lipschitz functions are in fact uniformly continuous, a
concept we will return to later on.

We can use the £-§ characterization of continuity to recover Theorem (3.7)
via metric methods.
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Alternate proofof Theorem (3.7). Assume (1). Let F < RandletG = cl(f ' (F)).
By construction, f'(F) G nD. Letnow x € GND. Let & > 0. Since f is con-
tinuous at x, there exists 6 > 0 such that, if t € D and |t — x| < §, then |f(¢) —
f(x)| <e. Since G =cl(f~'(F))and x € G, we conclude dist(x, f ' (F)) = 0, so
there exists ¢ € f~!(F) such that |t — x| < §. Since f(t) € F, we conclude that
dist(f(x),F) < |f(x) - f(t)| <e. Ase > 0isarbitrary, f(x)ecl(F)=F —asF

is closed. Thus x € f~}(F). Thus f}(F) =G n D, i.e. (2) holds.

Assume (2). Let U < R be an open subset. By (2), there exists a closed
subset G < R such that

D~f Y U)=fY R~U)=GnD

since R~ U is closed. Therefore, f ' (U) = (R~G)n D, and V = R~ G is open
in R. We thus have proven (3).

Assume (3). Lete >0and x € D. Let U = (f(x) —¢, f(x) +€). Since U is
open, we conclude that there exists an open subset V of R such that f~}(U) =
VnD. Of course, x € V. Since V is open, there exists § > 0 such that (x -9, x +
0) <€ V. By construction, f((x-6,x+6)nD)< f(VNnD)<U. So, forall t € D
such that |t — x| < §, we conclude that |f(#) — f(x)| < €. This proves (1).

Our proof is now complete. ]

Remark 3.10. As a corollary of Theorem (3.7), if f : U — R, and if U is open,
then f is continuous on U if, and only if, the preimage f~'(V) of any open
subset of Ris open; if f : F — R, and if F is closed, then f is continuous over F
if, and only if, the preimage f~!(F) of F is closed.

3.2 Limitat a point

We start from the characterization of continuity over a set given by Theorem
(3.8), and we make it local by removing the quantification over the entire set,
while allowing for more general limits. We are led to the following definition.

Definition 3.11. Let f : D — R be a function over a set D. Let a € cl(D) and
l € R. We say that f converges to [ at a along D, when

Ve>0 36>0 VteD |t—-a|l<d = |f(t)-I|<e.

28



Lemma 3.12. Letl,l'eR. If|l-1'| <e foralle >0, thenl=1.
Proof. Our assumption implies that |/ - '| =0,s0 [ =I'. O

Theorem 3.13. Letf : D — Randa € cl(D). If f convergestol andl' ata along
D, thenl=1.

Proof. Let € > 0. There exists §; > 0 such that, forall t € D, if |t — a| < §;,
then |f() - I| < 5. There exists 6, > 0 such that, for all z € D, if |t — a| < ,,
then [f(z) - 1'| < 3.

Therefore, if t € D such that | — a| < min{d,,d,} (which exists since a €
cl(D)), then

I < _ _ 7 E 5
=T < |I=FOI+ () =T < 5+

Thusl=1. O]

=E.

Notation 3.14. If f : D — R converges to [ at a € cl(D), then we write

= lim f(x).

xeD

If D ={x € R: P(x)} then we can also write

= lim f(x).

P(x)

Convention 3.15. Let f : I — R where I is some interval, and let a € I. We

use the following notations (whenever they are well-defined): lim, _, ,+ f(x)

is meant for hmxea;)—,»xam f(x); lim,_ ,- f(x) is meant for hmxexD—,»xaQZ f(x); last,

lim,_,, f(x)is meant for lim 28, f(x). In each of these notations, one must
xe€D,x+a

check that indeed, a is in the closure of the set along which we take our limit.
Also note that in all these cases, a is removed from the domain prior to taking
the limit; this is important as one can check thatif a € D and f has alimitat a
along D then the only possible limit is f(a).

Limits live in the closure of the range of the function under consideration.

Theorem 3.16. Iff : D — R converges to | at a alongD then l € cl(f(D)).
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Proof. Lete > 0. Since f converges to [ at a along D, there exists § > 0 such
thatifx € D and |x—a| < then |f(x)—[| < &. Since a € cl(D), there exists x €
D with |x —a| < 8. Therefore, dist(l, f(D)) < |- f(x)| <e. Sodist(l, f(D)) =0
ie. Lecl(f(D)). O

Remark 3.17. It is usually difficult to determine the exact range of a function.
However, if f : D — R and if we know that f(D) < B, then we can conclude
that lima)cgg f(x) € cl(B) by Theorem (3.16), and using its notation.

Limits are indeed a local concept.

Theorem 3.18. Let D,A<R. Leta e cl(DNA). Iff : D — R has converges to |
at a along D, then f converges tol at a alongD N A.

Proof. Let € > 0. Since f has limit [ at a along D, there exists 6 > 0 such
that, forall t € D, if |t — a| < §, then |f(t) — I| < €. Therefore, forallt e DN A,
if|t—a| <6, then |f(t)-1|<e. O

Theorem 3.19. LetD € R. Letf : D — R, a € cl(D) and | € R. The following
assertions are equivalent:

1. f haslimitl ata alongD.
2. Forallopen subsetU <R witha € U, f has limitl ata alongDNU.
3. Foralld >0, f has limitl ata alongDn(a—0,a+96).

4. There exists an open subset U < R with a € U, f has limit |l at a along
DnU.

5. There exists 6 > 0 such that f has limitl ata alongDn(a—-6,a+9).

Proof. Assume (1). Let § > 0. By (1), for all € > 0, there exists @ > 0 such
thatforall t € D, if |t — a| < a, then | f(x) — [| < €; of course, it follows that for
allteDnN(a-06,a+06),wehave |f(x)—1| <&. So (2) holds.

Assume (1). Let U < Rbe open with a € U. We first note thata € cl (DN U)
by Theorem (2.32). Then (2) follows from Theorem (3.18).

Assume (2). Let d > 0. Set U = (a—6,a + ). Applying (2) to the open set
U, we have established (3).
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Of course, (2) implies (4) and (3) implies (5). Moreover, just as above, (4)
implies (5).

Assume (5). Let € > 0. There exists @ > 0 such that, forallx e Dn(a-0,a+
0),if |x —a| < a then |f(x)—[| < e. Let @’ = min{d,a} > 0. For all x € D, if
|x—al<a'thenxeDn(a—38,a+0d)and |x —a| < a, hence |f(x)— 1| <e. So
(1) holds, and our proof is complete. O

Definition 3.20. We say that f is continuous atx € D when limi‘}ﬂ‘ f(t)=f(x).
€

Therefore, we note that f : D — R is continuous on D exactly when Vx €
D lim,_, f(t) = f(x), by definition.

3.3 Limits and Order

Theorem 3.21. Let D € R. Let f : D — R, and let x € cl(D). If f has a limit at
x along D, then there exists an open neighborhood U of x such that{f(t):t €
U n D} is bounded, with diameter at most 1.

Proof. Letl = limg_g f(t). There exists § > 0 such thatift € (x —6,x+d)N
€
D, then |l - f(1)| < 5. Thus, if £,#' € (x = §,x +8) N D then

If()=f) = If)=1+y-ft) <1
Thus diam (f((x —6,x+6)ND))dp < 1. O

Theorem 3.22. LetD < R. Letf:D —R,g:D —R,andaecl(D). Iff and g
have limits at a along D, and if

36>0 Vxe(a-0,a+6) f[f(x)<g(x)

then

lim £ (x) < lim g (x).
xeD xeD

Proof. Let € > 0. Writing [ = limfgg f(x), there exists §; > 0 such that, if
x € Dand|a-x| <06, then|f(x)-1I| <. Writing I' = lim:gg g(x), there exists
6, >0 such that, if x € D and |a — x| < §, then |g(x) - I'| < 5.

Consequently, for x € D with |x — a| < min{d,,,}, we conclude:

l—gsf(x)sg(x)sl’+§,

so [ < 1" + €. Since € > 0 is arbitrary, we conclude [ < I', as claimed. O
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Theorem 3.23. LetD < R.
Letf:D—R,g:D—R,andh:D — R. Let x € cl(D).
If:
ViteD f(t)<g(t)<h(t)

if f and h have limits at x along D, and if
lim £(¢) =1im ()
teD teD
then g has a limit at x along D and

limg(#) = lim f(z).

teD teD

Proof. Let € > 0. By assumption, there exists > 0 such that if 7 € D and
dist(#,x) < &y then |l - f(¢)| <e. In particular, if ¢ € D and dist(#, x) < 6y then
f(#) < l+e. Similarly, there exists §, > 0 such that if # € D and dist(x, ) < 54
then |l — h(t)| <€, so in particular [ — € < h(t).

Therefore, if ¢ € D and dist(z, x) < min{§;, 6} then:

l-e<f(t)-l<g(t)-l<h(t)-l<l+e

ie. |g(t) -] <e. Note that min{é;,6} > 0, therefore, our claimed is proven.
O

A common way to apply Theorem (4.7) is given in the following corollary.
In its proof, we use the obvious, but noteworthy, observation that for any func-
tion f: D — R from asubset D € R, if x € cI(D) and y € R, then:

limf(t)=y < lim|f(t)-y|=0.
teh ted

Corollary 3.24. LetDcRandx e cl(D). Lety e R. Iff:D - Randg:D — R
are two functions such that:

vieD |f(1)-yl=g(1)
and iflimi—»g g(t) =0, then
€
lim f (1) = y.

teD
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Proof. By assumption, for all ¢ € D, the following assertion holds:

0=If(0) -yl =g(2).
Since limtt_g 0= limtt—bx g(t) =0, we conclude by Theorem (4.7) that
€ €
lim| (1) -~y =0.
teD

which in turn, is equivalent to the conclusion of our corollary. O]

3.4 Limits and Algebra

Theorem 3.25. Let D € R and let x € cl (D).
Letf:D —Randg:D — R. If f and g both have a limit at x along D, and
ifAeR, then Af + g has a limit at x along D, and.:

Hm (Af(2) +g(1)) = Alim f(¢) +1lim g ().

teD teD teD

Proof. Write [, = limttzg f(t)and [, = limtgg g(1).

Lete > 0.

By definition, there exists 6 > 0 such that if # € D and dist(#,x) < 6, we
have |f(x) - I;| < m

By definition, there exists 6g > 0 such that if r € D and dist(¢,x) < 6g, we

have |g(x) - [,| < 3.
Let 6 = min{6,d,} and note that § > 0. Moreover, if ¢ € D and dist(¢, x) <
0, then:
|((Af(2) + (1)) = (Al + L) = [A(f(2) = Ap)| + |8 (1) — L]
= () = Apl+1g(0) ~ L]

€ €

< M—7—7—==+=

| |2(|/1|+1) 2
<e¢

which completes our proof. [

Theorem 3.26. LetD <R. Letf:D —Randg:D — R, and letx € c1(D). If f
and g both have a limit at x along D, then f g has a limit at x along D, and:

lim £(1)g(¢) = lim f(¢) lim g(¢).

teD teD teD
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Proof. Write /; = “migg f(t)and [, = limttzg g(1).

Lete > 0.

Since f has a limit at x along D, there exists M > 0 and a §, > 0 such that if
t € D and dist(¢, x) < 6, then |f(¢)| < M, using Theorem (3.21).

Moreover, there exists 0; > 0 such that if t+ € D and dist(¢,x) < §, then
1F() = bl < 5z ey

Since g has a limit at x along D, there exists 653 > 0 such that if £ € D and

dist(z,x) < &5 then |g(#) — L, | < 537, again using Theorem (3.21).

Leté = min{,,6,;,5,} and note that§ > 0. Moreover, ift € D and dist(t,x) <
0 then:

If(0)g (1) =Ll = f()g(t) = f()lg + f(£)lg = If L]
<[fOllg(t) = L+ 1|1 f () = L]

<M 41—
To2M B 2(]l |+ 1)

<g,

which concludes our proof. [

Putting together Theorems (3.25) and (3.26), we then obtain a new class
of continuous functions: polynomial functions over R. We first record the fol-
lowing basic rules about continuous functions.

Corollary 3.27. LetD cR. Iff : D < F and g : D — F are functions which are
continuous atx € D, then Af + g is continuous at x forall A € R.

Proof. By assumption, lim,_,, f(¢) = f(x) and lim,_,, g(¢) = g(x). There-
fore, by Theorem (3.25), for all A € R, we have:

m(Af(2) +g(r)) = Af(x) +g(x),

and thus f + Ag is continuous at x € D. [

We are now ready to prove that polynomials are continuous. In fact, poly-
nomials can be proven to be locally Lipschitz, but the following proof is much
more natural.

Corollary 3.28. IfP is a polynomial function overR then P is continuous onR.
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Proof. Of course X : x € R — x is continuous. If for some n € N~ {0}, the
function X" : x € R — x" is continuous, then X - X" : x e R — x - x"* = x"*!
is continuous by Theorem (3.26). Thus by induction, X" is continuous for all
n € N~{0}.

If, for some n € N~ {0}, every function P = Z]’-’zl aJ-Xj is continuous on R,
and if Q : R — Ris given by Q = Z]’?:()l anj, then Q = P + a,,,, X", which is
continuous on R by Theorem (3.25). By induction, we have thus shown that if
P :R — Ris a polynomial function such that P(0) = 0 then P is continuous on
R. We conclude, thanks to Theorem (3.25), that all polynomial functions over

R are continuous. ]

We next prove that the multiplicative inverse function is also continuous
on its domain. Notably, it is sufficient to know that a function has a nonzero
limit at a point to conclude that it is nonzero on some neighborhood of that
point.

Theorem 3.29. LetD < R. Iff : D — R, ifx € cl(D), and if f has a nonzero
limit at x along D, then:

1. there exists an open neighborhood U of x such that f(y) #0 forally e U,

: 11
2 M, o) 76 = 0
teD
Proof. Let [ = lim:—x f(1).
teD

Leta = %' > 0. There exists 6, > 0 such thatif ¢ € D such that dist(z, x) < 6,

then |f(¢)—1| < @, and thus in particular |f(t)| > a. Thus setting U = E(x, d,),
we have proven Assertion (1).

Let € > 0. There exists §; > 0 such that if ¢t € D and dist(¢,x) < 9§, then
|f(t)— 1| <e¢|l|a (note that |I|a > 0). If € D and dist(x, t) < min{d,,,} > 0,
then:

1 1

f@) 1

1f(t)
1
< |l—f(t)|m <e.

:‘l—f(t)

Thus Assertion (2) is proven as well. O
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Corollary 3.30. LetD<R. Iff:D - R,g:D — R, ifx € cl(D), iff has a limit
at x along D, and if g has a nonzero limit at x along D, then:

fr) dimee f(2)

im = — .
oy g(r)  limi—xg(2)

. 1 _ 1

Proof. By Theorem (3.29), hmt Iy T —“m’?gg( 5j- By Theorem (3.26),
€

we then conclude our theorem. O]

Corollary 3.31. Let D < R. Letf:D — Randg :D — R. Ifx € D, if f is
continuous at x, if g is continuous at x, and 0 ¢ g(E), then ]g: is continuous at

x. In particular, if f and g are both continuous on D, then jgr is continuous on

D
Proof. This is immediate. [

We can thus prove that rational functions are also continuous. Again, ra-
tional functions are locally Lipschitz on their domain, but the following proof
is again much easier.

Corollary 3.32. IfR is a rational function, then R is continuous on its domain.

Proof. This follows from Corollary (3.28) and Corollary (3.30). ]

3.5 Composition of Limits

Theorem 3.33. LetD R and H < R. Leta € cl (D).
Iff :D—Randg:H — R are two functions such that:

1. f convergestol ata alongD,
2. g convergestoy atl alongH,
3. f(D)<H,

then g o f converges toy ata alongD.
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Proof. Note first that since f(D) € H and [ € cl(f(D)), we indeed have
l € cl(H) as required.

Let € > 0. There exists , > 0 such thatif € H and |¢ — I| < 6, then |g(¢) -
y| < &. Now there exists 6, > 0 such thatif x € D and |x — a| < 6 then |f(x) —
l|<é,.

Tﬁgus, if x € D and |x — a| <&y, then f(x) € H and |f(x) — /| < §, and thus
lg(f(x))—yl<e. [

Remark 3.34. Ttis very important that g converges to y at [ along a set contain-

lifx#0
ing the range of f. Consider for instance the function f: x e R — {0 ‘0 ,
a

and g: x € R~ {0} — xsin(+). Of course limy g = 0. But 0 € g(R), and while
lim,_, f(x) = 1, recall that this is the limit alongR~{0}. Therefore our theorem
does not apply, and indeed in this case, f o g does not converge to anything in
this case, as it takes both values 0 and 1 on any open interval containing 0.

4 Sequences

Sequences are functions from N which may be used to characterize all the
topological concepts of R, thanks to the notion of convergence of sequences.
In essence, convergent sequences provide approximations of their limits. Two
core concepts which make sequences helpful are: the ability to prove a se-
quence has a limit without knowledge of what the limit might be, and the no-
tion of a subsequence.

4.1 Convergence of Sequences

Let (x,),en be a sequence of real numbers. If we set f(ﬁ) = x, for each
n € N, then we define a function f : S — R with S = {ﬁ :neN}. Since R is
Archimedean, 0 = inf§; thus 0 € cl(S). We thus have a ready-made notion of
limit at 0 (along S) for f: the function f converges to [/ at 0 when for all € > 0,
there exists 0 > 0 such thatif € Sand |¢| < §, then |f (1) —I| < &. Now, t € S if
andonlyiff = ﬁ forsomen eN. If N = {é], then we note that n = N implies
that = < §, and thus |x, — I| = |f (1) - I| < €. Itis easily checked that this
last statement is in fact equivalent to lim, f = [.
Informally, convergence of f at0is understood as the convergence of (x,,) ,en

at oo. Thus the notion of convergence for sequences is nothing more than a
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very special case of our general study of limits of functions. All the theory de-
veloped there applies to sequences directly.

We restate the definition of convergence of sequence for reference.
Definition 4.1. A sequence (x,,), in R converges to [ € R when

Ve>0 INeN VneN n=N = |x,-I|<e.

Our theory of limits for functions immediately applies to prove that limits
are unique, if they exist, and satisfy various properties related to order and
algebra. We will include proofs once more as this is an important topic.

Theorem 4.2. If(x,,),\ IS a sequence converging to both | and l', then 1 =1'.

Proof. Let € > 0. Since (x,,),en converges to [, there exists N; € N such
that, for all n € N, if n = N;, then |x,, — | < % Since (x,,) ey converges to 1/,
there exists N, € N such that, for all n € N, if n = N,, then |x,, — I'| < g Thus,
for n = max{N,, N,}, we conclude:

E €
|l—l’|Sll—xn|+|xn—l’|<5+§:£.

As € > 0 is arbitrary, we conclude that [ = ['. ]

Notation 4.3. If (x,,) ,eny cOnverges to [, then we write lim l.

n—oo xn -

4.2 Limit and Order

Theorem 4.4. Ifa sequence (x,,) N in R converges, then it is bounded.

Proof. Let [ =lim,_  x,. There exists N € N such that for all n = N, we
have |x, —l| <1so |x,| < |l|+1. Let M = max{|l|+1,|x,| : n e N,n < N}.
Then for all n € N we have |x,| < M. O]

Theorem 4.5. Let (x,,),en and (¥,),,en be two convergent sequences in R. If
there exists N € N such that for alln = N we have x,, < y,, thenlim,,_, x, <

11rnn—-oo Yn-
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Proof. Let I, =lim,_ x, and [, =lim,_,y,. If I, > [,. There exists N, €
N such that for all n € Nwith n > N,, we have [, - § <x, <, +3.
There exists N,, € N such that forall n > N, we have [, — 5 <y, <[, + 3.
For n = max{N,, N, }, wehave [, -5 < x, <y, <1, +35. Therefore, [, < [, +¢

forall e > 0. Hence [, < ly, as claimed. U]

Theorem 4.6. If(x,,),en converges to l > 0 then there exists N € N such that for
alln = N we have x,, > %

Proof. Lete = %l. There exists N € N such that for all » = N we have x,, >
l-e=1L O]
2

Theorem 4.7 (Squeeze Theorem). Let (x,,),ens (Vi) nen @nd (2,,),en be three
sequences in R such that:

1. there exists N € N such that for alln = N we havex,, <y, < z,,
2. thesequences(x,,),cn and(z,) e convergeandlim,,_  x, =lim,,_  z,.
Then (y,),en converges andlim,,_, .y, =lim,,_ . x,,.

Proof. Let ! =1lim,_ x, =lim,_ z,. Let € > 0. There exists N, € N such
that for all n = N, we have |x,, — I| < € so [ — € < x,,. There exists N, € N such
that for all n = N, we have |z, —l| <esoz, <l+¢€. Let n = max{N,N,,N,}.
Then:

l-e<x,sy,<z,<l+e€e.

This concludes our proof. O
Corollary 4.8. If(x,,),en converges to l € R then (|x,,|),,en cOnverges to|1|.

Proof. Forall n e Nwehave 0 < ||x,,|—|I|| < |x,,—|. Conclude by applying
Theorem (4.7). O

4.2.1 Limits and Algebra

Theorem 4.9. If (x,,) ey and (V,,) nen are two convergent sequences and t € R
then (x, + ty,),en cOnverges tolim,,_  x, + tlim,_ . y,.
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Proof. Let I, =lim,_,, x, and [, =lim,,_, y,. Let € > 0. There exists N, €
N such that for all n > N, we have |x, — [, | < 5. There exists N, € N such that
forall n > N, we have |y, — 1| <

2(|t7+1)'
Let n = max{N,, N, }. Then:

|(xy + 2yn) = (L + L) < [x, = Ll + [ty — 1| <e.
This concludes our proof. [

Theorem 4.10. If(x,,),en and(y,,) ,en Are two convergent sequences then (X, ¥, ) nen
converges tolim,,_  x,, -lim,_ y,.

Proof. Let I, =lim,_ x, and [, =lim,,_., y,. Since (y,),en converges, it
is bounded: there exists M € R such that for all n e Nwe have |y, | < M. For all
n € N we have:

0= |xnyn - lxlyl = |xnyn Lyt Ly -1, lyl

< [y = LellYnl + Y0 = 1 L]
= |xn_lx|M+|yn_ly||lx|-

By assumption, (|x, — I;|),en and (|y, — 1, |)en converge to 0. By Theorem
(4.9), (|x, = L, IM + |y, = L, |1, |) ey converges to 0 as well. By Theorem (4.7),
we conclude (|x,y, — I 1,|)nen converges to 0. Hence (x,,,,) peny CONVeErges to
L1, O

Theorem 4.11. If(x,),.cn IS a sequence inR converging to some |l € R~{0}, then

there exists N € N such that for all n € N we have x,, + 0, and moreover (xi) N
n/’nz

1
converges to g

Proof. If I <0, then replace (x,,),en DY (—X,,) hens SO that we may assume
[ > 0. By Theorem (4.6), there exists N € N such that for all » = N we have
X, = £ > 0. Now let £ > 0. There exists P € N such that for all n = P we have
|x,, — 1] < %. Thus, for all n = max{P, N} we have:

11 |l-x,
Xpo L 1x,l
X, — I
z
<E€.
This completes our proof. ]
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4.3 Sequences and Topology
Theorem 4.12. IfA <R, then

cl(A) = {l eR:3(x,),en Sequencein A [ = lim xn}.

n—oo
Proof. Write

S= {l €eR:3(x,),ey Sequencein A [ = lim xn}.

n—oo

Let I € cl(A). Let n € N. Since dist(/,A) = 0, there exists x,, € A such that
|x, — I| < —5. By Theorem (4.7), we have lim, ., x, = I. Hence [ € S, i.e.
cl(A)cS.

n—oo

Let! € S. Bydefinition of S, there exists (x,,) ,en in A such that/ =lim,,_  x,,.
Let now ¢ > 0. There exists N € N such that for all n € N, if n = N then
|xy — 1] < €. Hence, dist(l,A) < |xy — I| < & (since xy € A). Thus dist(/,A) =0,
i.,e. lecl(A). Hence S c cl(A). [

Corollary 4.13. A subset F inR is closed if, and only if, the limit of every con-
vergent sequence of elements of F is also in F .

Proof. Immediate. [

Theorem 4.14. LetD < R. Let f : D — R, a € cl(D) and l € R. The function f
converges to | at a along D if, and only if, for all sequences (x,,) ,cn Of elements
of D converging to a, the sequence (f(x,,)),en cOnverges tol.

Proof. Assume that lima)c;g f(x)=1.Let (x,),en be asequence in D con-

verging to a. We could employ Theorem (3.33) directly to conclude thatlim,,_. ., f(x,,) =
1. We however provide an explicit proof here, for didactic purposes. Let € > 0.

Since lim:gg f(x) =1, there exists § > 0 such that, forall € D, if |t —a| < 6,

then |f(¢) — | < €. Since lim,,_ , x,, = a, there exists N € N such that, for all

n = N, wehave |x, —a| < 6. Therefore, forall n = N, we conclude |f(x,,)— | <

. Thus, lim,,_. f(x,) =L

Assume now that there exists € > 0 such that, for all 6 > 0, there exists
teDsuchthat|t—al <6 and |f(t)— 1| =¢. Foreachn e N, let ¢, € D such
that |, — a| < ﬁ and |f(¢,) — I| = €. By Theorem (4.7), we conclude that
lim,,_, t, = a. By construction, (f(t,)),ey does not converge to [. Thus, our

result follows by contraposition. ]
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4.4 Monotone Sequences in R

Definition 4.15. A sequence (x,,),cn Of real numbers is increasing when
VneN x,<x,..
A sequence (x,,),n Of real numbers is decreasing when
VneN x,=x,,.
A sequence (x,,),cn IS monotone when it is increasing or decreasing.

Remark 4.16. A sequence is strictly increasing, strictly decreasing and strictly
monotone, when we replace the order by the strict order in Definition (4.15),
though this will not be a very important concept for us.

The Dedekind completeness of the field R of real numbers imply the fol-
lowing very important theorem.

Theorem 4.17 (Monotone Convergence Theorem). If(x,,),en IS @ monotone
sequence of real numbers, then (x,,) ,cn converges ifand only if (x,,) ,en is bounded.

Proof. Assume first that (x,, ),y iS an increasing, bounded sequence. The
set{x,, : n € N}is notemptyand bounded by assumption, thus L = sup{x,, : n € N}
exists.

Let € > 0. By characterization of suprema, there exists N € N such that
L —¢ < xy; < L. Since (x,,) e is increasing, if n = N, we have L — € < xy < x,,.
Moreover x,, < L. Thusforalln = N,we conclude L-¢ < x, <L,i.e. |x,—L| <
€. So (x,),en converges to L.

If (x,,) ,en is @ decreasing, bounded sequence, then (—x,,) ¢ iS an increas-
ing, bounded sequence, and thus it converges. Therefore, (x,,), . CONverges.

If (x,) ,en 1S @any convergent sequence — monotone or not — it is bounded.
Thus our theorem is proven. [

We record an interesting application of the monotone convergence theo-
rem, which may be seen either as a special case of compactness, or as a special
case of completeness.

Theorem 4.18. If (I,,),en IS a sequence of nested closed intervals, i.e. Yn €
N I,.,<1, then,nI, # @.
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Proof. For each n € N, we write I,, = [a,, b,]. Since I,,,; < I,,, we conclude
thata, < a,., and b,,,, < b,. In particular, (a, ), is an increasing, bounded
above (by b,) sequence, and thus it converges to some x € R. Of course, x = a,,
for all n € N. Similarly, the sequence (b,,) .y is increasing and bounded, so it
converges to some y € R; moreover y < b, for all n € N. Since a,, < b,, for all
n €N, we also have x < y. Thus, forall n e N, we have a, < x <y < b, i.e.

[x, ¥] € Nnen- O

4.5 Subsequences

Definition 4.19. A subsequence of a sequence (x,,),,cn in aset E is a sequence
of the form (X)) en for some strictly increasing function ¢ : N — N.

It is helpful to record the following result.

Lemma 4.20. Let ¢ : N — N be strictly increasing. Then for all n € N we have

¢(n) = n.

Proof. By definition, ¢(0) = 0. Assume that for some n € Nwe have ¢(n) =
n. Then by assumption, ¢(n+1) > ¢p(n) = nsop(n+1) = n+ 1. The lemma
holds by the theorem of induction. ]

Subsequences of a convergent sequence converge as well, and to the same
limit. This tool may be used to show that a sequence such as ((—1)"),,en does
not have a limit.

The set of all limits of subsequences of a fixed sequence can actually be
nicely described using the closure of tails, and is always a closed subset.

Theorem 4.21. Let(x,,),en be a sequence. The closed set:

) cl({x;: k= n})

neN

is the set of all limits of subsequences of (x,,) ,en -

Proof. Let [ € N,encl({xy : k = n}). Since [ € cl({x; : k = 0}), there exists
¢(0) € N such that |x,) — I| = 1. Assume now that we have constructed, for
some n € N, natural numbers ¢(0) < (1) < ... < @(n) such that [x,) — | <
ﬁ forall k € {0,...,n}. Since l € cl({x;. : k # @(n) + 1}), there exists p(n+1) >
¢(n) such that |x,,,) — I| < 755. Thus by induction, we have constructed a
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subsequence (X, (,)) sen Of (X5,) e SUCh that |x,(,) — 1] < ﬁ for all n € N. By

the Squeeze Theorem, we conclude that (X)) e CONverges to 1.

Let now / € Rbe the limit of some subsequence (X)) nen Of (X5,) peny- Thus
Lis the limit of (x,)) >y forall N € N, and thus I € cl({x; : k = ¢(n)}) for all
neN;hencel € N,encl({xg 1 k= @(n)}). Since p(n) = nforall n € N, we have
{x 1k =@(n)} <{x,:k=n}and thus cl({x; : k = @(n)}) < cl({x; : k = n}).
Therefore, [ € (N,,en Cl ({X : k = n}), as desired. O

Theorem 4.22. If a sequence (x,,),cn in R converges to | € R, then all subse-
quences of (x,,) ,en cOnverge to 1 as well.

Proof. Assume that (x,),eny converges to [ and let ¢p : N — N be a strictly
increasing function. Let € > 0. By Definition (4.1), there exists N € N such that
forall n > N we have |x, — I| <. Therefore, if n = N then [x,,), [| <&, since
¢(n) = n = N. Hence the subsequence (xy()) ey cOnverges to [ as well. [

Theorem 4.23 (Monotone Subsequence Theorem). If(x,,),en IS a Sequence in
R, then there exists a monotone subsequence (X () nen Of (X,) nen-

Proof. Let
P={neN:YVkeN k=n = x,=x}

If 22 is infinite, then let ¢ (0) = min&?. Assume that for some n € N we
have constructed ¢(0) < ... < @(n) € P. The set 22 ~{j : j < ¢(n)} is not
empty since & is infinite. Let ¢ (7 + 1) be its smallest element. Now ¢ : N — N
is strictly increasing, and by construction, if n < m then x < Xy(n)- Thus
(Xp(n)) nen 1s decreasing.

@p(m)

If 22 is finite, then &2 is bounded by M. Let ¢(0) = M + 1. Now assume we
have constructed ¢(0) < ... < ¢(n) for some n € N with x,,;) < x,;.1) for all
0<j=<n-1.Since p(n) ¢ 2 there exists ¢(n + 1) > ¢(n) such that x,,1) =
Xy(n)- The sequence (X)) en thus constructed by induction is increasing.

Our theorem is thus proven. [
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4.6 Sequentially Compact Subsets of R

Closed subsets of R share with finite subsets of R the property that a point
almost in the set is in fact in the set. When working with sequences, in partic-
ular, finite sets have another desirable property: any sequence in a finite set
must contain a constant, hence convergent, subsequence. Closed sets do not
possess this property (consider N), but this property is important enough to
warrant the following definition.

Definition 4.24. A subset K < R of R is (sequentially) compact when every
sequence in K has a convergent subsequence whose limit is in K.

Theorem 4.25. A subsetK ofR is sequentially compact if, and only if; it is closed
and bounded.

Proof. Assume that K is closed and bounded. Let (x,,),,.n be a sequence
in K. By Theorem (4.23), there exists a monotone subsequence (X)) pen
of (x,)nen- Since K is closed, (X)) nen is bounded as well. Thus by Theo-
rem (4.17), the bounded monotone sequence (Xp(n)) nen cONVerges to some .
Since K is closed, we conclude that [ € K. Therefore, K is compact.

Assume that K is not closed or not bounded. If K is not bounded, then
for all n € N, there exists x,, € K such that |x, | = n. Thus no subsequence of
(x,,) nen is bounded, and thus no subsequence of (x,,),cn converges. So K is
not sequentially compact.

If K is not closed, then there exists a convergent sequence (x,,) ey Of ele-
ments of K converging to [ € R~ K. All the subsequences of (x,,),en COnverge
to . Thus K is not sequentially compact.

By contraposition, if K is sequentially compact, then K is closed and bounded.

]

Corollary 4.26. IfK < R is sequentially compact and F < R is closed, then K NF
is sequentially compatct.

Proof. The set K N F < K isincluded in K, so K N F is bounded. Moreover,
the intersection of two closed sets is closed. As a closed, bounded subset of R,
K N F is sequentially compact in R. [

Theorem 4.27. IfK < R is sequentially compact, if f : K — R is continuous,
then f(K) is sequentially compact.
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Proof. Let (y,,),,en be a sequence in f(K). By definition of f(K), there ex-
ists x,, € K such that f(x,) = y,, for each n € N. Since K is sequentially com-
pact, and (x,,) .y is @ sequence in the sequentially compact K, there exists a
convergent subsequence (X ;) nen Of (X5, ) pey With limit [ € K. Since f is con-
tinuous on K, we conclude [ = lim,,_, f (X4 (n)), 1-€. (Vp(n))nen = (f (X)) nen
converges. Thus f(K) is sequentially compact.

Corollary 4.28. If f : K — R is continuous over a sequentially compact subset
K < R of R, then there exists m,M € K such that

VxeK f(m)s=f(x)=f(M).

Proof. Since f(K) is sequentially compact, itis closed and bounded. Hence
supK € K, so there exists M € K such that f(M) = supK, and infK € K, so
there exists m € K such that f(m) = infK. O]

We can now use sequential compactness to prove that R is uncountable.

Theorem 4.29. IfP < R is a nonempty perfect subset of R, then P is uncountable.
In particular, R is uncountable.

Proof. Since P is perfect, P is not finite. Assume P = {x, : n € N}.

Let ay, by, € R such that a, < x, < b, (for instance a, = x, — 1 and b, =
Xy +1). Let I, = [ay, by]. Set ¢(0) = 0. Since P is perfect, the set {n € N,n >
0:x, € Pn(Iy~{x,})} is infinite. Let ¢ (1) be the minimum of this set. Setting
6, = minflay — x|, 1By — X1y, wazﬂ}’ we define a; = x,,;) — 6, and b, =
Xy() +01. We thus observe: x, ¢ I, x,) € [ and I; < .

We proceed by induction to construct a sequence (I,),,cn Of nested closed
intervals and a strictly increasing function ¢ : N — N such that for all n € N,
we have x,, ¢ I,,,, yet X,y € I, N P.

Since I, N P is compact, the sequence (X)), has a convergent subse-
quence (Xyoy (n))nen With limit in P, hence with limit x, for some N € N.

By construction, (Xy.y(n))n=n+1 lies in the closed set P N Iy, which does
not contain xy . This is a contradiction. Hence P is not countable.

We conclude noting that R is perfect. [
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Sequentially Compact sets can be infinite — for instance, [0, 1] is sequen-
tially compact and uncountably infinite since perfect — and have rather com-
plex topology — consider the Cantor set — but they share two properties of
finite sets: any point almost in a sequentially compact set is in fact in the se-
quentially compact set, and any sequence in a sequentially compact set has a
convergent subsequence. Thus sequentially compactness is an analysis-motivated
extension of the notion of a finite set. We will return to this important fact
when trying to gain a deeper topological insight into sequentially compact-
ness.

4.7 Uniform Continuity

Compactness is a helpful tool to obtain some uniformity results in analysis. A
very important example of this phenomenon is the following strengthening of
the notion of continuity.

Definition 4.30. A function f : D — Ris uniformly continuous over the subset
D < R of R when

Ve>0 306>0 Vx,yeD |x-y|<déd = |f(x)-f(y)|<e.

Itisimmediate that a uniformly continuous function is always continuous.

Example4.31. If f : D — Ris k-Lipschitz, then f is uniformly continuous over
D:foralle >0, if x,y € Dwith |[x —y| < ¢ then [f(x) = f(y)| < klx—y| <e.

We note that the composition of uniformly continuous functions are uni-
formly continuous.

Theorem 4.32. Iff: D — R and g : E — R are both uniformly continuous, and
iff(D) < E,thengo f:D — R is uniformly continuous.

Proof. Let £ > 0. Since g is uniformly continuous, there exists 6, > 0 such
that if x,y € E with [x — y| < §,, then |g(x) — g(y)| < €. Since f is uniformly
continuous, there exists 5f > 0 such that, if x,y € D with |x —y| < 6f then

|f(x)=f(¥)| <bg. Thusifx,y € Dwith |[x—y| <& then [g(f(x))-g(f(¥))l <
€, as needed. O]

A core observation is the following theorem.
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Theorem 4.33. If f : K — R is a continuous function over a sequentially com-
pact subset K <R of R, then f is uniformly continuous over K .

Proof. Assume that there exists € > 0 such that, for all § > 0, there exists
x,y € K such that |x —y| < § and |f(x) — f(y)| = €. For each n € N, there
exists x,,¥, € K such that |x, — y,| < ﬁ and |f(x,) — f(y,)| = €. Since
K is sequentially compact, there exists a convergent subsequence (X,,)) zen
of (x,),en converging to [ € K. Since lim,,_ x,, — y,, = 0, we conclude that
lim,, o V() = L. Since |f(xyn)) — f(Vip(n))| = €, at least one of the sequences
(f (X)) nen OF (f (Vp(n))) nen does not converge to f(1). Thus f is not con-
tinuous over K.

Our theorem is proven by contraposition. ]

4.8 Continuous image of intervals

Theorem 4.34. Iff : D — R is continuousoverD < R, and ifI < D is an interval,
then f(1I) is an interval.

Proof. Leta,b € I. Leté between f(a) and f(b). Withoutloss of generality,
assume a < b and f(a) < ¢ < f(b) (if f(b) < f(a) then work with —f).
Set a, = a and by, = b. Assume that, for some n € N, we have constructed:

ay<a<..<a,<b,<b,,=<..<b <b,,

with b; —a; = %(b—a) and f(a;) =¢ < f(b;) forall j € {0, ..., n}. Note that the

assumption holds in particular for n = 0.
Let m, = @. If f(m,) < ¢ then set a,,,, = m, and b,_, = b,; other-

wise set b,,,, = m,, and a,,,, = a,. We check that we then have proven our
induction hypothesis for n + 1.

The sequence (a,, ) ,en thus constructed is increasing and bounded above,
soit converges by Theorem (4.17). Let ¢ = lim,,_. ., a,,. We then note that f(c) =
lim,, o f(a,) <¢&.

Since lim,,_. (b,, — a,,) = 0, we conclude that lim,__ b, = ¢, and thus
f(c)=lim,_ f(b,)=¢. Thus f(c) = ¢, and our theorem is proven. O]

5 Cauchy Sequences

Sequences are a powerful tool of analysis, and their power get revealed when
one realizes that one can use sequence to prove the existence of certain limits,
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without knowing the limit. This leads us to the concept of a Cauchy sequence,
and the associated notions, such as functions preserving Cauchy sequences.
The latter is best understood via a uniform version of continuity. We will con-
nect these ideas with compactness as well, offering a metric view of sequential
compactness.

5.1 Cauchy Property

The Cauchy criterion for sequence allows the discussion of convergence with-
out knowledge of the limit.

Definition 5.1. A sequence (x,,) .y is @ Cauchy sequence when

Ve>0 INeN Vp,geN (p=zNandg=N) = |x,-x,|<e.

Theorem 5.2. If (x,),en IS a convergent sequence, then (x,,),ey is a Cauchy
sequence.

Proof. Write [ = lim,,_ x,,. Let € > 0. Since (x,,),n COnverges, there ex-
ists N € Nsuch that, if n = N, then |x,, — [| < %
Thus,if p,geNandp =N, g = N, then

I 1
lx, —x <|xp—l|+|l—xq|§§+5:l.

p~Xql=

Thus, (x,,),en is @ Cauchy sequence. O

Theorem 5.3. If(x,,),en IS a Cauchy sequence, then (x,,) ,en 1S bounded.

Proof. Since (x,,) ,en is Cauchy, there exists N € N such that, if n = N, then
|x, —xy| <1,ie. |x,| <|xy|+1. Thus, for all n € N, we have

|x, | < max{l+|xyl,|x;|:j€{l,..., N -1}

This completes our proof. ]

Of central importance is the observation that a Cauchy sequence wants to
converge, and the only reason it might not is that its limit may not exist in the
space where the sequence is defined.
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Theorem 5.4. If(x,,),,en IS a Cauchy sequence with a convergent subsequence,
then (x,,) ,en CONnvVerges.

Proof. We thus assume (X)) ,eny cOnverges tosome [ € R. Lete > 0. Since
(%,,) nen is Cauchy, there exists N € N such that, for all p, g = N, we have |x,, —
Xq| <3
Since (X)) nen cONverges to 1, there exists M € N such that, foralln = M,
we have [x,,) - I| < %.
Let now n = max{N, M}. Note that ¢(n) = n = max{M, N}. thus
|xn - ll = |xn _x(p(n)l + |x(p(n) - ll
£ €
<-+—-=E.
2 2
This concludes our proof. [

5.2 Completeness
All Cauchy sequences in R converge.

Theorem 5.5. If(x,,) N s a Cauchy sequence in R, then it converges.

Proof. Since (x,,) ,en is Cauchy; it is bounded. By Theorem (4.23), (x,,) e
has a monotone subsequence (X)) nen- By Theorem (4.17), (X4 (n)) neny CON-
verges. By Theorem (5.4), the sequence (x,,),,cn CONverges. [

We can now ask a more subtle question: if A € R, under what condition do
all Cauchy sequences of A converge in A?

Definition 5.6. A subset A of R is complete when all Cauchy sequences in A
converge in A.

Thus, in particular, R is complete. More generally,

Theorem 5.7. A subset A of R is complete if, and only if A is closed.

Proof. If A < Ris complete, then given any sequence (x,),y in A con-
verging to some x € R, we have x € A, otherwise, (x,,),n (as a convergent
sequence in R which takes values in A) is a Cauchy sequence in A which can
not converge, and thus A is not complete. So A contains the limits of all its
convergent sequences, and thus A is closed.

If A c Risclosed, and if (x,,) ;e is @ Cauchy sequence of element in A, then
(Xn)nejn converges as R is complete, and its limit lies in A as A is closed. [
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It is not true in general that completeness and closed-ness are synony-
mous. Indeed, the notion of completeness makes sense in @ endowed with
its usual metric. We can define a topology on Q using this metric, but suffices
to say that Q itself would be closed for this topology and yet, it is not com-
plete (there are sequences in Q approaching v/2in R). It is however true that
completeness always implies closeness.

5.3 Total boundedness

We noted the importance of the notion of sequential compactness, where any
sequence has a convergent subsequence. As we introduced the notion of a
Cauchy sequence, itis reasonable to wonder what property of a set guarantees
the existence of a Cauchy subsequence to any sequence in the set. We are led
to the following.

Definition 5.8. A subset F of a subset A of R is §-dense when

VxeA 3JyeF |x-y|<6.
Definition 5.9. A subset A < R is fotally bounded when, for all § > 0, there
exists a finite 6 -dense subset F < A of A.

Theorem 5.10. Ifa subset A < R is totally bounded, then it is bounded.

Proof. Since A is totally bounded, it contains a 1-dense finite subset F. Let
M = max{|x —y|: x,y € F}. If a,b € A then there exists x,y € F such that
la-x|<1land|b-y|<1. Thus

la-b|<|la-x|+|x—-y|+|y—-b|<2+M.

Thus diam (A) < 2 + M and our proof is complete. ]

A simple feature of total boundedness is that it is automatically inherited
by subsets.

Theorem 5.11. A subset A < R is totally bounded if, and only if, for all$ > 0,
there exists a finite subset F of R such that A € U,cp(x —6,x +6).
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Proof. The condition is necessary by definition. Let us now assume that,

for all 6 > 0 there exists a finite subset F < R of R such that A € U,cp(x —

delta,x+6). Let§ > 0bechosen,and F < Rbe givensothatA € U,ep (x — 2, x + ).
As our result is obvious for A = @, we henceforth assume that we fixed

z € A. For each x € F, let y(x) be either any element of AN (x - 2,x + ) —

if the latter intersection is not empty — or y(x) = z otherwise.
By construction, y is a surjection from the finite set F onto G = {y(x) : x €

F}, so the latter set is finite. Moreover, G is a subset of A by construction. Last,

if a € A, then there exists x € F such that |a — x| < g. In particular, y(x) €

An(x—2%,x+2)(sinceae An(x—2,x+2)). So |x—y(x)| <2 and thus

6 O
la-y(x)| =la—x|[+]|x-y(x)] <jt+5=0

The set {y(x) : x € F} is thus a finite §-dense subset of A, and our proof is
complete. [

Corollary 5.12. If A < R is totally bounded and if B < A, then B is totally
bounded.

Proof. This is immediate from Theorem (5.11). [

The crucial observation about total boundedness is its relation with Cauchy
sequences.

Theorem 5.13. A subset A of R is totally bounded if, and only if, every sequence
in A has a Cauchy subsequence.

Proof. Assume that A € R is totally bounded.
Let (x,,) ,en be @ sequence of elements in A. We define the sets:

diam (A) }

Xn'p:{k>n:|xk—xn|< Pl

We define ¢ : N — N by induction. Set ¢(0) = 0 and note that X;, = N.
Assume we have built ¢(0) < ... < ¢(n) for some n € N in such a way that
X,

o(n),n is inﬁnite, and X(p(n),n gX(p(n—l),n—l C .. QXO'.O.
Since A is totally bounded, there exists a finite dzl?:l(f)) -dense subset F,, of
A. For each x € Fy, let A, , = {k € Xp(n)n * 1% = X| < 553y /). Since Xy(n),n =
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User, Ay x is infinite by the induction hypothesis, while F,, is finite, there exists
x € F,, such that A, , is infinite. Let ¢(n +1) = minA,, ,. By construction, if
k€A,, then k > ¢(n), and

|xk _x(p(l’l+l)| = |xk _x| + |x - x(p(n+1)|
1 1 1
< + = .
2(n+2) 2(n+2) n+2

Since A, , is infinite and A,, , € X,,,; = {k > @(n+1) 1 [x; — X, | < 75}, we
conclude that we have met outinduction hypothesis at n+1. The subsequence
(Xp(n))nen thus constructed is indeed Cauchy. Let € > 0. There exists N € N
such that 7' < £ (since R is Archimedean). By construction, forall p,q = N,
we have

[Xp(p) = Xp(@)| < [Xp(p) = Xpn)| + [ Xpv) = Xp(g)]
1 1
<—+—<Ee.
N N
We thus have shown that every sequence in a totally bounded set has a
Cauchy subsequence.

Let us now assume that A is not totally bounded. Let x, € A. Since A is
not totally bounded, there exists x; € A~ (x,—1, x,+ 1). Suppose now that we
have constructed x, Xy, ..., X, € A such that |x; — x; [ = 1 forall0 < j # k < n.
Since A is not totally bounded, there exists x,,.; € A~ ]"1=0 (x]- -1,x;+ 1). Thus,
by induction, there exists a sequence (x,,),cn Such that, forall j, k e N, if j # k
then [x; — x;| = 1. Therefore, (x,,),eny has no Cauchy subsequence. O]

We are thus led to an important result. The correct way to understand se-
quential compactness (in the general metric space situation) is given in the
following corollary.

Corollary 5.14. AsubsetD < R is sequentially compact if, and only if, D is com-
plete and totally bounded.

Proof. If D is sequentially compact, then every sequence of elements of D
has a convergence, hence Cauchy, subsequence. So D is totallybounded. As D
is sequentially compact, it is closed, and hence complete, since R is complete.

If D is complete and totally bounded, then every sequence in D has a Cauchy
subsequence, which must converge in D since D is complete. So D is sequen-
tially compact. [
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We invite the reader to note that [0, 1] N @Q is a totally bounded subset of Q,
yet it contains sequences with no convergent subsequences. The character-
ization of sequentially compactness in metric space as complete and totally
bounded subsets is very important; it is sometimes obscured by the easier
observation that sequentially compact subsets of R are simply closed (which
is equivalent to complete since R is complete) and bounded (which, in the
very special case of finite dimensional vector spaces, is equivalent to totally
bounded). We can see from the theory so far that the following result is now
easy, though it is instructive to give it a direct proof as well.

Theorem 5.15. A subset of R is totally bounded if, and only if, it is bounded.

First method: using the monotone subsequence theorem. Atotallybounded
subset of R is always bounded. If A < R is bounded, then any sequence in
A contains a bounded monotone subsequence by Theorem (4.23), which is
Cauchy since bounded by Theorem (4.17). (Note: we did not assume that A
is closed, so a bounded monotone sequence in A may have a limit outside of
A). ]

Second method: using sequentially compactness. A totally bounded subset
of R is always bounded. If A is bounded, then so is its closure by Theorem
(2.14), and thus cl (A) is closed and bounded, hence sequentially compact in
R; thus every sequence in A has a Cauchy subsequence (which converges in
cl(A)). ]

Third method: direct approach. A totally bounded subset of R is always
bounded. Let now A be a bounded subset of R. Thus there exists a < b such
that A < [a, b]. Since subsets of totally bounded sets are totally bounded by
Theorem (5.11), it is sufficient to show that [a, b] is totally bounded.

Let 6 > 0. Then

N
[a,b]< |J((a—1)+nd,a+(n+1)5) where N =min{k e N:a+ ké > b}.

n=0
[

Remark 5.16. The first two proofs are in fact exactly the same argument, since
we used Theorem (4.23) and Theorem (4.17) in our initial treatment of sequen-
tially compactness in R.
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5.4 Cauchy Continuity

Continuous functions are characterized as mapping convergent sequences to
convergent sequences, and sequentially compact sets to sequentially com-
pact sets. We now investigate functions with similar roles regarding Cauchy
sequences and totally bounded sets.

Definition 5.17. A function f : D — Ris Cauchy continuous over D when, for
all Cauchy sequences (x,,) ey in D, the sequence (f(x,,)),en is Cauchy.

It is easy to check that the composition of two Cauchy continuous func-
tions is again Cauchy continuous. It is not true that a continuous function
must be Cauchy continuous (for instance, consider f : x € (0,1] — %). How-
ever, every Cauchy continuous function is indeed continuous.

Theorem 5.18. Iff : D — R is Cauchy continuous over D, then f is continuous
overD.

Proof. Let x € D. Let (x,),y be a sequence in D converging to x. For
each n e N, we set z,,, = x,, and z,,.; = x. The sequence (z,,),,en CONvVerges to
x and thus, it is Cauchy. Since f is Cauchy continuous, (f(z,)),en is @ Cauchy
sequence. It contains the subsequence (f(2,,41)) ,en = (f (X)) ,en Which con-
verges to f(x). By Theorem (5.4), we conclude that (f(z,,)),ey cOnverges to
f(x) as well. As a subsequence of a convergent sequence with limit f(x), the
sequence (f(x,,)),ey converges to f(x) as well.

Thus f is continuous atall x € D. [

The fundamental example of Cauchy continuous functions is given by the
uniformly continuous functions — thus include, in particular, continuous func-
tions over compact.

Theorem 5.19. If f : D — R is uniformly continuous over D, then f is Cauchy
continuous over D.

Proof. Let (x,,),,cny be a Cauchy sequence in D. Let € > 0. Since f is uni-
formly continuous over D, there exists § > 0 such that, if x,y € D with |x—y| <
0,then |f(x)—f(y)| <e. Since (x,,) ey is Cauchy, there exists N € N'such that,
forall p,q € N, we have |x, —x,| <6. Thus |f(x,) - f(x,)| <&, ie. (f(x,))nen
is Cauchy, as claimed. O
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Uniform continuity is in fact very closely related to Cauchy continuity, as
seen in the following theorem.

Theorem 5.20. A function f : D — R is Cauchy continuous, if and only if the
restriction of [ to any totally bounded subset of D is uniformly continuous.

Proof. Assume that the restriction of f to any totally bounded subset of
D is uniformly continuous. Let (x,),y be a Cauchy sequence in D. Since
{x, : n € N} is totally bounded, the restriction of f to the range of (x,,),en 1S
uniformly continuous, and thus (f(x,)),ey is @ Cauchy sequence.

Assume now that there exists a totally bounded subset A of D to which f
does not restrict to a uniformly continuous function. Assume that the restric-
tion of f to A is not uniformly continuous over A. Thus, there exists € > 0 such
that for all n € N, there exists x,,,y,, € A such that |x, —y,| < zi,, yet |f(x,) —
f(y,)] = €. Since A is totally bounded, there exists Cauchy subsequences
(Xp(n)) nen Of (x,,) en, @and then a Cauchy subsequence (Yyoy(n))nen- Setting
0 = ¢ oy, we thus have two Cauchy sequences (X)) sen and (Vp(n)) nen» and
up to extracting further subsequences, we assume that xg(,,..1) = Xg ()| < Zln and
|Vo(n+1) = Yol < 2%, Therefore (noting(n) = n for all n € N), we conclude that
the sequence (z,,),,cn defined by

VneN z,,=x,and z,,,; =¥,

is a Cauchy sequence, since |z,,,, — 2, | < zln by construction. Yet (f(z,,)) ,en 1S
not a Cauchy sequence since |f(2z+1) — f (224)] = |f (Xo() = f (Yom))| 2 € for
all n € N. So f is not Cauchy continuous. Our proof is complete by contrapo-
sition. [

We now turn to the following result about preservation of total bounded-
ness.

Theorem 5.21. If f : A — R is Cauchy continuous, and if A is totally bounded,
then f(A) is totally bounded.

Proofusing Cauchy sequences. Let(x,,),en beasequencein f(A). Foreach
neN,lety, € Asuchthat f(y,) = x,,. Since A is totally bounded, there exists a
Cauchy subsequence (¥, (x)) nen Of (V) nen- Since f is Cauchy continuous, the
sequence (Xy(n))nen = (f (Vp(n))) nen is Cauchy. So every sequence of f(A) has
a Cauchy subsequence. By Theorem (5.13), the set f(A) is totally bounded.

N
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Proof using uniform continuity. The restriction of f to A is uniformly con-
tinuous, since f is Cauchy continuous and A is totally bounded. Let € > 0.
Since f is uniformly continuous, there exists 6 > 0 such that, for all x,y € A,
if |[x —y| <6, then |f(x) — f(¥)| < €. Since A is totally bounded, there exists a
finite 0-dense finite subset F of A. If x € f(A), then x = f(y) for some y € A.
There exists z € F such that |y — z| < §, and thus |x — f(2)| = |f(y) - f(z)| <e.
So {f(z) : z € F} is a finite e-dense subset of f(A). Therefore, f(A) is indeed
totally bounded. ]

6 Topology of R: Compactness

Sequentially compact subsets of R are the complete, totally bounded subsets
of R— equivalently, in this case, the closed bounded subsets of R, and they ex-
hibit many desirable properties: the continuous images of compact are com-
pact, points almost in a compact set are in factin it, any sequence in a compact
has a convergent subsequence, any Cauchy sequence in a compact set must
converge in that set, continuity over a compact set is equivalent to Cauchy
continuity which is also equivalent in this case to uniform continuity. All these
properties are far reaching generalizations of the properties of finite sets to
analysis. There are two informal reasons why this is important. Compactness
isa tool to obtain existence results from mere topological considerations (con-
vergent sequences and their limit, maxima and minima of functions, and so
on), and it provides means to strengthen properties toward uniformity (as in
uniform continuity from continuity).

This notion is very important and deserves deeper exploration. In partic-
ular, the proper definition of compactness, when leaving the realm of metric
spaces, is challenging, but it provides instructive properties of compact sets
yet to be explored in these notes. This is the matter of this section.

6.1 Compact Sets

We propose a definition of compactness inspired by our work on subsequences.
We say in Theorem (4.21) that the set of all limits of convergent subsequences
of asequence (x,,),cn is given as(,,cn cl ({x : k = n}), i.e. aninfinite intersec-
tion of closed subsets of R. Thus, a set K if sequentially compact if, and only if,
for any sequence (x,,),n in K, the intersection (,,en €l ({X : k = n}) is never
empty. Now, we note that for all N € N, we have \_, cl({x, : k = n}) # . So,
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we start with the idea that compactness can be understood via the finite inter-
section property:

Definition 6.1. A subset A < Ris compact if it has the finite intersection prop-
erty: for any collection & of closed subsets of R such that A n(.# = @, there
exists a finite subset ¢ < & of & suchthat AnN¥ = @.

The finite intersection property is easily checked to be equivalent to the
following:

Theorem 6.2. A subset K < R of R is compact if, and only if, for any collection
& of closed subsets of R, if K N9 + @ whenever¥ < & is a finite subset of &,
thenK NN + @.

Proof. This follows immediately by contraposition. [

We thus see that the finite intersection property is an existence property.
We immediately record:

Theorem 6.3. IfK < R is compact, then K is sequentially compact.

Proof. Let(x,),eny DeasequenceinacompactK. Let X, = cl({x; : k = n}).
Note that X, < X, for all p,n e Nwith p = n. Thus Njep Xj = Xiaxp # @ for all
finite subset F of N. Since K is compact, (,en X, # @- By Theorem (4.21), the
sequence (x,,) ey has atleast one convergent subsequence. Thus K is sequen-
tially compact. ]

Corollary 6.4. A compact subset of R is closed and bounded.

Proof. Since compact sets are sequentially compact, this follows from The-
orem (4.25). ]

Of great interest to us is the converse of this result. To obtain it, we first
provide some useful characterizations of compactness.

Theorem 6.5. A subset K < R of R is compact if, and only if, for any collection
U of open subsets of R such that K < |J%, there exists a finite subset V < % of
9 such thatK cU7.

Proof. This equivalence follows by taking the complements in the defini-
tion of compactness. [
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We thus see explicitly how compactness generalizes finiteness in our topo-
logical setting.

Itis interesting to prove that compact sets are closed and bounded directly
from their definition. If K is not bounded, then there can be no finite open
subcover from K < (n,n + 1), so K cannot be compact. A very general, albeit
technical, proof compactness implies closedness is as follows. For each x ¢ K
and y € K, let U, ,, and V, ,, be two disjoint open subsets of R such that y €
U,,and x € V ,. Then K < U,k Uy, by construction; as K is compact, there
exists a finite subset F, < K such that K < Uyep, U, ,. Itis easy to check that
Nyer, Viy NK S MNyer, Vay NUyer, Uxy = @, 80 Nyer, Vy,y SR~ K. Now, as a
finite intersection of open subsets of R, the set(,¢p, V , is open and contain
x. We conclude from this that R~ K is open, and thus K is closed.

We also have already enough knowledge of compact sets and continuous
functions to (re)prove the following result.

Theorem 6.6. If f : K — R is a continuous function, and if K < R is a compact
subset of R, then f(K) is compact.

Proof. Let % be a collection of open subsets of R such that f(K) € N%.
For each U € %, let Gy be an open subset of R such that f~'(U) = Gy nK.
Thus

Kef'(fK))cU ') :Ueuy UGy :U e ).
Since K is compact, there exists a finite subset 7 < % such that K < U{Gy; :

U € 7}. Therefore, f(K) < U7 (note: f(Gy NnK) < U). Therefore, f(K) is
compact. [

6.2 Equivalence of compactness and sequential compactness
inR
We now proceed to show that sequential compactness implies compactness

in our setting.

Theorem 6.7 (Lebesgue’s covering number). Let K < R be a sequentially com-
pact subset of R. If% is an open cover of K, then there exists 6 > 0 such that, for
all x € K, there exists U € % such that (x —6,x+0) < U.
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Proof. Let K < % be an open cover of a sequentially compact set K. As-
sume that for all § > 0, there exists x € K such that (x — 6, x + ) is not a subset
ofanyU € %.

For each n € N, there exists x,, € K such that (x, -
contained in any U € %.

Since K is sequentially compact, the sequence (x,,),cn has a convergent
subsequence (X, (,))en With limit in K. Let [ € K be its limit. Since K € U%,
there exists U € % such that [ € U. Since U is open, there exists § > 0 such
that (1-6,1+6) < U. Since (X, (,)) sen cOnverges to [, there exists N € N such

o(n) — oo ﬁ = 0, there exists

N’ € N such that, if n zN’,thenﬁ < %. Let n = max{N,N'}. If t € (x
s

1 1 5 .
o1 Xo(n) tp(n)+1) S (x-3,x+3), then:

1

1 .
——, X, + =) is not

that, for all n = N, we have |x | < %. Since lim

@(n)

”<§+§:&

|t—l|5|t—x o(n) ~ 2 >

o] +1x

Thus we have reached a contradiction. Our theorem is proven. O

Theorem 6.8. A subset K of R is compact if, and only if, it is sequentially com-
pact.

Proof. Theorem (4.21) proves that if K is compact, then it is sequentially
compact. Let us now assume that K is sequentially compact. Let % be an
open cover of K. By Theorem (6.7), there exists § > 0 such that for all x € K,
there exists U, € % such that (x —,x + ) < U. By Theorem (5.14), since K
is sequentially compact, it is totally bounded. So, there exists a finite 5-dense
subset F of K. It then follows that K € U,cp(x —6,x +6) € Uyer U,. Thus
{U, : x € F} is our open subcover of K from %. So K is compact. U

7 The Spaces of Bounded Functions

7.1 Norms

Definition 7.1. A norm ||-|;z on a vector space E (over R or C) is a function
from E to [0,00) such that

triangle inequality Vx,y€E [x+y|g < |xlg+ ¥l

homogeneity VxeE VteR |tx|g=|t|lx]g,
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coincidence property Vx€E |x|p;=0 < x=0.
A vector space E endowed with a norm |- || ; is called a normed vector space.

A norm induces a distance on E by setting the distance between any two
x,yeEtobe ||x—-ylg.

A simple but important example of a norm is the absolute value on R.

Now, our presentation above about the geometry of R can be applied to ob-
tain alot of basic results about normed vector spaces “as is”, replacing absolute
values with norms. We will however try for a more self-contained presentation
of the essential results for our purpose. To this end, we start from the conver-
gence of sequences with values in a normed vector space since we can easily
bootstrap a lot of results straight from our knowledge about R.

Definition 7.2. A sequence (x,,),cn in @ normed vector space E converges to
I € E when the sequence (||x,, — | ;) ,en converges to 0 (as a sequence of real
numbers).

Therefore, (x,,),,cn converges to [ if, and only if
Ve>0 3INeN Vnz=N |x,-I|;<e.

Indeed, norms are always nonnegative. In fact, we will very often use the fol-
lowing reasoning below: if we can find some sequence (t,,) ¢y in R with limit
0 such that ||x, — || < t,,, then using the squeeze theorem, we can conclude
that (x,,),,en cOnverges to [.

Theorem 7.3. If (x,,),en IS @ convergent sequence in a normed vector space E
convergingtobothl andl' inE, thenl=1".

Proof. We observe, for all n € N:

0< |1=Tllp < I1=x,0p+ 1%, ~ 1l
=l-x,+x,-1' triangle inequality

T, 0+0=0.

Thusl=1. O]

Notation 7.4. If (x,,) ,en 1S @ convergent sequence in a normed vector space E,
then the unique vector to which it converges is called the limit of (x,,),,en and
is denoted by lim

n—oo xn'
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We now establish the continuity of the basic ingredients of a normed vec-
tor space: the norm, the addition, and the scalar multiplication. We define
continuity using sequences here, to take the shortest route.

Definition 7.5. Let E and F be normed vector spaces. A function f : D < E —
F from D < E is continuous at x € E when for any sequence (z,,) e in E con-
verging to x, the sequence (f(z,,)),cn converges to f(x)in F.

Definition 7.6. Let E and F be normed vector spaces. A function f : D < E —
F from D c E is continuous on D when it is continuous at every x € D.

We begin with the continuity of the norm.
Theorem 7.7 (reverse triangle inequality). Forall x,y € E, we have

xlg = ylglsllx=yllg-

Proof.  Since| x|z < [lx—yllg+lyllg weconclude x|z —ylz < llx = yll-
Similarly,

Iyllg=llxllg = ly—xlg=1-Dx -z =11Ix-ylg=lx-ylg.
Thus our theorem follows. O

Corollary 7.8. If(x,,),cn converges to z inanormed vector spaceE, thenlim,,_ . || x, || =

Izl g
Proof. By the reverse triangle inequality,
n—oo
0<|lxullg = lzlg| = lx, —2llg —0
hence our result follows from the squeeze theorem. [

We now turn to the addition. It is useful to note that if E and F are two
normed vector space, and if we define

VxeE VyeF |[(x,y)llpep=max{lxlg, [y}

then ||| g« isindeed a norm on the product vector space E x F, with the prop-
erty that (x,,,¥,),en cOnverges to (z, w) in E x F if, and only if, (x,,),,cn cON-
verges to z in E and (y,,) ,cn converges to w in F. With this in mind, we prove
the following.
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Theorem 7.9. If(x,,) ,en and (¥, ) ,en GTe two convergent sequences in a normed
vector space E, then (x,, + ¥, ) ,en CORvVerges as well, and

lim (x, +y,) = lim x, + lim y,.
n—oo n—oo n—oo

Proof. Let [, :=lim x, and [, :=1lim,,_,, y,. Then

n—oo
0= | Cewty) = U+ 1|, = I = Lellg+ |y — 15,
= 0+0=0.
Thus our theorem is proven. [

Theorem 7.10. If(t,),en IS a convergent sequence in R and (x,,) ,en 1S a con-
vergent sequence in a normed vector space E, then (t,x,,) ,en cOnverges in E as
well, and

lim ¢, x, = lim ¢ lim x,,.

n—oo nen n—.oo n—oo n

Proof. We write [ :=1im,,_  f,, and z = lim,,_,  x,,. We then compute:

0= 1,x, — Lzl < I £,%, — tp2lp + 2,2~ Lz 5
< [tulllxn = 2llg + 12, = 1l 121l 5
2ZE10+0] 2]l = 0.
Thus, our result is proven. ]
We characterize continuity just as we did for functions of a real variable.

Theorem 7.11. Let E and F be normed vector spaces. A functionf :D < E — F
from D € E is continuous at x € E if, and only if,

Ve>0 36>0 VYzeE |z-xlz<6 = |f(@)-f(x)lp<e.  (7.1)

Proof. Assume Equation (7.1). If (x,,) ,en be @ sequence in E converging to
x € E. Let € > 0. There exists 0 > 0 such thatif ¢,s € E with || —x||; < J, then
| f(z)=f(x)|g <e&. There exists N € Nsuch thatifn = N, then | x, — x|z < 0.
Thus forall n = N, then || f(x,) — f(x) |z <. Thus f is continuous at x.

Assume Equation (7.1) does not hold. Thus, there exists € > 0 such that, for
any 6 > 0, there exists x5 € E such that ||x — x| _0 yet || f(x)— f(xs)|z = €.
Thus, forall n € N, there exists x,, € E with || x,, — x| ; < ﬁ and [|f(x,) - f(x)lz =
€. By construction, (x,,),n converges to x, yet (f(x,,)),,en does not converge

to f(x), so f is not continuous at x. O
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A crucial result about continuity concerns linear functions between normed
vector spaces.

Theorem 7.12. Let ¢ : E — F be a linear function between two normed vector
spaces E and F. The following assertions are equivalent.

1. @ is continuous,

2. @ is continuous at 0,

3. @ is bounded on the open unit sphere{x € E : || x|z < 1} of E,
4. ¢ is bounded on the unit sphere{x € E : | x||; = 1} of E,

5. @ is bounded on the closed unit sphere{x € E : || x ||y < 1} of E,

6. thereexists K > 0 such that, forallx € E,

le()llp <K lxlg,

7. @ is Lipschitz.

Proof. Of course, (1) implies (2).

Assume (2). Therefore, there exists § > 0 such that if x € E with ||x|z <
then [[@(x)||z < 1. Letnow ||x|z <1.If x =0 then |[@(x)[|z = 0. If x # 0, then

we note thatif y := ﬁx, then

0
=2<6
Ixlz=5 <

Iyl =
F2xlg

and thus ¢ (y)|l; < 1. Hence ||¢(x) |z < % by linearity of ¢.
Therefore, ¢ is bounded by % over the open unit ball of E. So (3) holds.

We continue with Assumption (2). Let x € E with || x| = 1. Then || %x”E =
8 <§,s0 ||(p(§x)||F <1so [l¢(x)] < . So (4) holds.

Of course, (3) and (4) imply (5), so (2) implies (3), (4) and (5). Moreover,
(5) implies (3) and (4).

64



We now assume (5). Thus there exists K > 0 such thatforallx € E, if || x||; <
1, then [[¢(x)||z =K. Let x € E ~{0}. Then

v ( ||x1||Ex)

< |xlz K,

lCllp = llxl g

F

as claimed. Thus (6) holds.
Assume (6). Let x, y € E. By linearity,

lo(x)=oWlp = llo(x=y)lp <K lx=ylg.
Thus ¢ is Lipschitz. So (7) holds.

Assume (7). Then (1) holds. So our theorem is proven. O

Corollary 7.13. Let E and F be two normed vector spaces. If £ (E, F) be the set
of all continuous linear functions fromE toF, and ifwe set foranyp € £(E,F):

llellls =sup {lx) s : Ixllg =1},
then (£(E,F),||IlIl5) is a normed vector space.

Proof. Letp, v € £(E,F)and t € R. Of course, t¢ + v is linear. Moreover,
if x € E with ||x||z =1, then

lt@(x) +y () lp <[t @ + lw (e = lellllelll + iy ()l < oo

so t¢@ + v is bounded on the unit sphere of E, so it is continuous as a lin-
ear function, i.e. t@ + v € Z(E,F). Of course 0 € Z(E,F). So Z(E,F)isa
subspace of the space of all functions from E to F. Moreover, |||t¢ + wlllg <
el + Myl

Last, |||@||l5 = 0 for some ¢ € £(E,F). Thus ¢(x) = 0 for all x € E with
x|z =1.If x € E~{0} then

w(x)=||x||E<p( x)=||x||E0:o.

x| £

So ¢ = 0. This completes our proof. [
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Normed vector spaces are metric spaces, and we can use these structures
to discuss Cauchy sequences and uniform continuity.

Definition 7.14. A sequence (x,,),ey iS Cauchy in a normed vector space E
when

Ve>0 3INeN Vp,geN pzNandqu:”xp—xq”E<£.

Theorem 7.15. If (x,,),en IS a Cauchy sequence in a normed vector space E,
thensup, . X, ||z < oco.

Proof. There exists N € N such thatif p,g = N, then ”xp - X4 ”E < 1, so for

allp = N, we have pr”E < |lxnlg+1. Thussup,,cy 1, [| p < max{max;eo, . vy ”xj H 1+

E’
1 I -

Theorem 7.16. If(x,,) N IS a convergent sequence in a normed vector space E,
then (x,,) en is Cauchy.

Proof. Let [ = lim,_  x,. Let € > 0. There exists N € N such that for all
neN,ifn=N,then |x, -] < 3.
Thus, for all p, g = N, we have

£ €
”xp—xq” Spr—l” +||l—xq|| <—+-—=¢c.
E E E 2 2

This completes our proof. 0

Not all normed vector spaces are complete. We introduce the following
definition.

Definition 7.17. Anormed vector space E is a Banach space when every Cauchy
sequence in E converges.

We now proceed with the basic topology of normed vector spaces (taking
in essence the opposite road to our work on R).

Definition 7.18. Let E be anormed vector space. The closure A < E of a subset
AofEis

cl(A):= {Jl_)n.}o X, :(x,),en is @ convergent sequence in E } .
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Theorem 7.19. IfE is a normed vector space, and if A < E, then

cl(A) := {er:gnx—tuE :o}.

Proof. If x € c1(A) then there exists (x,) ,en in A such thatlim,, . ||x, — x|z =
0; hence for all € > 0, there exists n € N such that || x,, — x| ; < €; since x,, € A,
we conclude inf,.4 |x -tz =0.

Conversely, assume inf,.4 | x — ||z = 0. Let n € N. There exists ¢, € A such
that ||t — x| < ﬁ Thus by definition, x = lim,,_,  t,,. This proves our equal-

ity. [

Theorem 7.20. Let E be a normed vector spaces. The following assertions hold.

~

cl(g) =9,
2. VACE Accl(A),
3. VACE cl(cl(A))=cl(A),
4. VA, BSE cl(AUB)=cl(A)ucl(B),
5. VA, BSE Ac<B = cl(A)<cl(B).
Proof. The proof follows the same path as in the real case. [

Thus the closure operator is used to define a topology on E.

Definition 7.21. Let E be a normed vector space. A subset A of E is closed
when A = cl(A). A subset B of E is closed if its complement E ~ A is closed.

We can now apply all the topological proofs on R to conclude the following
assertions.

Theorem 7.22. Let E be a normed vector space. The following assertions hold.
1. ¢ and E are both closed and open,
2. ifU,V € E areopen, thenU NV is open,
3. if(U;)jes is a family of open sets then Uj¢; U; is open,

4. if F,G are closed, then F UG is closed,
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5. if (F;)jes is a family of closed sets then ¢, F; is closed,

6. the closurecl(A) of a subset A € E is the smallest closed subset of E con-
taining A,

7. theclosurecl(A) is given by

cl(A)={xe€eE:3U open xe€U,UNA+ ¢},

8. f:E — F iscontinuous overE if,and only if, f "' (G) is closed for all closed
subset G of F,

9. f:E — F is continuous over E if, and only if, f ' (U) is open for all open
subsetU of F.

We now establish a general tool to extend continuous linear functions from
a dense subspace.

Theorem 7.23. Let E be a normed vector space and let F be a Banach space.
Let G < E be a subspace of E such thatcl(G) =E. If ¢ : G — F is a continuous
linear function, then there exists a unique continuous linear functiony : E — F
whose restriction to G isy; moreover |||y |15 = |[|o]||5.

Proof. Since ¢ is continuous, there exists K > 0 such that, for all x € E, we
have [|¢(x)[|z =K |x]g-
Let x € E. Let (x,),en be a sequence in E which converge to x. Thus

(x,,)nen is Cauchy in E. Since, for all p,q € N, we have ”(p(xp) - (p(xq)HF <

||xp - X4 ||E, we conclude that (¢(x,)),, is @ Cauchy sequence in F. Since F
is complete, (¢(x,)),en Cconverges to some y € F. For now, our number de-
pends on the choice of the sequence (x,,),,en-

Assume for this paragraph that x = 0. Then observe that, for any sequence
(x,,) ey € EN, we have

n—o0
lp(x,)| <K x| p —= K [|0]| = 0.
So, in that case, no matter what our choice of (x,,) ,en 1S, we always havelim,,_,  ¢(x,,) =
0.
Let us now return to a general x € E. If (x,,),,cn @and (x},),,en both converge
uniformly to x in E, then lim,,_  ¢(x,, — x/,) = 0, since (x,, — x},),,en CONVeErges
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to 0in E. On the other hand, by linearity, ¢(x,, — x,) = ¢(x,) — ¢(h,), and we
have shown that (¢(g,)),y and (¢(h,,)), . converge. We thus conclude:

lim ¢(h,) = lim ¢(g,).

n—oo

Thus our limit does not depend on the choice of the sequence (x,,),,en in E
converging to x. We denote this limit by y(x).

We immediately observe that v is linear: if x,y € E and f € R, then x =
lim,_ x, and y = lim,,_, y, for two sequences (x,),ey and (¥,),en in G.
Then (tx,, + ¥, ),en CONverges to tx + y, and

y(tx+y)=lim ¢(tx, +y,)
= lim 1¢(x,) + ¢ (¥n)
=ty (x) +y(y).

Moreover, |y (x)|lp = 1im,,_o 9 (x,) | <lim,,_o lll@lllG 1, 1z < N@llIE x| -
So v is continuous over E with norm |||(p|||g.

Last, assume 0 is a continuous linear function over E whose restriction to
Gis¢. ThenO -y iszeroonG,i.e. G < ker(6 —v). On the other hand, ker(6 —
w) = (0 —y) '({0}) and {0} is closed in F, so ker(0 — ) is closed. Therefore,
E =cl(G) ccl(ker(6 —vy)) =ker(0 —w) and thus 6 = v. O

Remark 7.24. This result is just a very special case of the unique extension
property of uniformly continuous functions from a dense subspace to the en-
tire space.

7.2 Uniform Norms

Definition 7.25. If f : D — R is a function over a set D, we set

Ifllp = sup{lf(x)]:x €D},

allowing for the value co. We call |||, the uniform norm over D (note: it can
be infinite so technically, it is not a norm).

Definition 7.26. A function f : D — Roveraset D isbounded when || f ||, < co.

Theorem 7.27. The set of all bounded functions over a set D, denoted by %(D),
is a normed vector space with the uniform norm ||-| .
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Proof. Letf,ge %B(D)andteD.Ifx e Dthen |tf(x)+g(x)| = |t||fllp+
Igllp- Thus [ + gl <12l 1f 1l + gl - Since 0 € (D) (with 0], = 0), we
conclude that (D) is a subspace of the space of all functions form E to F.
Since || f|, = 0 implies | f(x)| = 0 for all x € D, we conclude that | f||, =0 =
f =0,s0 ||| p is anorm as well. O

Definition 7.28. A sequence (f,,),n Of functions defined over a set D con-
verges uniformly on D when

lim I, = £l =0.

Theorem 7.29. If(f,, : D — R),,n convergesto f uniformlyonD, then(f,,(x)),en
converges to f(x) forallx € D.

Proof. Simply note that |f(x) - f,,(x)| < ||f - f,. ||, and apply the squeeze
theorem. L

When working with bounded functions over D, we can understand the pre-
vious theorem as follows.

Theorem 7.30. Let D < R and let x € D. The evaluation map f € (D) —
f(x) € R is a continuous linear map.

Proof. We simply observe that |f(x)| < ||f|, forall f € (D). O]

Now, a deeper result is the completeness of the space of bounded func-
tions.

Theorem 7.31. The space (D) is complete for any nonempty D < R.

Proof. Let (f,,) ,en be a Cauchy sequence for the uniform norm. Let x € D.
Since the evaluation map at x is Lipschitz, the sequence (f,,(x)),en is Cauchy.
Since Ris complete, the sequence (f(x,,)),en is convergent; let f(x) = lim,,_ o, f,,(x).
Since for all x € D, we have |f,,(x)| < ||/, |, and (|| £, | p) nen is convergent, so
itis bounded. Hence, f : D — R is bounded.

It remains to prove that ( f;,),,en converges uniformly to f over D. Let € > 0.
Since (f,) ,en is Cauchy for the uniform norm, there exists N € N such that, for

all p,qg = N, we have ”ﬁ,—quD<§.Letn2N.
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Let now x € D. Since (f,(x)),en converges to f(x), there exists M, € N
such that, if m = M,, then |f,(x) — f(x)| < 5. Therefore, if p = max{N, M, },
then:

|f () = fu () = 1f (x) = £, O] + 1 (%) = fu (X))

€ €
<-—+-=¢.
2 2
Thus || f, — f |, < €. This concludes our proof. ]

7.3 The spaces of continuous functions

Sincelinear combinations of continuous functions are continuous, the follow-
ing concept is well-defined.

Definition 7.32. The subspace of bounded continuous functions over a subset
D < Ris denoted by C, (D).

We now prove that C;, (D) is closed in 28(D). In particular, it is complete.

Theorem 7.33. LetD < Randa € cl(D). If(f,,) ,en IS Sequence of functions over
D such that, for all n € N, the function f,, has a limit l,, at a along D, then:

1. (1,),en converges to somel € R,
2. the function f : D — R has limit | at a alongD.

Proof. Let € > 0. There exists N € Nsuch that, if n = N, then || f,, - f ||, < 5.
Moreover, for each n € N, there exists §,, > 0 such thatif x € D with |[x—a| <
6, then |f,(x)-1,| < 3.
Let p,q = N. Let x € D such that |x — a| < min{6,,6,}, which exists since
a € cl(D). Then

[y = Lgl =< 1, = fp () + 1y () = fg GOl + 1 fg (%) = g

€ € ¢
<—+-+-=¢.

Thus, (1,,) ,en i Cauchy in R. Since R is complete, (/,,),en CONverges to some
leR.

Let now N' € N such that, for all » = M, we have |[,, — [| < g Let M =
max{N,N'}.
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Forall x € D, if |x — a| < §,,, then:

() = U = 1f (%) = G + [ far () = Iy | + [ pg = 1

E € €
<-—+-+-=¢
3 3 3
Therefore, f converges to [ at a along D. [

Corollary 7.34. LetD <R and x € D. If (f,,) ,en IS a Sequence of functions over
D which converges uniformly to somef, and if f,, is continuous atx foralln e N,
then f is continuous at x.

Proof. Since f,,(x) = liml;_,g f,(t) foreach n € N, and sincelim,,_ , f,,(x) =
€
f(x), our result follows from Theorem (7.33). ]

Theorem 7.35. The space C,(D) is a Banach space for the uniform norm.

Proof. Let (f,,) .en be a Cauchy sequence in Cy, (D) for the uniform norm.
By Theorem (7.33), the sequence (f,,),cn converges uniformly to a bounded
function f : D — R over D. By Corollary (7.34), the function f is continuous
over D. [

We conclude this section by exhibiting a dense subspace of functions in
C,(K) for any compact set K < R. The idea here is to introduce some class
of functions on which, for instance, defining the integral as a continuous lin-
ear function is relatively easy, and then extend our integral to the closure of
that space of nice functions. This is one reason, among many, to find dense
subspaces of continuous functions. We thus have the following.

Theorem 7.36. If f : K — R is a continuous function over a compact subset
K <R ofR, then for all € > 0, there exists a continuous piecewise affine function
g:K —Rsuchthat|f-glg <e.

Proof. Let € > 0. Since f : K — R is continuous over the compact set K, it
is uniformly continuous. Thus, there exists 6 > 0 such that, for all x,y € K, if
|x —y| <6, then |f(x) - f(y)| <e. Let N := max{n e N: a+ né < b}, and for
allje{0,...,N},letoj:=a+jé and oy, :=b.

For all x € [a, b], there exists j € {0, ..., N} such that g, < x < gj,,, and we
set

W)= T o)+ T p(o. )
gx)=——f(0;) + ———f(0;41)-
O =0 oy —o
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By construction, g is continuous and piecewise affine. Moreover, for all x € K,
we estimate:

g() =)l = |- — f(a )+~ f( 1) = (%)
]+ ]+
< W (|x—o,~||f(a,-) — F) +|x =031 £ (07:1)  F ()]
= ((x-0)+ (00 - X))e
j+170;j
=E.
So ||f —gllx <E¢, as claimed. [

8 Theregulated integral

8.1 Subdivisions

Definition 8.1. A subdivision (0;);_, of [a, b], where n € N~ {0}, is a family of
numbers in [a, b] indexed by {0,...,n}, such thata =0, <0, < - <0, = b.
The size #o of o is n.

Theorem 8.2. IfF < [a, b], there is a unique subdivision o of [a, b] such that
{oj:j€{0,...,#0} =F u{a, b}.

Proof. This is immediate via a simple induction since the order on R is lin-
ear. ]

Definition 8.3. If o and 1 are two subdivisions of [a, b], then we declare o <7
when {n,, ...,n,} < {0y, ...,0,}.

Theorem 8.4. The relation < is an order on the set of subdivisions of [a, b].

Proof. This is immediate (note that 0 <7 and 1 < ¢ implies these two sub-
divisions have the same range, and there is only one subdivision with a given
range). O

Definition 8.5. If o0 and 1 are two subdivisions of [a, b], then we denote by
o A1 the unique subdivision of [a, b] with range {0y, ..., 045} U {7, ..., Tlyp}-
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Theorem 8.6. Ifo andn are two subdivisions of [a, b], then o A1 is the infimum

of{o,n}.

Proof. By construction, o An < 0 and o A < 1. Moreover, let { be a subdi-
vision of [a, b] such that { < o and { < 7. Then { <o An by construction. [

8.2 Our Scheme

We can now use our work to define our first integral on the space of continuous
functions over a compact interval, as a special continuous linear functional.
To this end, we first identify a dense subspace of Cj,([a, b]) where it is easy to
construct the integral as a continuous linear function. We propose here the
continuous piecewise affine functions as our “nice functions”.

We then define the integral on the space of “nice functions”. We will say
a subdivision o of [a, b] is adapted to a piecewise affine continuous function
f +[a, b] — R when f restricts to an affine function on each of [o;_;,0;] for
jefl,...,#a}.

Lemma8.7. Iff : [a, b] — R is a continuous piecewise affine function, and if o
andn are two subdivisions of [a, b] adapted to f, then

#o g. —O0;_ # oeta; — .
]; 0; 201 1 (f(aj)+f(o—j_1)) :]; e a,2 Mj-1 (f(nj)+f(’7j—1))-
Proof. First, assume o < 7. Then
#o =0 #1 _
Z (UJ 201 1) (f((fj) +f((7j_1)) = Z Z % (f(o) + f(or_1))
=1 j=1 {k'T)] 1<Uk<77j+1}

g" B (fp) + £ )

Now, assume 1 and o are adapted to f. Then { := 1 A o is also adapted to
f, and our result follows from the transitivity of equality. [

Definition 8.8. If f : [a, b] — R is a continuous piecewise affine function with
adapted subdivision 0, < 0, < -** < 7,,, then we define

['1= Z : ’1)(f(0,-)+f(0,-_1))-
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We then check that our integral is indeed linear and continuous.

Theorem 8.9. If f, g are continuous piecewise affine over [a, b], and if t € R,

then [P(tf+g)=t [P f+["g

Proof. Let o be a subdivision of [a, b] adapted to f and 1 be a subdivision
of [a,b] adaptedto g. Let { = o An. Then { is adapted to both f and g. A direct
computation then concludes our proof. O]

Theorem 8.10. If f € C,([a, b)) is piecewise affine, then | [’ f| < [P |f| < (b~
a) [ f llja,p;-

Proof. We observe first that |f| is a continuous piecewise affine function
over [a, b]. We simply compute:

[

L2 (f(0)) + floj1)

mM=

n 0-. ]._1
< Z 5 (]f(a,-)| +[fo;0])
j=1
b
= Ifl
a
n g;,—0 -1
<Y L U g + 1 )
j=1
= (b-a) ||f|| bl
This concludes our proof. [

Thus, we can extend uniquely [”, using Theorem (7.23), as a continuous
linear function of norm b — a to the closure of the space of continuous piece-
wise affine functions over [a, b], which is the entire space of continuous func-
tions over [a, b].

Thus defined, our integral on C[a, b] is linear and continuous. It is easy
from the definition to also check that [”f = [ f+ [ f for any f € C[a, b]
and c € [a, b].

It is easy to check that, for any g € C,[a, b], the function f € Cy[a, b] —
I ab f g is again a continuous linear function. Thus, we have discovered many
continuous linear functionals of the space Cy[a, b]: integration with some
“density” function and evaluation maps (and all their linear combinations).
While this is not an exhaustive list, it is indeed progress toward understanding
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the continuous linear functionals of C[a, b] — a full picture is indeed all about
integration, but in the sense of Lebesgue.

Indeed, one interesting feature of integration is that it can be extended to
much more general spaces of functions. We now repeat our scheme but we go
out of the space of continuous functions; we remain within the general Rie-
mannian framework, however.

8.3 Regulated functions

Definition 8.11. A function f : [a, b] — R is a step function when there exists
some subdivision (o});-, of [a, b] such that the restriction of f to (g},0j,,) is
constant for all j € {0, ..., n}.

Theorem 8.12. The space & ([a, b]) of step functions on [a, b] is a vector space.

Proof. Straightforward. O]

Definition 8.13. A function f : [a, b] — R is regulated over [a, b] when for all
€ > 0, there exists a step function g : [a, b] — Rsuch that || f — g, , <€

Theorem 8.14. The space Zeg([a, b]) of all regular functions over [a, b] is a
vector space.

Theorem 8.15. A function f : [a,b] — R is regulated over [a, b] if, and only
if, the function f has a left limit at every t € (a,b] and a right limit at every
t€la,b).

Proof. First, assume f is regulated. Since every step function has a left
limit at every point in (a, b], and f is the uniform limit of step functions, f has
a left at every point of (a, b] as well, by Theorem (7.33). The same reasoning
applies for the right limits.

Second, assume that f has left and right limits at every pointin [a, b]. Let
K = {c € [a, b] : Ag step function ||f—g||[a’c] < s}. Note that a € K and K is
bounded above by b, so K has a supremum d.

We first prove that d € K. Since f has a left limit at d, there exists § > 0 such
that for all ¢ € [a,d], if d—t < §, then |lim,- f — f(t)| < €. Since d = supKk,

76



there exists ¢t € K with d—t < §. Thus, there exists a step function g : [a, t] — R
such that || f — g, < €. Now, we define the following function:

g(x) ifxela,t],
h:x€la,d] — {lim,- f ifxe(¢,d),
f(d) ifx=d.

The function # is a step function by construction, and | f — k|| (a,q) < € Dy our
choice of §. Therefore, d € K.

We now prove that d = b. Assume that d < b. Since f then has a right limit
at d, we conclude that there exists § > 0 such thatif t € [d, b] and t —b < § then
|f(t)-lim,+ f| < €. Since d € K, there exists a step function g : [a, d] — Rsuch
that | f — gll,,4 <& Write ® = % > 0. We now set:

g(r)ift €la,d],

h:tela,d+6] —
la,d+2] {limd+fift€(d,d+a)].

Then h is astep function over [a, d+®] with @ > Osuch that | f — k|, 4.0 <&
by construction. Thus d + ® € K, which is a contradiction since d + ® > d. So
d=>b.

Therefore, b € K, and therefore, there exists a step function g : [a, b] — R
such that || f — g/, ;) <&, as claimed. O

Corollary 8.16. Every continuous function on [a, b] is regulated on [a, b].

8.4 Integral of step functions

Lemma8.17. Ifg is a step function, and both o andn are subdivisions of [a, b]
adapted to @, then

#o #n
'Zi(aj _Gj—1)¢(6j) = ;(77]‘ —TIj—l)‘P((j)
Jj= Jj=

forany family (&, ...,¢,, ) suchthato, < &; < 0, <&, < -+ < 04, and any family
(C1r-evyCyn) Such thatny < &y <1y <o <+ <M.

Proof. First, assume o < 7. Then, noting that ¢ is constant on any interval
of the form [n;_;,n] forj e {1,...,#n—1},

#o #n
Z‘i(Uj_Uj—l)(l’(fj):Z Z (O-j_o-j—l)(p((j)
j=

j=H{kmj_ <op=n;}
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#n
= _Zl(nj - 77j—1)(P((j)-
j=

We obtain our theorem by setting, in general, ¢’ = g A 7. ]

Definition 8.18. If ¢ € §[a, b] then we define
b #o
@ = Z(Uj - Uj—l)‘P(fj)
a j=1

for some subdivision o of [a, b] adapted to ¢, and for some numbers ¢, ,...,¢,,
such that
0'0<€1 <0_1<é_2<0.2<.“<0-#0"

We check that our integral is indeed linear and continuous.

Theorem 8.19. Forall p,w € &[a, b] and for all t € R, we have:

Lb(t¢+w)=tLb¢+LbW-

Proof. This follows from a direct computation. ]

Theorem 8.20. Forall f € &[a, b], we have:

['1]= [ 1112 0= las:

Proof. We simply note that if f € &[a, b] then |f| € &[a, b], and moreover:

b #o
f ¢‘5;(0j— j—1)|‘/’(fj)|
a Jj=
= intl|f|

#o
<Y (0, -0, ) 1 flap; = B=a) I fll g -
j=1

This completes our proof. ]
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Thus the integral of step function is a continuous linear function over the
space &[a, b]. It has two additional and helpful properties, which are both
very easy to check.

Theorem 8.21. Ifp € &|a, b] is nonnegative, then fab ¢ =0.

Theorem 8.22 (Chasles’ relation). If ¢ € &[a,b] and c € [a, b] then fab(p =
Jeo+ [l o

Note that [$¢ = [ ab @+ 1{4,¢), s0 Chasles’ relation is a consequence of lin-
earity.

8.5 Integral of regulated functions

Definition 8.23. The regulated integral [ ub over the space Zeg|a, b] of reg-
ulated functions over [a, b] is the unique, continuous linear extension of the
integral on step functions.

From all our efforts, we derive:

Theorem 8.24. The regulated integral is a continuous linear functional over
Z|a,b] of norm b — a and such that

b b
['1]= [[1r1=®-) 10
a a
and forallc € [a,b], and forall f € regla, b],

[r=[r+["r

We note that [*1=b-a =||| [’
the integral as well.

VfeR[a,b]

”lU;Zeg[a, »)» Which implies the positivity of

Theorem 8.25. Iff € Regla,b] and f =0, then [ f > 0.

Proof. First, observe that if f = 0 then || 1 Wl a5 —f”[a b < 1fllign- We

then have:

b b b b b
W hiast|[ = [ 7= [ O lamr =232 || [ || W00 =1y = 0 Wi
Therefore, [” f > 0. O

79



We now have two integrals defined on the space of continuous functions
over acompact interval. Choosing another set of “nice” functions could lead to
many other constructions. We need to reconcile all these integrals —and learn
how to actually compute them. This is the matter of the following section.

9 The integral of continuous functions over seg-
ment: characterization

In this section, we prove that there is only one possible positive linear func-
tional over the space of continuous functions over [a, b], which maps the con-
stant 1 to b — a, and which has the Chasles property. In fact, we will use only
three basic properties which we have established above: Chasles’ relation,
positivity, and the normalization.

Hypothesis 9.1. We will assume given a real-valued function which, to any
segment [a, b] of R and any continuous function f : [a,b] — R, associates
a real number | ab f (also denoted by [ ub f(x)dx with x a dummy variable),
which satisfies the following three Conditions (9.2), (9.3), and (9.4).

Condition 9.2 (Normalization). Forallk € R, ifa < b € R, thenfab k=k(b-a).

Normalization: fa” k=k(b-a).

Condition 9.3 (Chasles). For all a < b € R, for all continuous functions f :
[a, b] — R, the following assertion holds for all c € [a, b]:

[r=[r+["r
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Chasles: ifa<c<b,then ["f=[cf+["f.

Condition 9.4 (Positivity). For all a < b € R, for all continuous functions f :
la,b] = Randg :[a,b] — R, if

Vxela,b] f(x)<g(x).

Positivity: If f < g on [a,b], then ["f < [’ g.

We record a few very simple properties our integral posses, immediately
following our conditions.

Proposition 9.5. Leta € R and f be a function defined at a. Then:

[‘r=o0.
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Proof. When restricted to {a} = [a, a], the function f is constant (hence,
continuous) with value f(a), so by Condition (9.2), we have:

[‘r=r@@-a-=o
as claimed. l

Our conditions immediately imply very crucial bounds on the integral of
any continuous function over a segment.

Proposition 9.6. Leta < b € R and let f be a real-valued continuous function
onla,b]. Let m,M € R such that forall x € [a, b] we havem < f(x) < M. Then:

m(b—a)sfbfsM(b—a).

Remark 9.7. Since f is a continuous function on the compact set [a, b], the
function f is bounded (and reaches its b4ounds) by the extreme value theo-
rem, so there always exists m, M such that m < f < M on [a, b].

Proof. By Condition (9.4), since f < M on [a, b], we conclude:

fabfsfabM.

Now by Condition (9.2), we compute that [’ M = M(b — a), hence [’ f <
M (b — a), as claimed.
The proof of the other inequality is similar. [

We can extend the definition of the integral [ in a manner which preserves
the Chasles relation.

Definition 9.8. For all a < b € R, and for all continuous functions f on [a, b],

we set i .
Jor==lr

Proposition 9.9. Let a,b,c € R and let f be a continuous function on some
interval containing a, b, c. Then:

fabf+fbcf+fcaf:0.
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Proof. Assume a < b < c. By Condition (9.3), we then have [ f = [P f+

Ji £s0 b
Jorelre o= Lo [Fr=0

Using commutativity and associativity of the addition for real numbers,
this proof also includes the cases b<c<aandc<a < b.
Assume now b < a < c. Then:

Lbf+\/l;cf+‘/;af:_\/l;af+‘[bcf_‘/t;cf
= [-(["r+["n
-l

as expected. Again, this proof also deals with the casesa <c<bandc<b <
a. This concludes our proof. [

A first observation is that we can define Lipschitz functions by integrating
continuous functions.

Proposition 9.10. If f : [a,b] — R is a continuous function, and if F : x €
la,b] — [ f, then the function F is | f |, -Lipschitz on [a, b] — thus, in par-
ticular, it is continuous on [a, b].

Proof. Since f is continuous over the compactinterval [a, b], itisbounded;
we recall that | |, = sup{|f(x)|: x € [a, b]}. Therefore, for all x € [a, b], we
have — ||, = f(x) < | fll.- By Proposition (9.6), we thus conclude that, for
allx,y € [a,b],if x <y, then

—||f||oo(y—X)SF(X)—F(y)=fxny 1f oo (v = X)),

so |[F(x)=F(y)I < |lflolx—yl. Ifx,y € [a,b] and y < x, then since |F(x) —
F(y)| =|F(y) - F(x)|, we also conclude that |F(x) — F(y)| < [|fll |x— |, as
needed. Our proof is complete. [

The fundamental idea for this section is to relate the integral and the deriva-
tion. We thus introduce a central definition.
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Definition 9.11. Let f : [a, b] — Rbe a function. An antiderivative F : [a,b] —
R of f on [a, b] is a continuous function over [a, b], differentiable over (a, b),
and such that

Vx € (a,b) F'(x)=f(x).

The reason for the specific properties listed in Definition (9.11) is explained
by the following observation: antiderivatives of a given function over a fixed
interval differ by a constant.

Proposition 9.12. If f : [a,b] — R is a function, if F : [a,b] — R is an an-
tiderivative of f on [a, b], then any function G : [a,b] — R is an antiderivative
of f on|[a,b] if, and only if, there exists c € R such that F =G +c, i.e.

Vxela,b] F(x)=G(x)+c.

We can now relate our integral on continuous functions and antideriva-
tives.

Theorem 9.13. Leta < b € R. If f : [a,b] — R be a continuous function on
[a, b], and if we define:

F:xe[a,b]fof,
a
then F is an antiderivative of f on [a, b].

Proof. Proposition (9.10) immediately implies that F is Lipschitz, hence
continuous, on [a, b].
Let x € (a, b) and let h > 0 such that x + & € (a, b). We then compute:

1 1 x+h X
S -Fe) =3 ([T =[] (61)
a a
1 x+h
=— (f f) by Proposition (9.9).

h \Jx
Now, as f is continuous on [a, b], it is continuous on [x,x + k], so by the
Extreme Value Theorem, there exists m,;,, M, € [x,x + h] such that for all £ €
[x,x + h], we have:

flmy,) < f(1) < f(My,).
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Thus, by Proposition (9.6), we have:

nfom) = [ f < ), (9.2)

Together with Expression (9.1) we obtain:

FOmy) < 5 (FGot ) = F(x) < (M),

Now, since x < m;, < x + h and limj,—.o x = limy,—¢ x + & = x, we conclude by
the Squeeze Theorem that limy,—¢ m?fg X. Sincefl ?Ois continuous at x, we then
conclude that limy_¢ f(m;,) :}?gx).

Similarly, we p?g?/e that lim;;;g f(M;,) = f(x). Hence, Expression (9.2) and

the Squeeze theorem imply together that:

1
}limE(F(x+ h)-F(x)) = f(x). (9.3)
o
The same method applies to show that limy_ % (F(x+h)—-F(x)) = f(x), so
h<0

we only sketch this part.
Let h < 0 be given so that x + h € (a, b). Then:

1 1 [x+h
SEGr ) -FG) =5 [
-1 rx

x+h

By the extreme value theorem, there exist m;,, M}, € [x+h, x] such that f(m,,) <
f(t) < f(M,,) for all ¢ € [x + h,x]. Thus by Condition (9.4), and noting that
x + h < x, we have:

X

~hf(my) <

X+

[ ==hf(y)

Thus: .
flmy,) = %(F(JH h) - F(x)) = f(M},)

so we conclude,as before, by the Squeeze theorem, that

}Ci_r%% (F(x+h) - F(x)) = f(x). (9.4)
h<0
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Therefore, by Expressions (9.1) and (9.2), the function F is differentiable at
x,and F'(x) = f(x), as stated. Thus, F is continuous on [a, b], differentiable
on (a,b),and F' = f on (a, b), so our theorem is proven. O

Remark 9.14. Theorem (9.13) proves that, if an operation satisfying Conditions
(9.2), (9.3) and (9.4) exists, then any continuous function f : [a, b] — R must
have at least one, and thus infinitely many, antiderivatives.

We thus can compute integrals using antiderivatives, as follows.

Corollary 9.15. Leta < b € R and f be a continuous function on [a, b]. Let F
be any antiderivative of f on [a, b]. Then:

fabf:F(b)—F(a).

Proof. By Theorem (9.13), F : x € [a, b] — [ f is an antiderivative of f on
[a, b]. Hence, by Proposition (9.12), there exists ¢ € R such that F + ¢ = F. We
thus get

F(b)-F(a) = F(b)+ ¢~ (F(a) + ¢) = F(b) ~F(a) = F(b) = [ f,

a

as desired. O]

We also record the following simple observation.

Corollary 9.16. Leta < b € Rand let f be a function with a continuous deriva-
tiveon |[a,b]. Then:

[[1=1- 1@,

Proof. The function f is by construction an antiderivative of f’ on [a, b].
We then apply Corollary (9.15). O

Since antiderivatives are defined independently of our notion of integral,
we also record that there is only one operation satisfying Conditions (9.2), (9.3)
and (9.4).

Corollary 9.17. There exists a unique real-valued operation [ defined on the set
of pairs([a, b], f) with [a, b] a closed interval of R and f a continuous function
on|a, b), and which satisfy Conditions (9.3,9.4, 9.2).
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Proof. The regulated integral possesses all the needed properties, and we
have shown it is the only possible such operation. [

We can now proceed to prove some useful properties of [ under our as-
sumptions. We shall see that indeed, linearity follows from our hypothesis.
Since integration is now related to the problem of antiderivation, we can use
our knowledge of derivation to deduce mirror properties for the integral. The
first property is linearity, and it is a very important property of integration, as
we shall see later on.

Theorem 9.18 (linearity). Leta<beR. Iff :[a,b] -~ Rand g : [a,b] — R are
two continuous functions on [a, b], and if u, A € R, then:

Lb(/lf+ug)=ﬂfabf+ufabg-

Proof. Let F:x € [a,b] — [Ffand G : x € [a,b] — [}g. By Theorem
(9.13), F and G are, respectively, antiderivatives of f and g over [a, b].

The function H = AF + uG is continuous on [a, b], differentiable on (a, b)
and H' = AF'+ uG' = Af + ug. Hence H is an antiderivative of Af + ug on
[a, b]. Hence, by Corollary (9.15):

[ "(Af +ug) = H(b) - H(a)

= AF(b) +pG(b) - (AF(a) + uG(a))
= A(F(b) - F(a)) + u(G(b) - G(a))

A [ r+u[s

This concludes our proof. [

Of course, fab 0 = 0 — this was in fact assumed in Condition (9.2), but it
also follows from the linearity of the integral. The converse of this result is not
true, but we can obtain an interesting and important result nonetheless.

Theorem 9.19. Iff : [a, b] — R is continuous, if f(x) = 0 forall x € [a, b], and
if [P f=0,thenf=0.
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Proof. Let F : x € [a,b] — [ f. By Theorem (9.13), the function F is an
antiderivative of f on [a, b], so F' = f on (a, b). By assumption, f =0, so F
is increasing on [a, b], by the Mean Value Theorem: hence, for all x € [a, b],
we conclude that F(a) < F(x) < F(b). Now, F(b) = fabf =0 = F(a), and
thus, for all x € [a, b], we conclude that F(x) = 0. Thus f(x) = F'(x) = 0 for
all x € (a, b). As f is continuous on [a, b], we conclude that f =0 on [a, b], as
claimed. [

Thus, linearity of derivation leads to linearity of the integral. The matter is
more complicated for products and compositions. We start by handling the
mirror image of the Leibniz rule for derivations of products.

Theorem 9.20 (Integration by parts). Leta < b eR. Iff : [a,b] - Rand g :
[a, b] — R are two functions with continuous derivatives on [a, b], then:

b b
[ re' =rnrgv)-f@g@- .

Proof. We have (fg)' =f'g+fg'sofg'=(fg) — f'g and thus we have:

b b
[re=["1rey-rg
b b
:fa (fg)’—fa f'g by Theorem (9.18)
= [(0)g(b) - f(@g(@) - [ 1'g by Theorem (9.16).

This concludes our proof. [

The chain rule becomes the substitution rule:

Theorem 9.21 (Substitution). Let a < b. If u is a function with a continu-
ous derivative on [a, b] and if f is a continuous function on [u(a),u(b)] U

[u(b),u(a)], then:
b u(b)
[ wrow-w)= NG

u
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Proof. Let F:x€[a,b] — [7f. Let g = F o uon [a, b]. By assumption, g
is differentiable on [a, b] and:

g'(x) =u'(x)F'(u(x)) = v/ (x)f (u(x))
forall x € (a, b). Thus:

L/‘bﬂf , t/‘b ,
ou-uU =
a ag

=g(b)—g(a)
=F(u(b))-F(u(a))

u(b)
_ f f
u(a)
Our proof is now complete. [

We conclude this section with two observations. First, we prove a useful
inequality:

Theorem 9.22 (Median inequality). Leta < b € R. Iff is a continuous function

on|a,Db], then:
['1]=[ 11

Proof. By definition of the absolute value, |f| is continuous on [a, b] and
for all x € [a, b] we have:

—1f) = flx) = [f(x)].
By Condition (9.4) and by Theorem (9.18), we have:

[Min= "= [r< [N

proving our inequality. ]

Another observation motivates the idea that integrals allow to compute
averages, as found in probability theory.

Theorem 9.23. Leta < b € R. Iff : [a,b] — R is a continuous function on
[a, b], then there exists c € (a, b) such that:

— ["r=r0.
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Proof. The function F : x € [a,b] — [ f is continuous on [a, b] and dif-
ferentiable on (a, b), by Theorem (9.13). So, by the mean value theorem, there
exists ¢ € (a, b) such that:

F(b)-F(a)=(b-a)F'(c)=f(c)(b-a).
This proves our theorem. ]

The quantity ﬁ /. ab f is called the average of f. In particular, the strong
law of large number shows that ﬁ /. : f is the limit of the empirical average
for any infinite sample of points taking uniformly at random in [a, b].
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   𝑥  ∈     cl       (  𝐵  )   


      cl       (  𝐴  )    ⊆     cl       (  𝐵  )   


   𝐴  ,  𝐵  ⊆  𝐸 


   𝐴  ⊆  𝐴  ∪  𝐵 


      cl       (  𝐴  )    ⊆     cl       (    𝐴  ∪  𝐵   )   


   𝐵  ⊆  𝐴  ∪  𝐵 


      cl       (  𝐵  )    ⊆     cl       (    𝐴  ∪  𝐵   )   


      cl       (  𝐴  )    ∪     cl       (  𝐵  )    ⊆     cl       (    𝐴  ∪  𝐵   )   


   𝑥  ∈     cl       (    𝐴  ∪  𝐵   )   


    dist   (  𝑥  ,  𝐴  ∪  𝐵  )  =  0 


   𝑥  ∉     cl       (  𝐴  )   


    dist   (  𝑥  ,  𝐴  )  >  0 


   𝜀  ∈    (  0  ,   dist   (  𝑥  ,  𝐴  )  )  


   𝑦  ∈  𝐴  ∪  𝐵 


    dist   (  𝑥  ,  𝑦  )  <  𝜀 


    dist   (  𝑥  ,  𝑦  )  <   dist   (  𝑥  ,  𝐴  ) 


   𝑦  ∈  𝐵 


    dist   (  𝑥  ,  𝐵  )  <  𝜀 


   𝜀  ∈  (  0  ,   dist   (  𝑥  ,  𝐴  )  ) 


   0  ≤   dist   (  𝑥  ,  𝐵  )  ≤   inf   (  0  ,   dist   (  𝑥  ,  𝐴  )  )  =  0 


   𝑥  ∈     cl       (  𝐵  )   


   𝑥  ∈     cl       (    𝐴  ∪  𝐵   )   


   𝑥  ∈     cl       (  𝐴  )    ∪     cl       (  𝐵  )   


      cl       (  𝐴  )    ∪     cl       (  𝐵  )    =     cl       (    𝐴  ∪  𝐵   )   


      cl       (    𝐴  ∩  𝐵   )    ⊆     cl       (  𝐴  )    ∩     cl       (  𝐵  )    . 


   𝐴  ∩  𝐵  ⊆  𝐴 


      cl       (    𝐴  ∩  𝐵   )    ⊆     cl       (  𝐴  )   


      cl       (    𝐴  ∩  𝐵   )    ⊆     cl       (  𝐵  )   


   𝐴  ∪  𝐵  =  𝐵 


      cl       (  𝐴  )    ∪     cl       (  𝐵  )    =     cl       (    𝐴  ∪  𝐵   )    =     cl       (  𝐵  )   


      cl       (  𝐴  )    ⊆     cl       (  𝐵  )   


   𝐹  ⊆  ℝ 


      cl       (  𝐹  )    =  𝐹 


   𝐹  ⊆     cl       (  𝐹  )   


    dist   (  𝑥  ,  𝐹  )  =  0 


   𝑥  ∈  𝐹 


      cl       (  𝐹  )    ⊆  𝐹 


      cl       (  ℝ  )    =  ℝ 


   ℝ  ⊆     cl       (  ℝ  )    ⊆  ℝ 


   𝐷  ⊆  ℝ 


      cl       (  𝐷  )    =  ℝ 


   ℝ  ∖  ℚ 


   ℚ  ⊆     cl       (  ℚ  )   


   𝑥  <  𝑞  <  𝑥  +  𝜀 


    dist   (  𝑥  ,  ℚ  )  ≤  |  𝑥  −  𝑞  |  <  𝜀 


    dist   (  𝑥  ,  ℚ  )  =  0 


   𝑥  ∈     cl       (  ℚ  )   


   𝑎  ∈  ℝ 


      cl       (    (  −  ∞  ,  𝑎  )   )    =     cl       (    (  −  ∞  ,  𝑎  ]   )    =  (  −  ∞  ,  𝑎  ]    and       cl       (    (  𝑎  ,  ∞  )   )    =     cl       (    [  𝑎  ,  ∞  )   )    =  [  𝑎  ,  ∞  )  . 


   𝑎  ≤  𝑏  ∈  ℝ 


      cl       (    (  𝑎  ,  𝑏  )   )    =     cl       (    [  𝑎  ,  𝑏  )   )    =     cl       (    (  𝑎  ,  𝑏  ]   )    =     cl       (    [  𝑎  ,  𝑏  ]   )    =  [  𝑎  ,  𝑏  ]  . 


   𝑎  ∈  ℝ 


   𝑏  >  𝑎 


    dist   (  𝑏  ,  (  −  ∞  ,  𝑎  ]  )  ≥  |  𝑏  −  𝑎  |  >  0 


   𝑏  ∉     cl       (    (  −  ∞  ,  𝑎  ]   )   


      cl       (    (  −  ∞  ,  𝑎  ]   )    ⊆  (  −  ∞  ,  𝑎  ] 


   (  −  ∞  ,  𝑎  ]  ⊆     cl       (    (  −  ∞  ,  𝑎  ]   )   


      cl       (    (  −  ∞  ,  𝑎  ]   )    =  (  −  ∞  ,  𝑎  ] 


      cl       (    [  𝑎  ,  ∞  )   )    =  [  𝑎  ,  ∞  ) 


   (  𝑎  ,  𝑏  )  ⊆  (  −  ∞  ,  𝑏  ] 


      cl       (    (  𝑎  ,  𝑏  )   )    ⊆     cl       (    (  −  ∞  ,  𝑏  ]   )    =  (  −  ∞  ,  𝑏  ] 


      cl       (    (  𝑎  ,  𝑏  )   )    ⊆  [  𝑎  ,  ∞  ) 


      cl       (    (  𝑎  ,  𝑏  )   )    ⊆  [  𝑎  ,  𝑏  ] 


   (  𝑎  ,  𝑏  )  ⊆     cl       (    (  𝑎  ,  𝑏  )   )   


   𝑐  =   min       {  𝑏  −  𝜀  ,      𝑎  +  𝑏   2   }  


   𝑐  ∈  (  𝑎  ,  𝑏  ) 


    dist   (  𝑏  ,  (  𝑎  ,  𝑏  )  )  ≤  |  𝑏  −  𝑐  |  ≤  𝜀 


    dist   (  𝑏  ,  (  𝑎  ,  𝑏  )  )  =  0 


    dist   (  𝑎  ,  (  𝑎  ,  𝑏  )  )  =  0 


      cl       (    (  𝑎  ,  𝑏  )   )    =  [  𝑎  ,  𝑏  ] 


   (  −  ∞  ,  𝑎  )  =  (  −  ∞  ,  𝑎  −  1  )  ∪  (  𝑎  −  2  ,  𝑎  ) 


      cl       (    (  −  ∞  ,  𝑎  )   )    =     cl       (    (  −  ∞  ,  𝑎  −  1  )   )    ∪     cl       (    (  𝑎  −  2  ,  𝑎  )   )    =  (  −  ∞  ,  𝑎  −  1  ]  ∪  [  𝑎  −  2  ,  𝑎  ]  =  (  −  ∞  ,  𝑎  ]  . 


      cl       (    (  𝑎  ,  ∞  )   )    =  [  𝑎  ,  ∞  ) 


   (  𝑎  ,  𝑏  )  ⊆  𝐼  ⊆  [  𝑎  ,  𝑏  ] 


   [  𝑎  ,  𝑏  ]  =     cl       (    (  𝑎  ,  𝑏  )   )    ⊆     cl       (  𝐼  )    ⊆     cl       (    [  𝑎  ,  𝑏  ]   )    =  [  𝑎  ,  𝑏  ] 


    diam       (  𝐴  )  


      diam       (  𝐴  )    =   sup       {  |  𝑥  −  𝑦  |  ∶  𝑥  ,  𝑦  ∈  𝐴  }  


      diam       (     cl       (  𝐴  )    )    =     diam       (  𝐴  )    . 


   𝑥  ,  𝑦  ∈     cl       (  𝐴  )   


     𝑥  𝜀   ,    𝑦  𝜀   ∈  𝐴 


   |  𝑥  −    𝑥  𝜀   |  <    𝜀  2  


   |  𝑦  −    𝑦  𝜀   |  <    𝜀  2  


   |  𝑥  −  𝑦  |  ≤  |  𝑥  −    𝑥  𝜀   |  +  |    𝑥  𝜀   −    𝑦  𝜀   |  +  |    𝑦  𝜀   −  𝑦  |  ≤     diam       (  𝐴  )    +  𝜀  . 


   |  𝑥  −  𝑦  |  ≤     diam       (  𝐴  )   


      diam       (     cl       (  𝐴  )    )    ≤     diam       (  𝐴  )   


      diam       (  𝐴  )    ≤     diam       (     cl       (  𝐴  )    )   


      cl       (  𝐴  )    =  𝐴 


   ∀  𝑥  ∈  ℝ     dist   (  𝑥  ,  𝐴  )  =  0    ⟺    𝑥  ∈  𝐴  . 


   ∅ 


   (  −  ∞  ,  𝑎  ] 


   [  𝑎  ,  ∞  ) 


   𝑏  ∈  𝐴 


   |  𝑏  −  𝑎  |  <  𝜀 


   𝑏  ∈  𝑈  ∩  𝐴 


    dist   (  𝑎  ,  𝐴  ∩  𝑈  )  ≤  |  𝑏  −  𝑎  |  <  𝜀 


    dist   (  𝑎  ,  𝐴  ∩  𝑈  )  =  0 


   𝑎  ∈     cl       (    𝐴  ∩  𝑈   )   


   𝑥  ∈     cl       (  𝐴  )    ∩  𝑈 


   𝑉  ⊆  ℝ 


   𝑥  ∈  𝑈  ∩  𝑉 


   (  𝑉  ∩  𝑈  )  ∩  𝐴  ≠  ∅ 


   𝑉  ∩  (  𝐴  ∩  𝑈  )  ≠  ∅ 


   𝑥  ∈     cl       (    𝐴  ∩  𝑈   )   


   𝑈  ∩  𝐴  =  {  𝑥  } 


   𝑉  ∩  (  𝐴  ∖  {  𝑥  }  )  ≠  ∅ 


   𝑉  ∩  𝐴 


   𝑉  ∩  𝐴  ∖  {  𝑥  }  =  {    𝑥  1   ,  …  ,    𝑥  𝑛   }  . 


   𝜀  =   dist   (  𝑥  ,  {    𝑥  1   ,  …  ,    𝑥  𝑚   }  )  >  0 


   𝑊 


   𝑊  =  𝑉  ∩  (  𝑥  −  𝜀  ,  𝑥  +  𝜀  ) 


   𝑥  ∈  𝑊 


     𝑥  1   ∉  𝑊 


     𝑥  𝑛   ∉  𝑊 


   (  𝐴  ∖  {  𝑥  }  )  ∩  𝑊  =  ∅ 


   (  𝐴  ∖  {  𝑥  }  )  ∩  𝑉 


   𝐴  ∩  𝑉 


   𝐴  ∖  {  𝑥  }  ∩  𝑉 


   ℐ  (  𝐴  ) 


     𝐴  ′  


      cl       (  𝐴  )    =  ℐ  (  𝐴  )  ∪    𝐴  ′     and    ℐ  (  𝐴  )  ∩    𝐴  ′   =  ∅  . 


   𝑥  ∈  ℐ  (  𝐴  ) 


   𝑉  ∩  𝐴  =  {  𝑥  } 


   𝑉  ∩  (  𝐴  ∖  {  𝑥  }  )  =  ∅ 


   𝑥  ∉    𝐴  ′  


   ℐ  (  𝐴  )  ∩    𝐴  ′   =  ∅ 


   ℐ  (  𝐴  )  ⊆  𝐴  ⊆     cl       (  𝐴  )   


   𝑥  ∈    𝐴  ′  


   ℐ  (  𝐴  )  ∪    𝐴  ′   ⊆     cl       (  𝐴  )   


   (  𝐴  ∖  {  𝑥  }  )  ∩  𝑉  =  ∅ 


   𝐴  ∩  𝑉  =  {  𝑥  } 


   𝑥  ∈  ℐ  (  𝐴  ) 


   𝑥  ∈  ℐ  (  𝐴  )  ∪    𝐴  ′  


      cl       (  𝐴  )    ⊆  ℐ  (  𝐴  )  ∪    𝐴  ′  


   (  𝑥  −  𝛿  ,  𝑥  +  𝛿  )  ∩  𝐴  =  {  𝑥  } 


   (  𝑞  (  𝑥  )  ,  𝑟  (  𝑥  )  )  ∈    ℚ  2  


   (  𝑞  (  𝑥  )  ,  𝑟  (  𝑥  )  )  ⊆  (  𝑥  −  𝛿  ,  𝑥  +  𝛿  ) 


   𝐴  ∩  (  𝑞  (  𝑥  )  ,  𝑟  (  𝑥  )  )  =  {  𝑥  } 


   𝑥  ,  𝑦  ∈  ℐ  (  𝐴  ) 


   (  𝑞  (  𝑥  )  ,  𝑟  (  𝑥  )  )  =  (  𝑞  (  𝑦  )  ,  𝑟  (  𝑦  )  ) 


   {  𝑥  }  =  𝐴  ∩  (  𝑞  (  𝑥  )  ,  𝑟  (  𝑥  )  )  =  𝐴  ∩  (  𝑞  (  𝑦  )  ,  𝑟  (  𝑦  )  )  =  {  𝑦  } 


   𝑥  ∈  ℐ  (  𝐴  )  ↦  (  𝑞  (  𝑥  )  ,  𝑟  (  𝑥  )  )  ∈    ℚ  2  


     ℚ  2  


   𝑆  =    {    1    𝑛  +  1    ∶  𝑛  ∈  ℕ  }  


   𝑥  ∈     cl       (    𝐴  ′   )   


   𝑦  ∈  𝑉  ∩    𝐴  ′  


   𝑦  ∈    𝐴  ′  


   𝑉  ∩  (  𝐴  ∖  {  𝑦  }  ) 


   𝑉  ∩  (  𝐴  ∖  {  𝑥  ,  𝑦  }  ) 


   𝑉  ∩  (  𝐴  ∖  {  𝑥  }  ) 


      cl       (    𝐴  ′   )    =    𝐴  ′  


   𝑃  ⊆  ℝ 


   𝑃  =    𝑃  ′  


   𝐴  =  ℐ  (  𝐴  ) 


   𝑈  ⊆  𝐴 


   𝑦  ∈  ℝ 


   |  𝑥  −  𝑦  |  <  𝜀 


   𝑈  ⊆  𝐴 


   𝑈  =  (  𝑥  −  𝜀  ,  𝑥  +  𝜀  ) 


   𝐴  ⊆  ℝ 


    int   (  𝐴  ) 


   𝑈  =  ⋃    {  𝑉  ⊆  𝐴  ∶  𝑉    is open in     ℝ    }   . 


   𝑉  ⊆  𝐴 


   𝑉  ⊆  𝑈 


   𝑈  ⊆   int   (  𝐴  ) 


   𝑉  ⊆  𝑈 


    int   (  𝐴  )  ⊆  𝑈 


   𝑈  =   int   (  𝐴  ) 


   𝑈  =   int   (  𝑈  ) 


    int   (  𝑈  ) 


   𝑈  ⊆   int   (  𝑈  ) 


    int   (  𝑈  )  ⊆  𝑈 


      cl       (    ℝ  ∖  𝐴   )    =  ℝ  ∖   int   (  𝐴  )    and     int   (  ℝ  ∖  𝐴  )  =  ℝ  ∖     cl       (  𝐴  )    . 


   ℝ  ∖   int   (  𝐴  ) 


    int   (  𝐴  )  ⊆  𝐴 


   ℝ  ∖  𝐴  ⊆  ℝ  ∖   int   (  𝐴  ) 


      cl       (    ℝ  ∖  𝐴   )    ⊆  ℝ  ∖   int   (  𝐴  ) 


   𝑥  ∈     cl       (    ℝ  ∖  𝐴   )   


   𝑥  ∈   int   (  𝐴  ) 


   ℝ  ∖  𝐴  ∩   int   (  𝐴  )  ≠  ∅ 


   𝑥  ∈  ℝ  ∖   int   (  𝐴  ) 


      cl       (    ℝ  ∖  𝐴   )    =  ℝ  ∖   int   (  𝐴  ) 


   𝐵  =  ℝ  ∖  𝐴 


   ℝ  ∖     cl       (    ℝ  ∖  𝐵   )    =  ℝ  ∖  (  ℝ  ∖   int   (  𝐵  )  )  =   int   (  ℝ  ∖  𝐴  )  . 


    int   (  ∅  )  =  ∅ 


   ∀  𝐴  ⊆  ℝ     int   (  𝐴  )  ⊆  𝐴 


   ∀  𝐴  ⊆  ℝ     int   (   int   (  𝐴  )  )  =   int   (  𝐴  ) 


   ∀  𝐴  ⊆  𝐵  ⊆  ℝ     int   (  𝐴  )  ⊆     int   (  B  )  


   ∀  𝐴  ,  𝐵  ⊆  ℝ     int   (  𝐴  ∩  𝐵  )  =   int   (  𝐴  )  ∩   int   (  𝐵  ) 


   ∀  𝐴  ,  𝐵  ⊆  ℝ     int   (  𝐴  )  ∪   int   (  𝐵  )  ⊆   int   (  𝐴  ∪  𝐵  ) 


   [  0  ,  1  ) 


   [  0  ,  1  ] 


   𝑎  ∈     cl       (  𝐷  )   


   𝑙  ∈  ℝ 


   𝑙 


   𝑎 


   ∀  𝜀  >  0    ∃  𝛿  >  0    ∀  𝑡  ∈  𝐷    |  𝑡  −  𝑎  |  <  𝛿    ⟹    |  𝑓  (  𝑡  )  −  𝑙  |  <  𝜀  . 


   𝑙  ,    𝑙  ′   ∈  ℝ 


   |  𝑙  −    𝑙  ′   |  <  𝜀 


   𝑙  =    𝑙  ′  


   |  𝑙  −    𝑙  ′   |  =  0 


   𝑎  ∈     cl       (  𝐷  )   


     𝑙  ′  


   𝑙  =    𝑙  ′  


     𝛿  1   >  0 


   |  𝑡  −  𝑎  |  <    𝛿  1  


   |  𝑓  (  𝑡  )  −  𝑙  |  <    𝜀  2  


     𝛿  2   >  0 


   |  𝑡  −  𝑎  |  <    𝛿  2  


   |  𝑓  (  𝑡  )  −    𝑙  ′   |  <    𝜀  2  


   |  𝑡  −  𝑎  |  <   min   {    𝛿  1   ,    𝛿  2   } 


   |  𝑙  −    𝑙  ′   |  ≤  |  𝑙  −  𝑓  (  𝑡  )  |  +  |  𝑓  (  𝑡  )  −    𝑙  ′   |  <    𝜀  2   +    𝜀  2   =  𝜀  . 


   𝑓  ∶  𝐷  →  ℝ 


   𝑙  =     lim           𝑓  (  𝑥  )  . 


   𝐷  =  {  𝑥  ∈  ℝ  ∶  𝑃  (  𝑥  )  } 


   𝑙  =     lim           𝑓  (  𝑥  )  . 


   𝑓  ∶  𝐼  →  ℝ 


   𝐼 


   𝑎  ∈  𝐼 


      lim     𝑥  →    𝑎  +       𝑓  (  𝑥  ) 


      lim           𝑓  (  𝑥  ) 


      lim     𝑥  →    𝑎  −       𝑓  (  𝑥  ) 


      lim           𝑓  (  𝑥  ) 


      lim     𝑥  →  𝑎      𝑓  (  𝑥  ) 


      lim           𝑓  (  𝑥  ) 


   𝑎  ∈  𝐷 


   𝑓  (  𝑎  ) 


   𝑙  ∈     cl       (    𝑓  (  𝐷  )   )   


   |  𝑥  −  𝑎  |  <  𝛿 


   |  𝑓  (  𝑥  )  −  𝑙  |  <  𝜀 


    dist   (  𝑙  ,  𝑓  (  𝐷  )  )  ≤  |  𝑙  −  𝑓  (  𝑥  )  |  <  𝜀 


    dist   (  𝑙  ,  𝑓  (  𝐷  )  )  =  0 


   𝑓  (  𝐷  )  ⊆  𝐵 


      lim           𝑓  (  𝑥  )  ∈     cl       (  𝐵  )   


   𝐷  ,  𝐴  ⊆  ℝ 


   𝑎  ∈     cl       (    𝐷  ∩  𝐴   )   


   𝑓  ∶  𝐷  →  ℝ 


   𝐷  ∩  𝐴 


   |  𝑡  −  𝑎  |  <  𝛿 


   |  𝑓  (  𝑡  )  −  𝑙  |  <  𝜀 


   𝑡  ∈  𝐷  ∩  𝐴 


   𝑙  ∈  ℝ 


   𝑎  ∈  𝑈 


   𝐷  ∩  𝑈 


   𝐷  ∩  (  𝑎  −  𝛿  ,  𝑎  +  𝛿  ) 


   𝛼  >  0 


   |  𝑡  −  𝑎  |  <  𝛼 


   |  𝑓  (  𝑥  )  −  𝑙  |  <  𝜀 


   𝑡  ∈  𝐷  ∩  (  𝑎  −  𝛿  ,  𝑎  +  𝛿  ) 


   |  𝑓  (  𝑥  )  −  𝑙  |  <  𝜀 


   𝑎  ∈     cl       (    𝐷  ∩  𝑈   )   


   𝑈  =  (  𝑎  −  𝛿  ,  𝑎  +  𝛿  ) 


   𝛼  >  0 


   𝑥  ∈  𝐷  ∩  (  𝑎  −  𝛿  ,  𝑎  +  𝛿  ) 


   |  𝑥  −  𝑎  |  <  𝛼 


   |  𝑓  (  𝑥  )  −  𝑙  |  <  𝜀 


     𝛼  ′   =   min   {  𝛿  ,  𝛼  }  >  0 


   |  𝑥  −  𝑎  |  <    𝛼  ′  


      lim           𝑓  (  𝑡  )  =  𝑓  (  𝑥  ) 


   ∀  𝑥  ∈  𝐷         lim     𝑡  →  𝑥      𝑓  (  𝑡  )  =  𝑓  (  𝑥  ) 


   𝑥  ∈     cl       (  𝐷  )   


   {  𝑓  (  𝑡  )  ∶  𝑡  ∈  𝑈  ∩  𝐷  } 


   𝑙  =     lim           𝑓  (  𝑡  ) 


   𝑡  ∈  (  𝑥  −  𝛿  ,  𝑥  +  𝛿  )  ∩  𝐷 


   |  𝑙  −  𝑓  (  𝑡  )  |  <    1  2  


   𝑡  ,    𝑡  ′   ∈  (  𝑥  −  𝛿  ,  𝑥  +  𝛿  )  ∩  𝐷 


   |  𝑓  (  𝑡  )  −  𝑓  (    𝑡  ′   )  |  ≤  |  𝑓  (  𝑡  )  −  𝑙  |  +  |  𝑦  −  𝑓  (    𝑡  ′   )  |  <  1  . 


      diam       (    𝑓  (  (  𝑥  −  𝛿  ,  𝑥  +  𝛿  )  ∩  𝐷  )   )      𝑑  𝐹   ≤  1 


   𝑔  ∶  𝐷  →  ℝ 


   ∃  𝛿  >  0    ∀  𝑥  ∈  (  𝑎  −  𝛿  ,  𝑎  +  𝛿  )    𝑓  (  𝑥  )  ≤  𝑔  (  𝑥  ) 


      lim           𝑓  (  𝑥  )  ≤     lim           𝑔  (  𝑥  )  . 


   𝑙  =     lim           𝑓  (  𝑥  ) 


   |  𝑎  −  𝑥  |  <    𝛿  1  


   |  𝑓  (  𝑥  )  −  𝑙  |  <    𝜀  2  


     𝑙  ′   =     lim           𝑔  (  𝑥  ) 


     𝛿  2   >  0 


   |  𝑎  −  𝑥  |  <    𝛿  2  


   |  𝑔  (  𝑥  )  −    𝑙  ′   |  <    𝜀  2  


   |  𝑥  −  𝑎  |  <   min   {    𝛿  1   ,    𝛿  2   } 


   𝑙  −    𝜀  2   ≤  𝑓  (  𝑥  )  ≤  𝑔  (  𝑥  )  ≤    𝑙  ′   +    𝜀  2   , 


   𝑙  ≤    𝑙  ′   +  𝜀 


   𝑙  ≤    𝑙  ′  


   𝑔  ∶  𝐷  →  ℝ 


   ℎ  ∶  𝐷  →  ℝ 


   ∀  𝑡  ∈  𝐷    𝑓  (  𝑡  )  ≤  𝑔  (  𝑡  )  ≤  ℎ  (  𝑡  ) 


   ℎ 


      lim           𝑓  (  𝑡  )  =     lim           ℎ  (  𝑡  ) 


      lim           𝑔  (  𝑡  )  =     lim           𝑓  (  𝑡  )  . 


     𝛿  𝑓   >  0 


    dist   (  𝑡  ,  𝑥  )  <    𝛿  𝑓  


   |  𝑙  −  𝑓  (  𝑡  )  |  <  𝜀 


   𝑓  (  𝑡  )  <  𝑙  +  𝜀 


   𝑛  ≥  𝑁 


     1    𝑛  +  1    <  𝛿 


   |    𝑥  𝑛   −  𝑙  |  =    |  𝑓      (    1    𝑛  +  1    )   −  𝑙  |   <  𝜀 


      lim   0     𝑓  =  𝑙 


   ∞ 


   ∀  𝜀  >  0    ∃  𝑁  ∈  ℕ    ∀  𝑛  ∈  ℕ    𝑛  ≥  𝑁    ⟹    |    𝑥  𝑛   −  𝑙  |  <  𝜀  . 


     𝑁  1   ∈  ℕ 


   𝑛  ≥    𝑁  1  


   |    𝑥  𝑛   −  𝑙  |  <    𝜀  2  


     𝑁  2   ∈  ℕ 


   𝑛  ≥    𝑁  2  


   |    𝑥  𝑛   −    𝑙  ′   |  <    𝜀  2  


   𝑛  =   max   {    𝑁  1   ,    𝑁  2   } 


   |  𝑙  −    𝑙  ′   |  ≤  |  𝑙  −    𝑥  𝑛   |  +  |    𝑥  𝑛   −    𝑙  ′   |  <    𝜀  2   +    𝜀  2   =  𝜀  . 


      lim     𝑛  →  ∞        𝑥  𝑛   =  𝑙 


   𝑙  =     lim     𝑛  →  ∞        𝑥  𝑛  


   𝑁  ∈  ℕ 


   |    𝑥  𝑛   −  𝑙  |  <  1 


   |    𝑥  𝑛   |  <  |  𝑙  |  +  1 


   𝑀  =   max   {  |  𝑙  |  +  1  ,  |    𝑥  𝑛   |  ∶  𝑛  ∈  ℕ  ,  𝑛  ≤  𝑁  } 


   |    𝑥  𝑛   |  ≤  𝑀 


   (    𝑦  𝑛     )    𝑛  ∈  ℕ   


     𝑥  𝑛   ≤    𝑦  𝑛  


      lim     𝑛  →  ∞        𝑥  𝑛   ≤     lim     𝑛  →  ∞        𝑦  𝑛  


     𝑙  𝑥   =     lim     𝑛  →  ∞        𝑥  𝑛  


     𝑙  𝑦   =     lim     𝑛  →  ∞        𝑦  𝑛  


     𝑙  𝑥   >    𝑙  𝑦  


     𝑁  𝑥   ∈  ℕ 


   𝑛  ≥    𝑁  𝑥  


     𝑙  𝑥   −    𝜀  2   <    𝑥  𝑛   <    𝑙  𝑥   +    𝜀  2  


     𝑁  𝑦   ∈  ℕ 


   𝑛  ≥    𝑁  𝑦  


     𝑙  𝑦   −    𝜀  2   <    𝑦  𝑛   <    𝑙  𝑦   +    𝜀  2  


   𝑛  ≥   max   {    𝑁  𝑥   ,    𝑁  𝑦   } 


     𝑙  𝑥   −    𝜀  2   ≤    𝑥  𝑛   ≤    𝑦  𝑛   ≤    𝑙  𝑦   +    𝜀  2  


     𝑙  𝑥   ≤    𝑙  𝑦   +  𝜀 


     𝑙  𝑥   ≤    𝑙  𝑦  


   𝑙  >  0 


     𝑥  𝑛   >    𝑙  2  


   𝜀  =    1  2   𝑙 


     𝑥  𝑛   >  𝑙  −  𝜀  =    𝑙  2  


   (    𝑧  𝑛     )    𝑛  ∈  ℕ   


     𝑥  𝑛   ≤    𝑦  𝑛   ≤    𝑧  𝑛  


      lim     𝑛  →  ∞        𝑥  𝑛   =     lim     𝑛  →  ∞        𝑧  𝑛  


      lim     𝑛  →  ∞        𝑦  𝑛   =     lim     𝑛  →  ∞        𝑥  𝑛  


   𝑙  =     lim     𝑛  →  ∞        𝑥  𝑛   =     lim     𝑛  →  ∞        𝑧  𝑛  


   |    𝑥  𝑛   −  𝑙  |  <  𝜀 


   𝑙  −  𝜀  <    𝑥  𝑛  


     𝑁  𝑧   ∈  ℕ 


   𝑛  ≥    𝑁  𝑧  


   |    𝑧  𝑛   −  𝑙  |  <  𝜀 


     𝑧  𝑛   <  𝑙  +  𝜀 


   𝑛  ≥   max   {  𝑁  ,    𝑁  𝑥   ,    𝑁  𝑧   } 


   𝑙  −  𝜀  <    𝑥  𝑛   ≤    𝑦  𝑛   ≤    𝑧  𝑛   <  𝑙  +  𝜀  . 


   (  |    𝑥  𝑛   |    )    𝑛  ∈  ℕ   


   |  𝑙  | 


   0  ≤  |  |    𝑥  𝑛   |  −  |  𝑙  |  |  ≤  |    𝑥  𝑛   −  𝑙  | 


   𝑡  ∈  ℝ 


   (    𝑥  𝑛   +  𝑡    𝑦  𝑛     )    𝑛  ∈  ℕ   


      lim     𝑛  →  ∞        𝑥  𝑛   +  𝑡       lim     𝑛  →  ∞        𝑦  𝑛  


     𝑙  𝑥   =     lim     𝑛  →  ∞        𝑥  𝑛  


     𝑙  𝑦   =     lim     𝑛  →  ∞        𝑦  𝑛  


   |    𝑥  𝑛   −    𝑙  𝑥   |  <    𝜀  2  


   |    𝑦  𝑛   −    𝑙  𝑦   |  ≤    𝜀    2  (  |  𝑡  |  +  1  )   


   |  (    𝑥  𝑛   +  𝑡    𝑦  𝑛   )  −  (    𝑙  𝑥   +  𝑡    𝑙  𝑦   )  |  ≤  |    𝑥  𝑛   −    𝑙  𝑥   |  +  |  𝑡  |  |    𝑦  𝑛   −    𝑙  𝑦   |  <  𝜀  . 


   (    𝑥  𝑛     𝑦  𝑛     )    𝑛  ∈  ℕ   


      lim     𝑛  →  ∞        𝑥  𝑛   ⋅     lim     𝑛  →  ∞        𝑦  𝑛  


   𝑀  ∈  ℝ 


   |    𝑦  𝑛   |  ≤  𝑀 


         0  ≤  |    𝑥  𝑛     𝑦  𝑛   −    𝑙  𝑥     𝑙  𝑦   |     =  |    𝑥  𝑛     𝑦  𝑛   −    𝑙  𝑥     𝑦  𝑛   +    𝑙  𝑥     𝑦  𝑛   −    𝑙  𝑥     𝑙  𝑦   |          ≤  |    𝑥  𝑛   −    𝑙  𝑥   |  |    𝑦  𝑛   |  +  |    𝑦  𝑛   −    𝑙  𝑦   |  |    𝑙  𝑥   |          ≤  |    𝑥  𝑛   −    𝑙  𝑥   |  𝑀  +  |    𝑦  𝑛   −    𝑙  𝑦   |  |    𝑙  𝑥   |  .    


   (  |    𝑥  𝑛   −    𝑙  𝑥   |    )    𝑛  ∈  ℕ   


   (  |    𝑦  𝑛   −    𝑙  𝑦   |    )    𝑛  ∈  ℕ   


   (  |    𝑥  𝑛   −    𝑙  𝑥   |  𝑀  +  |    𝑦  𝑛   −    𝑙  𝑦   |  |    𝑙  𝑥   |    )    𝑛  ∈  ℕ   


   (  |    𝑥  𝑛     𝑦  𝑛   −    𝑙  𝑥     𝑙  𝑦   |    )    𝑛  ∈  ℕ   


     𝑙  𝑥     𝑙  𝑦  


   𝑙  ∈  ℝ  ∖  {  0  } 


     𝑥  𝑛   ≠  0 


       (    1    𝑥  𝑛    )     𝑛  ≥  𝑁   


     1  𝑙  


   𝑙  <  0 


   (  −    𝑥  𝑛     )    𝑛  ∈  ℕ   


     𝑥  𝑛   ≥    𝑙  2   >  0 


   𝑃  ∈  ℕ 


   𝑛  ≥  𝑃 


   |    𝑥  𝑛   −  𝑙  |  <      2  𝜀     𝑙  2   


   𝑛  ≥   max   {  𝑃  ,  𝑁  } 


         |    1    𝑥  𝑛    −    1  𝑙   |     =      |  𝑙  −    𝑥  𝑛   |     𝑙  |    𝑥  𝑛   |            ≤      |    𝑥  𝑛   −  𝑙  |       1  2     𝑙  2             <  𝜀  .    


      cl       (  𝐴  )    =    {  𝑙  ∈  ℝ  ∶  ∃  (    𝑥  𝑛     )    𝑛  ∈  ℕ      sequence in     𝐴        𝑙  =     lim     𝑛  →  ∞        𝑥  𝑛   }   . 


   𝑆  =    {  𝑙  ∈  ℝ  ∶  ∃  (    𝑥  𝑛     )    𝑛  ∈  ℕ      sequence in     𝐴        𝑙  =     lim     𝑛  →  ∞        𝑥  𝑛   }   . 


   𝑙  ∈     cl       (  𝐴  )   


    dist   (  𝑙  ,  𝐴  )  =  0 


     𝑥  𝑛   ∈  𝐴 


   |    𝑥  𝑛   −  𝑙  |  <    1    𝑛  +  1   


   𝑙  ∈  𝑆 


      cl       (  𝐴  )    ⊆  𝑆 


   𝑙  =     lim     𝑛  →  ∞        𝑥  𝑛  


   𝑁  ∈  ℕ 


   |    𝑥  𝑁   −  𝑙  |  <  𝜀 


    dist   (  𝑙  ,  𝐴  )  ≤  |    𝑥  𝑁   −  𝑙  |  <  𝜀 


     𝑥  𝑁   ∈  𝐴 


   (    𝑦    𝜑  (  𝑛  )      )    𝑛  ∈  ℕ    =  (  𝑓  (    𝑥    𝜑  (  𝑛  )    )    )    𝑛  ∈  ℕ   


   𝑓  ∶  𝐾  →  ℝ 


   𝑚  ,  𝑀  ∈  𝐾 


   ∀  𝑥  ∈  𝐾    𝑓  (  𝑚  )  ≤  𝑓  (  𝑥  )  ≤  𝑓  (  𝑀  )  . 


    sup     𝐾  ∈  𝐾 


   𝑀  ∈  𝐾 


   𝑓  (  𝑀  )  =   sup     𝐾 


    inf     𝐾  ∈  𝐾 


   𝑚  ∈  𝐾 


   𝑓  (  𝑚  )  =   inf     𝐾 


   𝑃  ⊆  ℝ 


   𝑃  =    {    𝑥  𝑛   ∶  𝑛  ∈  ℕ  }  


     𝑎  0   ,    𝑏  0   ∈  ℝ 


     𝑎  0   <    𝑥  0   <    𝑏  0  


     𝑎  0   =    𝑥  0   −  1 


     𝑏  0   =    𝑥  0   +  1 


     𝐼  0   =  [    𝑎  0   ,    𝑏  0   ] 


   𝜑  (  0  )  =  0 


   {  𝑛  ∈  ℕ  ,  𝑛  >  0  ∶    𝑥  𝑛   ∈  𝑃  ∩  (    𝐼  0   ∖  {    𝑥  0   }  )  } 


   𝜑  (  1  ) 


     𝛿  1   =   min   {  |    𝑎  0   −    𝑥    𝜑  (  1  )    |  ,  |    𝑏  0   −    𝑥    𝜑  (  1  )    |  ,      |    𝑥    𝜑  (  1  )    −    𝑥  0   |   2   } 


     𝑎  1   =    𝑥    𝜑  (  1  )    −    𝛿  1  


     𝑏  1   =    𝑥    𝜑  (  1  )    +    𝛿  1  


     𝑥  0   ∉    𝐼  1  


     𝑥    𝜑  (  1  )    ∈    𝐼  1  


     𝐼  1   ⊆    𝐼  0  


   𝜑  ∶  ℕ  →  ℕ 


     𝑥  𝑛   ∉    𝐼    𝑛  +  1   


     𝑥    𝜑  (  𝑛  )    ∈    𝐼  𝑛   ∩  𝑃 


     𝐼  0   ∩  𝑃 


   (    𝑥    𝜑  ∘  𝜓  (  𝑛  )      )    𝑛  ∈  ℕ   


     𝑥  𝑁  


   (    𝑥    𝜑  ∘  𝜓  (  𝑛  )      )    𝑛  ≥  𝑁  +  1   


   𝑃  ∩    𝐼    𝑁  +  1   


   ∀  𝜀  >  0    ∃  𝛿  >  0    ∀  𝑥  ,  𝑦  ∈  𝐷    |  𝑥  −  𝑦  |  <  𝛿    ⟹    |  𝑓  (  𝑥  )  −  𝑓  (  𝑦  )  |  <  𝜀  . 


   |  𝑥  −  𝑦  |  <    𝜀  𝑘  


   |  𝑓  (  𝑥  )  −  𝑓  (  𝑦  )  |  ≤  𝑘  |  𝑥  −  𝑦  |  <  𝜀 


   𝑔  ∶  𝐸  →  ℝ 


   𝑓  (  𝐷  )  ⊆  𝐸 


   𝑔  ∘  𝑓  ∶  𝐷  →  ℝ 


   𝑥  ,  𝑦  ∈  𝐸 


   |  𝑥  −  𝑦  |  <    𝛿  𝑔  


   |  𝑔  (  𝑥  )  −  𝑔  (  𝑦  )  |  <  𝜀 


   |  𝑥  −  𝑦  |  <    𝛿  𝑓  


   |  𝑓  (  𝑥  )  −  𝑓  (  𝑦  )  |  <    𝛿  𝑔  


   |  𝑔  (  𝑓  (  𝑥  )  )  −  𝑔  (  𝑓  (  𝑦  )  )  |  <  𝜀 


   𝐾  ⊆  ℝ 


   𝑥  ,  𝑦  ∈  𝐾 


   |  𝑥  −  𝑦  |  <  𝛿 


   |  𝑓  (  𝑥  )  −  𝑓  (  𝑦  )  |  ≥  𝜀 


     𝑥  𝑛   ,    𝑦  𝑛   ∈  𝐾 


   |    𝑥  𝑛   −    𝑦  𝑛   |  <    1    𝑛  +  1   


   |  𝑓  (    𝑥  𝑛   )  −  𝑓  (    𝑦  𝑛   )  |  ≥  𝜀 


      lim     𝑛  →  ∞        𝑥  𝑛   −    𝑦  𝑛   =  0 


      lim     𝑛  →  ∞        𝑦    𝜑  (  𝑛  )    =  𝑙 


   |  𝑓  (    𝑥    𝜑  (  𝑛  )    )  −  𝑓  (    𝑦    𝜑  (  𝑛  )    )  |  ≥  𝜀 


   (  𝑓  (    𝑥    𝜑  (  𝑛  )    )    )    𝑛  ∈  ℕ   


   (  𝑓  (    𝑦    𝜑  (  𝑛  )    )    )    𝑛  ∈  ℕ   


   𝑓  (  𝑙  ) 


   𝐼  ⊆  𝐷 


   𝑓  (  𝐼  ) 


   𝑎  ,  𝑏  ∈  𝐼 


   𝜉 


   𝑓  (  𝑏  ) 


   𝑓  (  𝑎  )  ≤  𝜉  <  𝑓  (  𝑏  ) 


   𝑓  (  𝑏  )  ≤  𝑓  (  𝑎  ) 


   −  𝑓 


     𝑎  0   =  𝑎 


     𝑏  0   =  𝑏 


     𝑎  0   ≤    𝑎  1   ≤  …  ≤    𝑎  𝑛   <    𝑏  𝑛   ≤    𝑏    𝑛  −  1    ≤  …  ≤    𝑏  1   ≤    𝑏  0   , 


     𝑏  𝑗   −    𝑎  𝑗   =    1    2  𝑗    (  𝑏  −  𝑎  ) 


   𝑓  (    𝑎  𝑗   )  ≤  𝜉  ≤  𝑓  (    𝑏  𝑗   ) 


   𝑗  ∈  {  0  ,  …  ,  𝑛  } 


   𝑛  =  0 


     𝑚  𝑛   =        𝑎  𝑛   +    𝑏  𝑛    2  


   𝑓  (    𝑚  𝑛   )  ≤  𝜉 


     𝑎    𝑛  +  1    =    𝑚  𝑛  


     𝑏    𝑛  +  1    =    𝑏  𝑛  


     𝑏    𝑛  +  1    =    𝑚  𝑛  


     𝑎    𝑛  +  1    =    𝑎  𝑛  


   𝑛  +  1 


   𝑐  =     lim     𝑛  →  ∞        𝑎  𝑛  


   𝑓  (  𝑐  )  =     lim     𝑛  →  ∞      𝑓  (    𝑎  𝑛   )  ≤  𝜉 


      lim     𝑛  →  ∞    (    𝑏  𝑛   −    𝑎  𝑛   )  =  0 


      lim     𝑛  →  ∞        𝑏  𝑛   =  𝑐 


   𝑓  (  𝑐  )  =     lim     𝑛  →  ∞      𝑓  (    𝑏  𝑛   )  ≥  𝜉 


   𝑓  (  𝑐  )  =  𝜉 


   ∀  𝜀  >  0    ∃  𝑁  ∈  ℕ    ∀  𝑝  ,  𝑞  ∈  ℕ    (  𝑝  ≥  𝑁    and    𝑞  ≥  𝑁  )    ⟹    |    𝑥  𝑝   −    𝑥  𝑞   |  <  𝜀  . 


   𝑝  ,  𝑞  ∈  ℕ 


   𝑝  ≥  𝑁 


   𝑞  ≥  𝑁 


   |    𝑥  𝑝   −    𝑥  𝑞   |  ≤  |    𝑥  𝑝   −  𝑙  |  +  |  𝑙  −    𝑥  𝑞   |  ≤    𝑙  2   +    𝑙  2   =  𝑙  . 


   |    𝑥  𝑛   −    𝑥  𝑁   |  ≤  1 


   |    𝑥  𝑛   |  ≤  |    𝑥  𝑁   |  +  1 


   |    𝑥  𝑛   |  ≤   max   {  1  +  |    𝑥  𝑁   |  ,  |    𝑥  𝑗   |  ∶  𝑗  ∈  {  1  ,  …  ,  𝑁  −  1  }  }  . 


   𝑝  ,  𝑞  ≥  𝑁 


   |    𝑥  𝑝   −    𝑥  𝑞   |  <    𝜀  2  


   𝑀  ∈  ℕ 


   𝑛  ≥  𝑀 


   |    𝑥    𝜑  (  𝑛  )    −  𝑙  |  <    𝜀  2  


     ⋂    𝑛  =  0   𝑁      cl       (    {    𝑥  𝑘   ∶  𝑘  ≥  𝑛  }   )    ≠  ∅ 


   𝐴  ∩  ⋂  ℱ  =  ∅ 


   𝒢  ⊆  ℱ 


   𝐴  ∩  ⋂  𝒢  =  ∅ 


   𝐾  ∩  ⋂  𝒢  ≠  ∅ 


   𝐾  ∩  ⋂  ℱ  ≠  ∅ 


     𝑋  𝑛   =     cl       (    {    𝑥  𝑘   ∶  𝑘  ≥  𝑛  }   )   


     𝑋  𝑝   ⊆    𝑋  𝑛  


   𝑝  ,  𝑛  ∈  ℕ 


   𝑝  ≥  𝑛 


     ⋂    𝑗  ∈  𝐹      𝑋  𝑗   =    𝑋     max     𝐹    ≠  ∅ 


     ⋂    𝑛  ∈  ℕ      𝑋  𝑛   ≠  ∅ 


   𝒰 


   𝐾  ⊆  ⋃  𝒰 


   𝒱  ⊆  𝒰 


   𝐾  ⊆  ⋃  𝒱 


   𝐾  ⊆  (  𝑛  ,  𝑛  +  1  ) 


   𝑥  ∉  𝐾 


   𝑦  ∈  𝐾 


     𝑈    𝑥  ,  𝑦   


     𝑉    𝑥  ,  𝑦   


   𝑦  ∈    𝑈    𝑥  ,  𝑦   


   𝑥  ∈    𝑉    𝑥  ,  𝑦   


   𝐾  ⊆    ⋃    𝑦  ∈  𝐾      𝑈    𝑥  ,  𝑦   


     𝐹  𝑥   ⊆  𝐾 


   𝐾  ⊆    ⋃    𝑦  ∈    𝐹  𝑥       𝑈    𝑥  ,  𝑦   


     ⋂    𝑦  ∈    𝐹  𝑥       𝑉    𝑥  ,  𝑦    ∩  𝐾  ⊆    ⋂    𝑦  ∈    𝐹  𝑥       𝑉    𝑥  ,  𝑦    ∩    ⋃    𝑦  ∈    𝐹  𝑥       𝑈    𝑥  ,  𝑦    =  ∅ 


     ⋂    𝑦  ∈    𝐹  𝑥       𝑉    𝑥  ,  𝑦    ⊆  ℝ  ∖  𝐾 


     ⋂    𝑦  ∈    𝐹  𝑥       𝑉    𝑥  ,  𝑦   


   ℝ  ∖  𝐾 


   𝑓  (  𝐾  )  ⊆  ⋂  𝒰 


   𝑈  ∈  𝒰 


     𝐺  𝑈  


     𝑓    −  1    (  𝑈  )  =    𝐺  𝑈   ∩  𝐾 


   𝐾  ⊆    𝑓    −  1    (  𝑓  (  𝐾  )  )  ⊆  ⋃  {    𝑓    −  1    (  𝑈  )  ∶  𝑈  ∈  𝒰  }  ⊆  ⋃  {    𝐺  𝑈   ∶  𝑈  ∈  𝒰  }  . 


   𝐾  ⊆  ⋃  {    𝐺  𝑈   ∶  𝑈  ∈  𝒱  } 


   𝑓  (  𝐾  )  ⊆  ⋃  𝒱 


   𝑓  (    𝐺  𝑈   ∩  𝐾  )  ⊆  𝑈 


   𝑥  ∈  𝐾 


   (  𝑥  −  𝛿  ,  𝑥  +  𝛿  )  ⊆  𝑈 


   𝐾  ⊆  𝒰 


   (  𝑥  −  𝛿  ,  𝑥  +  𝛿  ) 


   (    𝑥  𝑛   −    1    𝑛  +  1    ,    𝑥  𝑛   +    1    𝑛  +  1    ) 


   𝑙  ∈  𝑈 


   (  𝑙  −  𝛿  ,  𝑙  +  𝛿  )  ⊆  𝑈 


   |    𝑥    𝜑  (  𝑛  )    −  𝑙  |  <    𝛿  2  


      lim     𝑛  →  ∞        1    𝜑  (  𝑛  )    =  0 


     𝑁  ′   ∈  ℕ 


   𝑛  ≥    𝑁  ′  


     1    𝜑  (  𝑛  )    <    𝛿  2  


   𝑛  =   max   {  𝑁  ,    𝑁  ′   } 


   𝑡  ∈  (    𝑥    𝜑  (  𝑛  )    −    1    𝜑  (  𝑛  )  +  1    ,    𝑥    𝜑  (  𝑛  )    +    1    𝜑  (  𝑛  )  +  1    )  ⊆  (  𝑥  −    𝛿  2   ,  𝑥  +    𝛿  2   ) 


   |  𝑡  −  𝑙  |  ≤  |  𝑡  −    𝑥    𝜑  (  𝑛  )    |  +  |    𝑥    𝜑  (  𝑛  )    −  𝑙  |  <    𝛿  2   +    𝛿  2   =  𝛿  . 


   𝑥  ∈  𝐾 


     𝑈  𝑥   ∈  𝒰 


   𝐾  ⊆    ⋃    𝑥  ∈  𝐹    (  𝑥  −  𝛿  ,  𝑥  +  𝛿  )  ⊆    ⋃    𝑥  ∈  𝐹      𝑈  𝑥  


   {    𝑈  𝑥   ∶  𝑥  ∈  𝐹  } 


       ‖  ⋅  ‖   𝐸  


   ℂ 


   [  0  ,  ∞  ) 


   ∀  𝑥  ,  𝑦  ∈  𝐸          ‖    𝑥  +  𝑦   ‖   𝐸   ≤      ‖  𝑥  ‖   𝐸   +      ‖  𝑦  ‖   𝐸  


   ∀  𝑥  ∈  𝐸    ∀  𝑡  ∈  ℝ          ‖    𝑡  𝑥   ‖   𝐸   =  |  𝑡  |      ‖  𝑥  ‖   𝐸  


   ∀  𝑥  ∈  𝐸          ‖  𝑥  ‖   𝐸   =  0    ⟺    𝑥  =  0 


   𝑥  ,  𝑦  ∈  𝐸 


       ‖    𝑥  −  𝑦   ‖   𝐸  


   𝑙  ∈  𝐸 


   (      ‖      𝑥  𝑛   −  𝑙   ‖   𝐸     )    𝑛  ∈  ℕ   


   ∀  𝜀  >  0    ∃  𝑁  ∈  ℕ    ∀  𝑛  ≥  𝑁          ‖      𝑥  𝑛   −  𝑙   ‖   𝐸   <  𝜀  . 


   (    𝑡  𝑛     )    𝑛  ∈  ℕ   


       ‖      𝑥  𝑛   −  𝑙   ‖   𝐸   ≤    𝑡  𝑛  


           0  ≤    [  ⎵   1  𝑝  𝑡  ]        ‖    𝑙  −    𝑙  ′    ‖   𝐸     =  𝑙  −    𝑥  𝑛   +    𝑥  𝑛   −    𝑙  ′        ≤    [  ⎵   1  𝑝  𝑡  ]          ‖    𝑙  −    𝑥  𝑛    ‖   𝐸   +      ‖      𝑥  𝑛   −  𝑙   ‖   𝐸     triangle inequality                            −         →       𝑛  →  ∞      0  +  0  =  0  .    


      lim     𝑛  →  ∞        𝑥  𝑛  


   𝑓  ∶  𝐷  ⊆  𝐸  →  𝐹 


   𝐷  ⊆  𝐸 


   𝑥  ∈  𝐸 


   (    𝑧  𝑛     )    𝑛  ∈  𝐸   


     |      ‖  𝑥  ‖   𝐸   −      ‖  𝑦  ‖   𝐸   |   ≤      ‖    𝑥  −  𝑦   ‖   𝐸   . 


       ‖  𝑥  ‖   𝐸   ≤      ‖    𝑥  −  𝑦   ‖   𝐸   +      ‖  𝑦  ‖   𝐸  


       ‖  𝑥  ‖   𝐸   −      ‖  𝑦  ‖   𝐸   ≤      ‖    𝑥  −  𝑦   ‖   𝐸  


       ‖  𝑦  ‖   𝐸   −      ‖  𝑥  ‖   𝐸   ≤      ‖    𝑦  −  𝑥   ‖   𝐸   =      ‖    (  −  1  )  (  𝑥  −  𝑦  )   ‖   𝐸   =  |  1  |      ‖    𝑥  −  𝑦   ‖   𝐸   =      ‖    𝑥  −  𝑦   ‖   𝐸   . 


      lim     𝑛  →  ∞          ‖    𝑥  𝑛   ‖   𝐸   =      ‖  𝑧  ‖   𝐸  


   0  ≤    |      ‖    𝑥  𝑛   ‖   𝐸   −      ‖  𝑧  ‖   𝐸   |   ≤      ‖      𝑥  𝑛   −  𝑧   ‖   𝐸                 −         →       𝑛  →  ∞      0 


   ∀  𝑥  ∈  𝐸    ∀  𝑦  ∈  𝐹          ‖    (  𝑥  ,  𝑦  )   ‖     𝐸  ×  𝐹    ≔   max   {      ‖  𝑥  ‖   𝐸   ,      ‖  𝑦  ‖   𝐹   } 


       ‖  ⋅  ‖     𝐸  ×  𝐹   


   𝐸  ×  𝐹 


   (    𝑥  𝑛   ,    𝑦  𝑛     )    𝑛  ∈  ℕ   


   (  𝑧  ,  𝑤  ) 


   𝑤 


   (    𝑥  𝑛   +    𝑦  𝑛     )    𝑛  ∈  ℕ   


      lim     𝑛  →  ∞    (    𝑥  𝑛   +    𝑦  𝑛   )  =     lim     𝑛  →  ∞        𝑥  𝑛   +     lim     𝑛  →  ∞        𝑦  𝑛   . 


     𝑙  𝑥   ≔     lim     𝑛  →  ∞        𝑥  𝑛  


     𝑙  𝑦   ≔     lim     𝑛  →  ∞        𝑦  𝑛  


           0  ≤      ‖    (    𝑥  𝑛   +    𝑦  𝑛   )  −  (    𝑙  𝑥   +    𝑙  𝑦   )   ‖   𝐸      ≤      ‖      𝑥  𝑛   −    𝑙  𝑥    ‖   𝐸   +      ‖      𝑦  𝑛   −    𝑙  𝑦    ‖   𝐸                           −         →       𝑛  →  ∞      0  +  0  =  0  .    


   (    𝑡  𝑛     𝑥  𝑛     )    𝑛  ∈  ℕ   


      lim     𝑛  →  ∞        𝑡  𝑛     𝑥  𝑛   =     lim     𝑛  →  ∞      𝑡       lim     𝑛  →  ∞        𝑥  𝑛   . 


   𝑙  ≔     lim     𝑛  →  ∞        𝑡  𝑛  


   𝑧  =     lim     𝑛  →  ∞        𝑥  𝑛  


           0  ≤      ‖      𝑡  𝑛     𝑥  𝑛   −  𝑙  𝑧   ‖   𝐸      ≤      ‖      𝑡  𝑛     𝑥  𝑛   −    𝑡  𝑛   𝑧   ‖   𝐸   +      ‖      𝑡  𝑛   𝑧  −  𝑙  𝑧   ‖   𝐸             ≤  |    𝑡  𝑛   |      ‖      𝑥  𝑛   −  𝑧   ‖   𝐸   +  |    𝑡  𝑛   −  𝑙  |      ‖  𝑧  ‖   𝐸                           −         →       𝑛  →  ∞      |  𝑙  |  0  +  0        ‖  𝑧  ‖   𝐸   =  0  .    


          (7.1)        ∀  𝜀  >  0    ∃  𝛿  >  0    ∀  𝑧  ∈  𝐸          ‖    𝑧  −  𝑥   ‖   𝐸   <  𝛿    ⟹        ‖    𝑓  (  𝑧  )  −  𝑓  (  𝑥  )   ‖   𝐸   <  𝜀  .    


   𝑡  ,  𝑠  ∈  𝐸 


   𝜑  (    𝑥  𝑛   −    𝑥  𝑛  ′   )  =  𝜑  (    𝑥  𝑛   )  −  𝜑  (    ℎ  𝑛   ) 


       (  𝜑  (    𝑔  𝑛   )  )     𝑛  ∈  ℕ   


       (  𝜑  (    ℎ  𝑛   )  )     𝑛  ∈  ℕ   


      lim     𝑛  →  ∞      𝜑  (    ℎ  𝑛   )  =     lim     𝑛  →  ∞      𝜑  (    𝑔  𝑛   )  . 


   𝜓  (  𝑥  ) 


   𝑥  =     lim     𝑛  →  ∞        𝑥  𝑛  


   𝑦  =     lim     𝑛  →  ∞        𝑦  𝑛  


   (  𝑡    𝑥  𝑛   +    𝑦  𝑛     )    𝑛  ∈  ℕ   


   𝑡  𝑥  +  𝑦 


           𝜓  (  𝑡  𝑥  +  𝑦  )     =     lim     𝑛  →  ∞      𝜑  (  𝑡    𝑥  𝑛   +    𝑦  𝑛   )            =     lim     𝑛  →  ∞      𝑡  𝜑  (    𝑥  𝑛   )  +  𝜑  (    𝑦  𝑛   )            =  𝑡  𝜓  (  𝑥  )  +  𝜓  (  𝑦  )  .    


       ‖    𝜓  (  𝑥  )   ‖   𝐹   =     lim     𝑛  →  ∞          ‖    𝜑  (    𝑥  𝑛   )   ‖   𝐹   ≤     lim     𝑛  →  ∞          |      |      |  𝜑  |     |     |   𝐺  𝐹         ‖    𝑥  𝑛   ‖   𝐸   ≤      |      |      |  𝜑  |     |     |   𝐺  𝐸         ‖  𝑥  ‖   𝐸  


       |      |      |  𝜑  |     |     |   𝐺  𝐹  


   𝜃 


   𝜃  −  𝜓 


   𝐺  ⊆   ker   (  𝜃  −  𝜓  ) 


    ker   (  𝜃  −  𝜓  )  =  (  𝜃  −  𝜓    )    −  1    (  {  0  }  ) 


   {  0  } 


    ker   (  𝜃  −  𝜓  ) 


   𝐸  =     cl       (  𝐺  )    ⊆     cl       (     ker   (  𝜃  −  𝜓  )   )    =   ker   (  𝜃  −  𝜓  ) 


   𝜃  =  𝜓 


       ‖  𝑓  ‖   𝐷   ≔   sup       {  |  𝑓  (  𝑥  )  |  ∶  𝑥  ∈  𝐷  }     , 


       ‖  ⋅  ‖   𝐷  


       ‖  𝑓  ‖   𝐷   <  ∞ 


   ℬ  (  𝐷  ) 


   𝑓  ,  𝑔  ∈  ℬ  (  𝐷  ) 


   |  𝑡  𝑓  (  𝑥  )  +  𝑔  (  𝑥  )  |  ≤  |  𝑡  |      ‖  𝑓  ‖   𝐷   +      ‖  𝑔  ‖   𝐷  


       ‖    𝑡  𝑓  +  𝑔   ‖   𝐷   ≤  |  𝑡  |      ‖  𝑓  ‖   𝐷   +      ‖  𝑔  ‖   𝐷  


   0  ∈  ℬ  (  𝐷  ) 


       ‖  0  ‖   𝐷   =  0 


       ‖  𝑓  ‖   𝐷   =  0 


   |  𝑓  (  𝑥  )  |  =  0 


       ‖  𝑓  ‖   𝐷   =  0    ⟹    𝑓  =  0 


   (    𝑓  𝑛     )    𝑛  ∈  ℕ   


      lim     𝑛  →  ∞          ‖      𝑓  𝑛   −  𝑓   ‖   𝐷   =  0  . 


   (    𝑓  𝑛   ∶  𝐷  →  ℝ    )    𝑛  ∈  ℕ   


   (    𝑓  𝑛   (  𝑥  )    )    𝑛  ∈  ℕ   


   |  𝑓  (  𝑥  )  −    𝑓  𝑛   (  𝑥  )  |  ≤      ‖    𝑓  −    𝑓  𝑛    ‖   𝐷  


   𝑓  ∈  ℬ  (  𝐷  )  ↦  𝑓  (  𝑥  )  ∈  ℝ 


   |  𝑓  (  𝑥  )  |  ≤      ‖  𝑓  ‖   𝐷  


   𝑓  ∈  ℬ  (  𝐷  ) 


   𝑓  (  𝑥  )  =     lim     𝑛  →  ∞        𝑓  𝑛   (  𝑥  ) 


   |    𝑓  𝑛   (  𝑥  )  |  ≤      ‖    𝑓  𝑛   ‖   𝐷  


   (      ‖    𝑓  𝑛   ‖   𝐷     )    𝑛  ∈  ℕ   


       ‖      𝑓  𝑝   −    𝑓  𝑞    ‖   𝐷   <    𝜀  2  


     𝑀  𝑥   ∈  ℕ 


   𝑚  ≥    𝑀  𝑥  


   |    𝑓  𝑛   (  𝑥  )  −  𝑓  (  𝑥  )  |  <    𝜀  2  


   𝑝  ≥   max   {  𝑁  ,    𝑀  𝑥   } 


           |  𝑓  (  𝑥  )  −    𝑓  𝑛   (  𝑥  )  |     ≤  |  𝑓  (  𝑥  )  −    𝑓  𝑝   (  𝑥  )  |  +  |    𝑓  𝑝   (  𝑥  )  −    𝑓  𝑛   (  𝑥  )  |            <    𝜀  2   +    𝜀  2   =  𝜀  .    


       ‖      𝑓  𝑛   −  𝑓   ‖   𝐷   <  𝜀 


     𝐶  𝑏   (  𝐷  ) 


     𝑓  𝑛  


     𝑙  𝑛  


   (    𝑙  𝑛     )    𝑛  ∈  ℕ   


       ‖      𝑓  𝑛   −  𝑓   ‖   𝐷   <    𝜀  3  


     𝛿  𝑛   >  0 


   |  𝑥  −  𝑎  |  <    𝛿  𝑛  


   |    𝑓  𝑛   (  𝑥  )  −    𝑙  𝑛   |  <    𝜀  3  


   |  𝑥  −  𝑎  |  <   min   {    𝛿  𝑝   ,    𝛿  𝑞   } 


           |    𝑙  𝑝   −    𝑙  𝑞   |     ≤  |    𝑙  𝑝   −    𝑓  𝑝   (  𝑥  )  |  +  |    𝑓  𝑝   (  𝑥  )  −    𝑓  𝑞   (  𝑥  )  |  +  |    𝑓  𝑞   (  𝑥  )  −    𝑙  𝑞   |            <    𝜀  3   +    𝜀  3   +    𝜀  3   =  𝜀  .    


     𝑁  ′   ∈  ℕ 


   |    𝑙  𝑛   −  𝑙  |  <    𝜀  3  


   𝑀  =   max   {  𝑁  ,    𝑁  ′   } 


   |  𝑥  −  𝑎  |  <    𝛿  𝑀  


           |  𝑓  (  𝑥  )  −  𝑙  |     ≤  |  𝑓  (  𝑥  )  −    𝑓  𝑀   (  𝑥  )  |  +  |    𝑓  𝑀   (  𝑥  )  −    𝑙  𝑀   |  +  |    𝑙  𝑀   −  𝑙  |            ≤    𝜀  3   +    𝜀  3   +    𝜀  3   =  𝜀  .    


     𝑓  𝑛   (  𝑥  )  =     lim             𝑓  𝑛   (  𝑡  ) 


      lim     𝑛  →  ∞        𝑓  𝑛   (  𝑥  )  =  𝑓  (  𝑥  ) 


     𝐶  𝑏   (  𝐾  ) 


   𝑔  ∶  𝐾  →  ℝ 


       ‖    𝑓  −  𝑔   ‖   𝐾   <  𝜀 


   𝑁  ≔   max   {  𝑛  ∈  ℕ  ∶  𝑎  +  𝑛  𝛿  ≤  𝑏  } 


   𝑗  ∈  {  0  ,  …  ,  𝑁  } 


     𝜎  𝑗   ≔  𝑎  +  𝑗  𝛿 


     𝜎    𝑁  +  1    ≔  𝑏 


   𝑥  ∈  [  𝑎  ,  𝑏  ] 


     𝜎  0   ≤  𝑥  <    𝜎    𝑗  +  1   


   𝑔  (  𝑥  )  ≔      𝑥  −    𝜎  𝑗        𝜎    𝑗  +  1    −    𝜎  𝑗     𝑓  (    𝜎  𝑗   )  +        𝜎    𝑗  +  1    −  𝑥       𝜎    𝑗  +  1    −  𝜎    𝑓  (    𝜎    𝑗  +  1    )  . 


           |  𝑔  (  𝑥  )  −  𝑓  (  𝑥  )  |     =    |      𝑥  −    𝜎  𝑗        𝜎    𝑗  +  1    −    𝜎  𝑗     𝑓  (    𝜎  𝑗   )  +        𝜎    𝑗  +  1    −  𝑥       𝜎    𝑗  +  1    −    𝜎  𝑗     𝑓  (    𝜎    𝑗  +  1    )  −  𝑓  (  𝑥  )  |             ≤    1      𝜎    𝑗  +  1    −    𝜎  𝑗         (  |  𝑥  −    𝜎  𝑗   |  |  𝑓  (    𝜎  𝑗   )  −  𝑓  (  𝑥  )  |  +  |  𝑥  −    𝜎    𝑗  +  1    |  |  𝑓  (    𝜎    𝑗  +  1    )  −  𝑓  (  𝑥  )  |  )             ≤    1      𝜎    𝑗  +  1    −    𝜎  𝑗     (  (  𝑥  −    𝜎  𝑗   )  +  (    𝜎    𝑗  +  1    −  𝑥  )  )  𝜀            =  𝜀  .    


   (    𝜎  𝑗     )    𝑗  =  0   𝑛  


   {  0  ,  …  ,  𝑛  } 


   𝑎  =    𝜎  0   <    𝜎  1   <  ⋯  <    𝜎  𝑛   =  𝑏 


   #  𝜎 


   𝜎 


   𝑛 


   𝐹  ⊆  [  𝑎  ,  𝑏  ] 


   {    𝜎  𝑗   ∶  𝑗  ∈  {  0  ,  …  ,  #  𝜎  }  =  𝐹  ∪  {  𝑎  ,  𝑏  } 


   𝜂 


   𝜎  ≤  𝜂 


   {    𝜂  0   ,  …  ,    𝜂  𝑛   }  ⊆  {    𝜎  0   ,  …  ,    𝜎  𝑛   } 


   𝜂  ≤  𝜎 


   𝜎  ∧  𝜂 


   {    𝜎  0   ,  …  ,    𝜎    #  𝜎    }  ∪  {    𝜂  0   ,  …  ,    𝜂    #  𝜂    } 


   {  𝜎  ,  𝜂  } 


   𝜎  ∧  𝜂  ≤  𝜎 


   𝜎  ∧  𝜂  ≤  𝜂 


   𝜁 


   𝜁  ≤  𝜎 


   𝜁  ≤  𝜂 


   𝜁  ≤  𝜎  ∧  𝜂 


     𝐶  𝑏   (  [  𝑎  ,  𝑏  ]  ) 


               ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]          |      |      |    ∫  𝑎  𝑏   |     |     |        −    ∫  𝑎  𝑏   𝑓     =    ∫  𝑎  𝑏   (      ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]    −  𝑓  )  ≤      |      |      |    ∫  𝑎  𝑏   |     |     |              ‖        ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]    −  𝑓   ‖     [  𝑎  ,  𝑏  ]       ≤      |      |      |    ∫  𝑎  𝑏   |     |     |              ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]    .      


     ∫  𝑎  𝑏   𝑓 


     ∫  𝑎  𝑏   𝑓  (  𝑥  )    𝑑  𝑥 


   𝑘  ∈  ℝ 


     ∫  𝑎  𝑏   𝑘  =  𝑘  (  𝑏  −  𝑎  ) 


   𝑓  ∶  [  𝑎  ,  𝑏  ]  →  ℝ 


   ∀  𝑥  ∈  [  𝑎  ,  𝑏  ]    𝑓  (  𝑥  )  ≤  𝑔  (  𝑥  )  . 


     ∫  𝑎  𝑎   𝑓  =  0  . 


   {  𝑎  }  =  [  𝑎  ,  𝑎  ] 


     ∫  𝑎  𝑎   𝑓  =  𝑓  (  𝑎  )  (  𝑎  −  𝑎  )  =  0  , 


   𝑎  ≤  𝑏  ∈  ℝ 


   𝑚  ,  𝑀  ∈  ℝ 


   𝑥  ∈  [  𝑎  ,  𝑏  ] 


   𝑚  ≤  𝑓  (  𝑥  )  ≤  𝑀 


   𝑚  (  𝑏  −  𝑎  )  ≤    ∫  𝑎  𝑏   𝑓  ≤  𝑀  (  𝑏  −  𝑎  )  . 


   𝑚  ,  𝑀 


   𝑚  ≤  𝑓  ≤  𝑀 


   𝑓  ≤  𝑀 


     ∫  𝑎  𝑏   𝑓  ≤    ∫  𝑎  𝑏   𝑀  . 


     ∫  𝑎  𝑏   𝑀  =  𝑀  (  𝑏  −  𝑎  ) 


     ∫  𝑎  𝑏   𝑓  ≤  𝑀  (  𝑏  −  𝑎  ) 


   ∫ 


     ∫  𝑏  𝑎   𝑓  =  −    ∫  𝑎  𝑏   𝑓  . 


   𝑎  ,  𝑏  ,  𝑐  ∈  ℝ 


   𝑎  ,  𝑏  ,  𝑐 


     ∫  𝑎  𝑏   𝑓  +    ∫  𝑏  𝑐   𝑓  +    ∫  𝑐  𝑎   𝑓  =  0  . 


   𝑎  ≤  𝑏  ≤  𝑐 


     ∫  𝑎  𝑐   𝑓  =    ∫  𝑎  𝑏   𝑓  +    ∫  𝑏  𝑐   𝑓 


     ∫  𝑎  𝑏   𝑓  +    ∫  𝑏  𝑐   𝑓  +    ∫  𝑐  𝑎   𝑓  =    ∫  𝑎  𝑐   𝑓  +    ∫  𝑐  𝑎   𝑓  =  0  . 


   𝑏  ≤  𝑐  ≤  𝑎 


   𝑐  ≤  𝑎  ≤  𝑏 


   𝑏  ≤  𝑎  ≤  𝑐 


             ∫  𝑎  𝑏   𝑓  +    ∫  𝑏  𝑐   𝑓  +    ∫  𝑐  𝑎   𝑓     =  −    ∫  𝑏  𝑎   𝑓  +    ∫  𝑏  𝑐   𝑓  −    ∫  𝑎  𝑐   𝑓            =    ∫  𝑏  𝑐   −  (    ∫  𝑏  𝑎   𝑓  +    ∫  𝑎  𝑐   𝑓  )            =    ∫  𝑏  𝑐   −    ∫  𝑏  𝑐   𝑓  =  0  ,    


   𝑎  ≤  𝑐  ≤  𝑏 


   𝑐  ≤  𝑏  ≤  𝑎 


   𝐹  ∶  𝑥  ∈  [  𝑎  ,  𝑏  ]  →    ∫  𝑎  𝑥   𝑓 


   𝐹 


       ‖  𝑓  ‖   ∞  


       ‖  𝑓  ‖   ∞   =   sup   {  |  𝑓  (  𝑥  )  |  ∶  𝑥  ∈  [  𝑎  ,  𝑏  ]  } 


   −      ‖  𝑓  ‖   ∞   ≤  𝑓  (  𝑥  )  ≤      ‖  𝑓  ‖   ∞  


   𝑥  ,  𝑦  ∈  [  𝑎  ,  𝑏  ] 


           −      ‖  𝑓  ‖   ∞   (  𝑦  −  𝑥  )  ≤  𝐹  (  𝑥  )  −  𝐹  (  𝑦  )  =    ∫  𝑥  𝑦   𝑓  ≤      ‖  𝑓  ‖   ∞   (  𝑦  −  𝑥  )  ,      


   |  𝐹  (  𝑥  )  −  𝐹  (  𝑦  )  |  ≤      ‖  𝑓  ‖   ∞   |  𝑥  −  𝑦  | 


   |  𝐹  (  𝑥  )  −  𝐹  (  𝑦  )  |  =  |  𝐹  (  𝑦  )  −  𝐹  (  𝑥  )  | 


   |  𝐹  (  𝑥  )  −  𝐹  (  𝑦  )  |  ≤      ‖  𝑓  ‖   ∞   |  𝑥  −  𝑦  | 


   𝐹  ∶  [  𝑎  ,  𝑏  ]  →  ℝ 


   ∀  𝑥  ∈  (  𝑎  ,  𝑏  )      𝐹  ′   (  𝑥  )  =  𝑓  (  𝑥  )  . 


   𝐹  ∶  [  𝑎  ,  𝑏  ]  →  ℝ 


   𝐺  ∶  [  𝑎  ,  𝑏  ]  →  ℝ 


   𝑐  ∈  ℝ 


   𝐹  =  𝐺  +  𝑐 


   ∀  𝑥  ∈  [  𝑎  ,  𝑏  ]    𝐹  (  𝑥  )  =  𝐺  (  𝑥  )  +  𝑐  . 


   𝐹  ∶  𝑥  ∈  [  𝑎  ,  𝑏  ]  ↦    ∫  𝑎  𝑥   𝑓  , 


   𝑥  ∈  (  𝑎  ,  𝑏  ) 


   ℎ  >  0 


   𝑥  +  ℎ  ∈  (  𝑎  ,  𝑏  ) 


          (9.1)        1  ℎ       (  𝐹  (  𝑥  +  ℎ  )  −  𝐹  (  𝑥  )  )      =    1  ℎ       (    ∫  𝑎    𝑥  +  ℎ    𝑓  −    ∫  𝑎  𝑥   𝑓  )             =    1  ℎ       (    ∫  𝑥    𝑥  +  ℎ    𝑓  )        by Proposition (??).     


   [  𝑥  ,  𝑥  +  ℎ  ] 


     𝑚  ℎ   ,    𝑀  ℎ   ∈  [  𝑥  ,  𝑥  +  ℎ  ] 


   𝑡  ∈  [  𝑥  ,  𝑥  +  ℎ  ] 


   𝑓  (    𝑚  ℎ   )  ≤  𝑓  (  𝑡  )  ≤  𝑓  (    𝑀  ℎ   )  . 


          (9.2)        ℎ  𝑓  (    𝑚  ℎ   )  ≤    ∫  𝑥    𝑥  +  ℎ    𝑓  ≤  ℎ  𝑓  (    𝑀  ℎ   )  .    


   𝑓  (    𝑚  ℎ   )  ≤    1  ℎ       (  𝐹  (  𝑥  +  ℎ  )  −  𝐹  (  𝑥  )  )   ≤  𝑓  (    𝑀  ℎ   )  . 


   𝑥  ≤    𝑚  ℎ   ≤  𝑥  +  ℎ 


      lim           𝑥  =     lim           𝑥  +  ℎ  =  𝑥 


      lim             𝑚  ℎ   =  𝑥 


      lim           𝑓  (    𝑚  ℎ   )  =  𝑓  (  𝑥  ) 


      lim           𝑓  (    𝑀  ℎ   )  =  𝑓  (  𝑥  ) 


          (9.3)           lim             1  ℎ       (  𝐹  (  𝑥  +  ℎ  )  −  𝐹  (  𝑥  )  )   =  𝑓  (  𝑥  )  .    


      lim             1  ℎ       (  𝐹  (  𝑥  +  ℎ  )  −  𝐹  (  𝑥  )  )   =  𝑓  (  𝑥  ) 


   ℎ  <  0 


   𝑥  +  ℎ  ∈  (  𝑎  ,  𝑏  ) 


             1  ℎ       (  𝐹  (  𝑥  +  ℎ  )  −  𝐹  (  𝑥  )  )      =    1  ℎ     ∫  𝑥    𝑥  +  ℎ    𝑓            =      −  1   ℎ     ∫    𝑥  +  ℎ   𝑥   𝑓  .    


     𝑚  ℎ   ,    𝑀  ℎ   ∈  [  𝑥  +  ℎ  ,  𝑥  ] 


   𝑓  (    𝑚  ℎ   )  ≤  𝑓  (  𝑡  )  ≤  𝑓  (    𝑀  ℎ   ) 


   𝑡  ∈  [  𝑥  +  ℎ  ,  𝑥  ] 


   𝑥  +  ℎ  <  𝑥 


   −  ℎ  𝑓  (    𝑚  ℎ   )  ≤    ∫    𝑥  +  ℎ   𝑥   𝑓  ≤  −  ℎ  𝑓  (    𝑀  ℎ   )  . 


   𝑓  (    𝑚  ℎ   )  ≤    1  ℎ       (  𝐹  (  𝑥  +  ℎ  )  −  𝐹  (  𝑥  )  )   ≤  𝑓  (    𝑀  ℎ   ) 


          (9.4)           lim             1  ℎ       (  𝐹  (  𝑥  +  ℎ  )  −  𝐹  (  𝑥  )  )   =  𝑓  (  𝑥  )  .    


     𝐹  ′   (  𝑥  )  =  𝑓  (  𝑥  ) 


     𝐹  ′   =  𝑓 


     ∫  𝑎  𝑏   𝑓  =  𝐹  (  𝑏  )  −  𝐹  (  𝑎  )  . 


   𝐹  ∶  𝑥  ∈  [  𝑎  ,  𝑏  ]  ↦    ∫  𝑎  𝑥   𝑓 


   𝑐  ∈  ℝ 


   𝐹  +  𝑐  =  𝐹 


   𝐹  (  𝑏  )  −  𝐹  (  𝑎  )  =  𝐹  (  𝑏  )  +  𝑐  −  (  𝐹  (  𝑎  )  +  𝑐  )  =  𝐹  (  𝑏  )  −  𝐹  (  𝑎  )  =  𝐹  (  𝑏  )  =    ∫  𝑎  𝑏   𝑓  , 


     ∫  𝑎  𝑏     𝑓  ′   =  𝑓  (  𝑏  )  −  𝑓  (  𝑎  )  . 


     𝑓  ′  


   (  [  𝑎  ,  𝑏  ]  ,  𝑓  ) 


   𝜇  ,  𝜆  ∈  ℝ 


     ∫  𝑎  𝑏   (  𝜆  𝑓  +  𝜇  𝑔  )  =  𝜆    ∫  𝑎  𝑏   𝑓  +  𝜇    ∫  𝑎  𝑏   𝑔  . 


   𝐹  ∶  𝑥  ∈  [  𝑎  ,  𝑏  ]  →    ∫  𝑎  𝑥   𝑓 


   𝐺  ∶  𝑥  ∈  [  𝑎  ,  𝑏  ]  →    ∫  𝑎  𝑥   𝑔 


   𝐻  =  𝜆  𝐹  +  𝜇  𝐺 


     𝐻  ′   =  𝜆    𝐹  ′   +  𝜇    𝐺  ′   =  𝜆  𝑓  +  𝜇  𝑔 


   𝜆  𝑓  +  𝜇  𝑔 


             ∫  𝑎  𝑏   (  𝜆  𝑓  +  𝜇  𝑔  )     =  𝐻  (  𝑏  )  −  𝐻  (  𝑎  )            =  𝜆  𝐹  (  𝑏  )  +  𝜇  𝐺  (  𝑏  )  −  (  𝜆  𝐹  (  𝑎  )  +  𝜇  𝐺  (  𝑎  )  )            =  𝜆  (  𝐹  (  𝑏  )  −  𝐹  (  𝑎  )  )  +  𝜇  (  𝐺  (  𝑏  )  −  𝐺  (  𝑎  )  )            =  𝜆    ∫  𝑎  𝑏   𝑓  +  𝜇    ∫  𝑎  𝑏   𝑔  .    


     ∫  𝑎  𝑏   0  =  0 


   𝑓  (  𝑥  )  ≥  0 


   (  𝐸  ,  ≤  ) 


     {    1  𝑛   ∶  𝑛  ∈  ℕ  }   ⊆  𝑆 


   0  ≤   inf     𝑆  ≤   inf       {    1  𝑛   ∶  𝑛  ∈  ℕ  }   =  0 


    inf     𝑆  =  0 


   𝑥  <  0 


           𝑥     =  −  (  −  𝑥  )            =  −   inf   {  𝑞  ∈  ℚ  ∶  −  𝑥  ≤  𝑞  }            =   sup   {  −  𝑞  ∈  ℚ  ∶  −  𝑥  ≤  −  𝑞  }            =   sup   {  𝑞  ∈  ℚ  ∶  𝑞  ≤  𝑥  }  .    


   𝑥  =   inf   {  𝑞  ∈  ℚ  ∶  𝑥  ≤  𝑞  } 


     𝑆  ′   =  {  𝑞  ∈  ℚ  ∶  𝑥  ≤  𝑞  } 


   𝑆  ⊆    𝑆  ′  


   𝑥  ≤   inf       𝑆  ′   ≤   inf     𝑆  =  𝑥 


   𝑥  =   inf       𝑆  ′  


   𝑥  ∈  ℚ 


     𝑆  ′  


    inf       𝑆  ′   =  𝑥 


   𝑥  ∉  𝑄 


   𝑆  =    𝑆  ′  


    inf       𝑆  ′   =   inf     𝑆  =  𝑥 


   𝑥  =   sup       {  𝑞  ∈  ℚ  ∶  𝑞  ≤  𝑥  }  


   ℝ 


   𝐶  ⊆  ℚ 


   𝐶  ≠  ∅ 


   ∀  𝑥  ,  𝑦  ∈  ℚ    𝑥  <  𝑦    and    𝑥  ∈  𝐶    ⟹    𝑦  ∈  𝐶 


   𝐶 


     𝑞  ℝ   =  {  𝑥  ∈  𝑄  ∶  𝑥  >  𝑞  } 


     𝑞  ℝ  


   𝑥  ,  𝑦 


   𝑦  ⊆  𝑥 


   𝑥  ⊈  𝑦 


   𝑡  ∈  𝑦 


   𝑠  ∈  𝑥 


   𝑠  ≥  𝑡 


   ∀  𝑠  ∈  𝑥    𝑠  ∈  𝑦 


   𝑥  ⊈  𝑦 


   𝑠  ∈  𝑥 


   𝑠  <  𝑡 


   𝑡  ∈  𝑥 


   𝑦  ⊆  𝑥 


   𝑥  =  ⋃  𝑆 


   ⊆ 


   𝑚 


   𝑚  ≤  𝑡 


   𝑡  ∈  𝑆 


   𝑡  ⊆  𝑚 


   𝑡  ∈  𝑆 


   𝑥  ⊆  𝑚 


   𝑡  ,  𝑠  ∈  ℚ 


   𝑡  <  𝑠 


   𝑦  ∈  𝑆 


   𝑠  ∈  𝑦 


   𝑚  ∈  ℚ 


   𝑚  ∈  𝑦 


   𝑢  ∈  𝑦 


   𝑢  <  𝑚 


   𝑢  ∈  𝑥 


   𝑚  =   min     𝑥 


   𝑥    +  ℝ   𝑦 


   𝑥    +  ℝ   𝑦  =    {  𝑡  +  𝑠  ∶  𝑡  ∈  𝑥  ,  𝑠  ∈  𝑦  }  


   𝑥    +  ℝ   𝑦 


     𝑀  𝑥   ,    𝑀  𝑦   ∈  ℚ 


   𝑠  ∈  𝑦 


     𝑀  𝑥   <  𝑡 


     𝑀  𝑦   <  𝑠 


     𝑀  𝑥   +    𝑀  𝑦   <  𝑠  +  𝑡 


   𝑡  <  𝑠 


   𝑡  ∈  𝑥    +  ℝ   𝑦 


   𝑡  =  𝑢  +  𝑣 


   𝑢  ∈  𝑥 


   𝑣  ∈  𝑦 


   𝑠  −  𝑢  >  𝑡  −  𝑢  =  𝑣 


   𝑠  −  𝑢  ∈  𝑦 


   𝑠  =  𝑢  +  (  𝑠  −  𝑢  )  ∈  𝑥    +  ℝ   𝑦 


   𝑠  ∈  𝑥    +  ℝ   𝑦 


   𝑠  =  𝑢  +  𝑣 


   𝑎  ∈  𝑥 


   𝑎  +  𝑣  ∈  𝑥    +  ℝ   𝑦 


   𝑢  +  𝑣  =  𝑠  ≤  𝑎  +  𝑣 


   𝑢  ≤  𝑎 


   𝑢 


     +  ℝ  


     0  ℝ  


   𝑥  ⊆  ℚ 


   𝑡  ∈  𝑥    +  ℝ     0  ℝ  


   𝑡  =  𝑢  +  𝑣 


   𝑣  >  0 


   𝑡  >  𝑢 


   𝑥  +    0  ℝ   ⊆  𝑥 


   𝑢  <  𝑡 


   𝜀  =  𝑡  −  𝑢  >  0 


   𝜀  ∈    0  ℝ  


   𝑡  =  𝑢  +  𝜀 


   𝑥    +  ℝ     0  ℝ   =  𝑥 


   𝑥  ,  𝑦  ,  𝑧 


   𝑡  ∈  (  𝑥    +  ℝ   𝑦  )    +  ℝ   𝑧 


   𝑢  ∈  𝑥    +  ℝ   𝑦 


   𝑣  ∈  𝑧 


   𝑤  ∈  𝑦 


   𝑢  =  𝑠  +  𝑤 


   𝑡  =  (  𝑠  +  𝑤  )  +  𝑣  =  𝑠  +  (  𝑤  +  𝑣  ) 


   𝑡  ∈  𝑥    +  ℝ   (  𝑦    +  ℝ   𝑧  ) 


   (  𝑥    +  ℝ   𝑦  )    +  ℝ   𝑧  ⊆  𝑥    +  ℝ   (  𝑦    +  ℝ   𝑧  ) 


   𝑥    +  ℝ   (  𝑦    +  ℝ   𝑧  )  ⊆  (  𝑥    +  ℝ   𝑦  )    +  ℝ   𝑧 


   𝑠  >    𝑚    𝑚  −  1   


   0  <  𝑞  <    𝑡  𝑛  


   𝑚  =   min   {  𝑘  ≥  𝑛  ∶  𝑘  𝑞  ∈  𝑥  } 


   (  𝑚  −  1  )  𝑞  ∉  𝑥 


   𝑡  >  (  𝑚  −  1  )  𝑞 


   𝑡    𝑠    𝑚  𝑞    >  (  𝑚  −  1  )  𝑞    𝑠    𝑚  𝑞    =      𝑚  −  1   𝑚   𝑠  >      𝑚  −  1   𝑚     𝑚    𝑚  −  1    =  1  . 


     𝑠    𝑚  𝑞    ∈    𝑥    −  1   


   𝑠  =    [  ⎵   1  𝑝  𝑡  ]      𝑚  𝑞     ∈  𝑥      [  ⎵   1  𝑝  𝑡  ]      𝑠    𝑚  𝑞      ∈    𝑥    −  1     


   𝑠  ∈  𝑥    𝑥    −  1   


   𝑥    𝑥    −  1    =    1  ℝ  


   𝑥  ,  𝑦  ,  𝑧  ∈    ℝ  +  


   𝑥  (  𝑦    +  ℝ   𝑧  )  =  𝑥  𝑦    +  ℝ   𝑥  𝑧 


   𝑥  ,  𝑦  ∈  ℝ 


   𝑦  ≤  0 


   𝑥  𝑦  =  𝑥  (  −  𝑦  ) 


   𝑥  ≤  0 


   𝑥  𝑦  =  (  −  𝑥  )  𝑦 


   𝑥  𝑦  =  (  −  𝑥  )  (  −  𝑦  ) 


   (  ℝ  ,  +  ) 


   (    ℝ  +   ∖  {  0  }  ,  ⋅  ) 


   𝑥  ≥  0 


   𝑦  ≥  0 


   𝑥  𝑦  ≥  0 


   ≤ 


   (  −  𝑥    )    −  1   


   𝑥  ,  𝑦  ,  𝑧  ∈  ℝ 


   𝑧  ≥  0 


   𝑦    +  ℝ   𝑧  ≥  0 


           𝑥  𝑧     =  𝑥  (  𝑧    +  ℝ     0  ℝ   )            =  𝑥      (    [  ⎵   1  𝑝  𝑡  ]      𝑧    +  ℝ   𝑦     ≥  0    +    [  ⎵   1  𝑝  𝑡  ]      (  −  𝑦  )     ≥  0    )             =  𝑥  (  𝑧    +  ℝ   𝑦  )  +  𝑥  (  −  𝑦  )    


   𝑥  𝑧  +  𝑥  𝑦  =  𝑥  (  𝑧    +  ℝ   𝑦  ) 


   𝐴  ⊆  ℝ 


   𝑥  ∈  ℝ 


   ∀  𝜀  >  0    ∃  𝑦  ∈  𝐴    𝑦  <  𝑥  +  𝜀  . 


   𝑥  +  𝜀  >  𝑥 


   𝑥  +  𝜀 


   𝑦  ∈  𝐴 


   𝑦  <  𝑥  +  𝜀 


   𝑦  <  𝑥  +  𝜀 


   𝑧  >  𝑥 


   𝜀  =  𝑧  −  𝑥  >  0 


   𝑦  <  𝑥  +  𝜀  =  𝑧 


   𝑧 


   {    1  𝑛   ∶  𝑛  ∈  ℕ  ∖  {  0  }  } 


   𝑆  =    {    1  𝑛   ∶  𝑛  ∈  ℕ  ∖  {  0  }  }  


   𝑥  =   inf     𝑆  ≥  0 


   𝑥  ≤    1    2  𝑛   


   𝑥  +  𝑥  ≤    1  𝑛  


   𝑛  ∈  ℕ  ∖  {  0  } 


   𝑥  +  𝑥  ≤  𝑥 


    dist   (  𝑥  ,  𝐴  ) 


   𝑥  ∈  ℝ 


    dist   (  𝑥  ,  𝐴  )  =   inf       {  |  𝑥  −  𝑦  |  ∶  𝑦  ∈  𝐴  }   . 


   ∀  𝐴  ⊆  ℝ    𝐴  ≠  ∅    ⟹    0  ≤   dist   (  𝑥  ,  𝐴  ) 


   ∀  𝑥  ,  𝑦  ∈  ℝ     dist   (  𝑥  ,  {  𝑦  }  )  =  |  𝑥  −  𝑦  | 


   ∀  𝑥  ∈  ℝ    ∀  𝐴  ⊆  ℝ    𝐴    finite, not empty     ⟹     dist   (  𝑥  ,  𝐴  )  =   min   {  |  𝑥  −  𝑦  |  ∶  𝑦  ∈  𝐴  } 


   ∀  𝐴  ⊆  ℝ    ∀  𝑥  ∈  ℝ    𝑥  ∈  𝐴    ⟹     dist   (  𝑥  ,  𝐴  )  =  0 


   ∀  𝐴  ,  𝐵  ⊆  ℝ    𝐴  ⊆  𝐵    and    𝐴  ≠  ∅    ⟹    ∀  𝑥  ∈  ℝ     dist   (  𝑥  ,  𝐵  )  ≤   dist   (  𝑥  ,  𝐴  ) 


   ∀  𝐴  ⊆  ℝ    𝐴  ≠  ∅    ⟹    ∀  𝑥  ,  𝑦  ∈  ℝ        |   dist   (  𝑥  ,  𝐴  )  −   dist   (  𝑦  ,  𝐴  )  |   ≤  |  𝑥  −  𝑦  | 


   {  |  𝑥  −  𝑦  |  ∶  𝑦  ∈  𝐴  } 


   𝐴  ≠  ∅ 


   0  ≤   dist   (  𝑥  ,  𝐴  ) 


    inf   {  |  𝑥  −  𝑧  |  ∶  𝑧  ∈  {  𝑦  }  }  =   min   {  |  𝑥  −  𝑦  |  }  =  |  𝑥  −  𝑦  | 


   0  =  |  𝑥  −  𝑥  |  ∈  {  |  𝑥  −  𝑦  |  ∶  𝑦  ∈  𝐴  } 


    dist   (  𝑥  ,  𝐴  )  ≤  0 


    dist   (  𝑥  ,  𝐴  )  =  0 


   𝐴  ,  𝐵  ⊆  ℝ 


   𝐴  ⊆  𝐵 


     {  |  𝑥  −  𝑦  |  ∶  𝑦  ∈  𝐴  }   ⊆    {  |  𝑥  −  𝑦  |  ∶  𝑦  ∈  𝐵  }  


    dist   (  𝑥  ,  𝐴  )  =   inf       {  |  𝑥  −  𝑦  |  ∶  𝑦  ∈  𝐴  }   ≥    {  |  𝑥  −  𝑦  |  ∶  𝑦  ∈  𝐵  }   =   dist   (  𝑥  ,  𝐵  )  . 


   𝑧  ∈  𝐴 


            dist   (  𝑥  ,  𝐴  )  ≤  |  𝑥  −  𝑧  |  ≤  |  𝑥  −  𝑦  |  +  |  𝑦  −  𝑧  |  ,      


    dist   (  𝑥  ,  𝐴  )  −  |  𝑥  −  𝑦  |  ≤   dist   (  𝑦  ,  𝐴  ) 


    dist   (  𝑥  ,  𝐴  )  −   dist   (  𝑦  ,  𝐴  )  ≤  |  𝑥  −  𝑦  |  . 


    dist   (  𝑦  ,  𝐴  )  −   dist   (  𝑥  ,  𝐴  )  ≤  |  𝑥  −  𝑦  | 


     |   dist   (  𝑥  ,  𝐴  )  −   dist   (  𝑦  ,  𝐴  )  |   ≤  |  𝑥  −  𝑦  |  , 


   𝑥  ∈  𝐴 


    cl       (  𝐴  )  


      cl       (  𝐴  )    =    {  𝑥  ∈  ℝ  ∶   dist   (  𝑥  ,  𝐴  )  =  0  }   . 


      cl       (  ∅  )    =  ∅ 


   𝑎  ,  𝑏  ∈  ℝ 


   𝑀  >  0 


   𝜀  ∈  (  0  ,  𝑀  ) 


   𝑎  ≤  𝑏  +  𝜀 


   𝑎  ≤  𝑏 


   𝑎  >  𝑏 


   𝜀  =   min   {  𝑀  ,      𝑎  −  𝑏   2   }  >  0 


   𝑏  +  𝜀  ≤      𝑏  +  𝑎   2   <  𝑎 


   ∀  𝜀  >  0    𝑎  ≤  𝑏  +  𝜀 


   ∀  𝐴  ⊆  ℝ    𝐴  ⊆     cl       (  𝐴  )   


   ∀  𝐴  ⊆  ℝ       cl       (     cl       (  𝐴  )    )    =     cl       (  𝐴  )   


   ∀  𝐴  ,  𝐵  ⊆  ℝ    𝐴  ⊆  𝐵    ⟹       cl       (  𝐴  )    ⊆     cl       (  𝐵  )   


   ∀  𝐴  ,  𝐵  ⊆  ℝ       cl       (    𝐴  ∪  𝐵   )    =     cl       (  𝐴  )    ∪     cl       (  𝐵  )   


   𝐴  =  ∅ 


   𝐵  =  ∅ 


   𝐴  ≠  ∅ 


   𝑥  ∈     cl       (  𝐴  )   


   𝐴  ⊆     cl       (  𝐴  )   


      cl       (  𝐴  )    ⊆     cl       (     cl       (  𝐴  )    )   


   𝑥  ∈     cl       (     cl       (  𝐴  )    )   


    dist   (  𝑥  ,     cl       (  𝐴  )    )  =  0 


   [  𝑎  ,  𝑏  ] 


   𝐹  ⊆  ℝ 


   𝐹  =     cl       (  𝐴  )   


      cl       (     cl       (  𝐴  )    )    =     cl       (  𝐴  )   


   𝐹  =     cl       (  𝐹  )   


   𝐹  ,  𝐺  ⊆  ℝ 


   𝐹  ∪  𝐺 


   ℱ  ⊆    2  ℝ  


   ⋂  ℱ  ∶  =    {  𝑥  ∈  ℝ  ∶  ∀  𝐹  ∈  ℱ    𝑥  ∈  𝐹  }  


   𝐹  ,  𝐺  ⊆  𝐸 


      cl       (    𝐹  ∪  𝐺   )    =     cl       (  𝐹  )    ∪     cl       (  𝐺  )    =  𝐹  ∪  𝐺  , 


   ℱ 


     2  ℝ  


   ⋂  ℱ  ⊆     cl       (    ⋂  ℱ   )   


   𝐹  ∈  ℱ 


   ⋂  ℱ  ⊆  𝐹 


      cl       (    ⋂  ℱ   )    ⊆     cl       (  𝐹  )    =  𝐹 


   𝐹  ∈  ℱ 


      cl       (    ⋂  ℱ   )    ⊆  ⋂  ℱ 


      cl       (    ⋂  ℱ   )    =  ⋂  ℱ 


   ⋂  ℱ 


   (    𝐹  𝑗     )    𝑗  ∈  𝐽   


     ⋂    𝑗  ∈  𝐽      𝐹  𝑗   =  ⋂    {    𝐹  𝑗   ∶  𝑗  ∈  𝐽  }  


      cl       (  𝐴  )    =  ⋂    {  𝐹  ⊆  ℝ  ∶  𝐹    is closed and    𝐴  ⊆  𝐹  }   . 


   ⋂    {  𝐹  ⊆  ℝ  ∶  𝐹    is closed and    𝐴  ⊆  𝐹  }   ⊆     cl       (  𝐴  )    . 


   𝐴  ⊆  𝐹 


      cl       (  𝐴  )    ⊆     cl       (  𝐹  )    =  𝐹 


      cl       (  𝐴  )    ⊆  ⋂    {  𝐹  ⊆  ℝ  ∶  𝐹    is closed and    𝐴  ⊆  𝐹  }   . 


    sup     𝐹  ∈  𝐹 


   𝐹 


    inf     𝐹  ∈  𝐹 


   𝑥  ∈  𝐹 


    sup     𝐹  −  𝜀  <  𝑥  ≤   sup     𝐹 


    dist   (   sup     𝐹  ,  𝐹  )  ≤  |   sup     𝐹  −  𝑥  |  <  𝜀 


    dist   (   sup     𝐹  ,  𝐹  )  =  0 


    sup     𝐹  ∈     cl       (  𝐹  )    =  𝐹 


   ℝ  ∖  [  𝑎  ,  𝑏  ]  =  (  −  ∞  ,  𝑎  )  ∪  (  𝑏  ,  ∞  ) 


      cl       (    (  −  ∞  ,  𝑎  )  ∪  (  𝑏  ,  ∞  )   )    =     cl       (    (  −  ∞  ,  𝑎  )   )    ∪     cl       (    (  𝑏  ,  ∞  )   )    =  (  −  ∞  ,  𝑎  ]  ∪  [  𝑏  ,  ∞  ) 


   ℝ  ∖  𝑈 


   𝑈  ,  𝑉  ⊆  ℝ 


   𝑈  ∩  𝑉 


   𝒰  ⊆    2  ℝ  


   ⋃  𝒰  ∶  =    {  𝑥  ∈  ℝ  ∶  ∃  𝑈  ∈  𝒰    𝑥  ∈  𝑈  }  


   (  𝑎  ,  𝑏  ) 


   ℝ  ∖  (  𝑎  ,  𝑏  )  =  (  −  ∞  ,  𝑎  ]  ∪  [  𝑏  ,  ∞  ) 


   𝑥  ≠  𝑦 


   𝑉 


   𝑥  ∈  𝑈 


   𝑦  ∈  𝑉 


   𝛿  =      |  𝑥  −  𝑦  |   2   >  0 


   𝑈  =  (  𝑥  −  𝛿  ,  𝑥  +  𝛿  ) 


   𝑉  =  (  𝑦  −  𝛿  ,  𝑦  +  𝛿  ) 


   𝑈  ⊆  ℝ 


          (2.1)        ∀  𝑥  ∈  𝑈    ∃    𝛿  𝑥   >  0    (  𝑥  −    𝛿  𝑥   ,  𝑥  +    𝛿  𝑥   )  ⊆  𝑈  .    


   𝑥  ∈  𝑈 


   𝑥  ∉  ℝ  ∖  𝑈 


   ℝ  ∖  𝑈  =     cl       (    ℝ  ∖  𝑈   )   


    dist   (  𝑥  ,  ℝ  ∖  𝑈  )  >  0 


     𝛿  𝑥   =   dist   (  𝑥  ,  ℝ  ∖  𝑈  ) 


   𝑦  ∈  (  𝑥  −    𝛿  𝑥   ,  𝑥  +    𝛿  𝑥   ) 


   |  𝑥  −  𝑦  |  <    𝛿  𝑥  


   𝑦  ∉  ℝ  ∖  𝑈 


   𝑦  ∈  𝑈 


     𝛿  𝑥   >  0 


   𝑦  ∈  𝐸 


    dist   (  𝑥  ,  𝑦  )  <    𝛿  𝑥  


     𝛿  𝑥   >  0 


   (  𝑥  −    𝛿  𝑥   ,  𝑥  +    𝛿  𝑋   )  ⊆  𝑈 


   𝑈  =    ⋃    𝑥  ∈  𝑈    (  𝑥  −    𝛿  𝑥   ,  𝑥  +    𝛿  𝑥   ) 


   (  𝑥  −    𝛿  𝑥   ,  𝑥  +    𝛿  𝑥   ) 


   𝑈  =  ⋃    {  𝐼  ⊆  𝑈  ∶        𝐼   is an open interval   }   . 


   ⋃    {  𝐼  ⊆  𝑈  ∶        𝐼   is an open interval    }   ⊆  𝑈 


      cl       (  𝐴  )    =    {  𝑥  ∈  ℝ  ∶  ∀  𝑈  ⊆  ℝ        𝑈   open and    𝑥  ∈  𝑈    ⟹    𝑈  ∩  𝐴  ≠  ∅  }   . 


   𝑉  ⊆  ℝ 


   𝑥  ∈  𝑉 


   𝛿  >  0 


   (  𝑥  −  𝛿  ,  𝑥  +  𝛿  )  ⊆  𝑉 


    dist   (  𝑥  ,  𝑦  )  <  𝛿 


   𝑦  ∈  𝑉  ∩  𝐴 


   𝑉  ∩  𝐴  ≠  ∅ 


   𝑥  ∈  𝑉 


   𝐴  ∩  𝑉  ≠  ∅ 


   𝑦  ∈  𝐴  ∩  (  𝑥  −  𝜀  ,  𝑥  +  𝜀  ) 


    dist   (  𝑥  ,  𝐴  )  ≤  |  𝑥  −  𝑦  |  <  𝜀  . 


   𝑥  ∈     cl       (  𝐴  )   


   𝑥  ∉     cl       (  𝐴  )   


   𝑥  ∈  ℝ  ∖     cl       (  𝐴  )   


   𝑉  =  ℝ  ∖     cl       (  𝐴  )   


   ℝ  ∖     cl       (  𝐴  )    ⊆  ℝ  ∖  𝐴 


   𝑉  ∩  𝐴  =  ℝ  ∖     cl       (  𝐴  )    ∩  𝐴  ⊆  ℝ  ∖  𝐴  ∩  𝐴  =  ∅ 


   𝐴  ∩  𝑉  =  ∅ 


   𝐴  ⊆  ℝ  ∖  𝑉 


   ℝ  ∖  𝑉 


      cl       (  𝐴  )    ⊆  ℝ  ∖  𝑉 


      cl       (  𝐴  )    ∩  𝑈  ⊆     cl       (    𝐴  ∩  𝑈   )   


   𝑎  ∈     cl       (  𝐴  )    ∩  𝑈 


   𝛿  >  0 


   (  𝑎  −  𝛿  ,  𝑎  +  𝛿  )  ⊆  𝑈 


   𝑎  ∈     cl       (  𝐴  )   


   𝜀  ∈  (  0  ,  𝛿  ) 


   𝑓  ∶  𝐷  →  ℝ 


   𝐷 


   𝑓  (  𝐴  ∩  𝐷  ) 


   𝐴  ⊆  𝐷 


   𝑓  (     cl       (  𝐴  )    ∩  𝐷  )  ⊆     cl       (    𝑓  (  𝐴  )   )    . 


   𝑓  ∶  𝐷  →  ℝ 


   𝑔  ∶  𝐹  →  ℝ 


   𝑓  (  𝐷  )  ⊆  𝐹 


   𝑓 


   𝑔 


   𝑔  ∘  𝑓 


   𝑓  (     cl       (  𝐴  )    ∩  𝐷  )  ⊆     cl       (    𝑓  (  𝐴  )   )   


   𝑓  (  𝐴  )  ⊆  𝐹 


   𝑔  (  𝐹  ∩     cl       (    𝑓  (  𝐴  )   )    )  ⊆     cl       (    𝑔  (  𝑓  (  𝐴  )  )   )   


   𝑔  ∘  𝑓  (     cl       (  𝐴  )    ∩  𝐷  )  ⊆     cl       (    𝑔  (  𝑓  (  𝐴  )  )   )   


   𝐵  ⊆  𝐷 


     𝑓    |  𝐵   


   𝐵 


     𝑓    |  𝐵    (     cl       (  𝐴  )    ∩  𝐵  )  =  𝑓  (     cl       (  𝐴  )    ∩  𝐵  )  ⊆  𝑓  (     cl       (  𝐴  )    ∩  𝐷  )  ⊆     cl       (    𝑓  (  𝐴  )   )    . 


   𝑘 


   𝑘  ≥  0 


   ∀  𝑥  ,  𝑦  ∈  𝐷    |  𝑓  (  𝑥  )  −  𝑓  (  𝑦  )  |  ≤  𝑘  |  𝑥  −  𝑦  |  . 


   𝑓  ∶  𝐷  ⊆  ℝ 


   𝑘  >  0 


   𝑥  ,  𝑦  ∈  𝐷 


   |  𝑓  (  𝑥  )  −  𝑓  (  𝑦  )  |  ≤  𝑘  |  𝑥  −  𝑦  | 


   𝑥  ∈     cl       (  𝐴  )    ∩  𝐷 


   |  𝑥  −  𝑦  |  <    𝜀  𝑘  


    dist   (  𝑓  (  𝑥  )  ,  𝑓  (  𝐴  )  )  ≤  |  𝑓  (  𝑥  )  −  𝑓  (  𝑦  )  |  ≤  𝑘  |  𝑥  −  𝑦  |  <  𝜀 


    dist   (  𝑓  (  𝑥  )  ,  𝑓  (  𝐴  )  )  =  0 


   𝑓  (  𝑥  )  ∈     cl       (    𝑓  (  𝐴  )   )   


   𝑥  ∈  𝐷  ↦  𝑥 


   𝑥  ∈  ℝ  ↦   dist   (  𝑥  ,  𝐷  ) 


   1 


    dist  


   𝐺 


     𝑓    −  1    (  𝐹  )  =  𝐺  ∩  𝐷 


     𝑓    −  1    (  𝑉  )  =  𝑈  ∩  𝐷 


     𝑓    −  1    (  𝐹  )  ⊆     cl       (      𝑓    −  1    (  𝐹  )   )   


     𝑓    −  1    (  𝐹  )  ⊆  𝐷 


     𝑓    −  1    (  𝐹  )  ∩  𝐷  ⊆     cl       (      𝑓    −  1    (  𝐹  )   )    ∩  𝐷  . 


           𝑓  (    [  ⎵   1  𝑝  𝑡  ]       cl       (      𝑓    −  1    (  𝐹  )   )      ≕  𝐴    ∩  𝐷  )     ⊆     cl       (    𝑓  (  𝐴  )   )    =     cl       (    𝑓  (    𝑓    −  1    (  𝐹  )  )   )              ⊆    [  ⎵   1  𝑝  𝑡  ]       cl       (  𝐹  )      𝑓  (    𝑓    −  1    (  𝐹  )  )  ⊆  𝐹              =  𝐹    since     𝐹   is closed.     


      cl       (      𝑓    −  1    (  𝐹  )   )    ⊆    𝑓    −  1    (  𝐹  ) 


      cl       (      𝑓    −  1    (  𝐹  )   )    =    𝑓    −  1    (  𝐹  ) 


   𝐺  ≔     cl       (      𝑓    −  1    (  𝐹  )   )   


   𝐺  ⊆  ℝ 


   𝐺  ⊆  ℝ 


   𝐺  ∩  𝐷  =    𝑓    −  1    (     cl       (    𝑓  (  𝐴  )   )    ) 


   𝐴  ⊆    𝑓    −  1    (  𝑓  (  𝐴  )  )  ⊆    𝑓    −  1    (     cl       (    𝑓  (  𝐴  )   )    )  =  𝐺  ∩  𝐷  ⊆  𝐺  . 


      cl       (  𝐴  )    ⊆     cl       (  𝐺  )    =  𝐺 


      cl       (  𝐴  )    ∩  𝐷  ⊆  𝐺  ∩  𝐷  =    𝑓    −  1    (     cl       (    𝑓  (  𝐴  )   )    ) 


   𝜀 


   𝛿 


   𝑥  ∈  𝐷 


          (3.1)        ∀  𝜀  >  0    ∃  𝑦  ∈  𝐷    |  𝑦  −  𝑥  |  <  𝛿    ⟹    |  𝑓  (  𝑦  )  −  𝑓  (  𝑥  )  |  <  𝜀  .    


   𝑦  ∈  𝑓  (     cl       (  𝐴  )    ∩  𝐷  ) 


   𝑦  =  𝑓  (  𝑥  ) 


   𝑡  ∈  𝐷 


   |  𝑡  −  𝑥  |  <  𝛿 


   |  𝑓  (  𝑡  )  −  𝑓  (  𝑥  )  |  <  𝜀 


   𝑥  ∈     cl       (  𝐴  )    ∩  𝐷 


   𝑡  ∈  𝐴 


   𝑓  (  𝑡  )  ∈  𝑓  (  𝐴  ) 


    dist   (  𝑓  (  𝑥  )  ,  𝑓  (  𝐴  )  )  ≤  |  𝑓  (  𝑥  )  −  𝑓  (  𝑡  )  |  <  𝜀 


   𝑓  (     cl       (  𝐴  )    ∩  𝐷  )  ⊆     cl       (    𝑓  (  𝐴  )   )   


   𝑡  ∈  𝐷 


   |  𝑓  (  𝑡  )  −  𝑓  (  𝑥  )  |  ≥  𝜀 


   𝐴  =    {  𝑡  ∈  𝐷  ∶  |  𝑓  (  𝑡  )  −  𝑓  (  𝑥  )  |  ≥  𝜀  }  


    dist   (  𝑥  ,  𝐴  )  <  |  𝑥  −  𝑡  |  <  𝛿 


   𝑥  ∈  𝐷 


   |  𝑓  (  𝑡  )  −  𝑓  (  𝑥  )  |  ≥  𝜀 


    dist   (  𝑓  (  𝑡  )  ,  𝑓  (  𝐴  )  )  ≥  𝜀 


   𝑓  (  𝑥  )  ∉     cl       (    𝑓  (  𝐴  )   )   


   ∀  𝑥  ,  𝑦  ∈  𝐷    |  𝑓  (  𝑥  )  −  𝑓  (  𝑦  )  |  ≤  𝑘  |  𝑥  −  𝑦  | 


   𝛿  =    𝜀  𝑘   >  0 


   |  𝑥  −  𝑦  |  <  𝛿 


   |  𝑓  (  𝑥  )  −  𝑓  (  𝑦  )  |  ≤  𝑘  𝛿  =  𝑘    𝜀  𝑘   =  𝜀  . 


   𝐺  =     cl       (      𝑓    −  1    (  𝐹  )   )   


     𝑓    −  1    (  𝐹  )  ⊆  𝐺  ∩  𝐷 


   𝑥  ∈  𝐺  ∩  𝐷 


   |  𝑡  −  𝑥  |  <  𝛿 


   𝑥  ∈  𝐺 


    dist   (  𝑥  ,    𝑓    −  1    (  𝐹  )  )  =  0 


   𝑡  ∈    𝑓    −  1    (  𝐹  ) 


   𝑓  (  𝑡  )  ∈  𝐹 


    dist   (  𝑓  (  𝑥  )  ,  𝐹  )  ≤  |  𝑓  (  𝑥  )  −  𝑓  (  𝑡  )  |  <  𝜀 


   𝑓  (  𝑥  )  ∈     cl       (  𝐹  )    =  𝐹 


   𝑥  ∈    𝑓    −  1    (  𝐹  ) 


   𝑈  ⊆  ℝ 


   𝐷  ∖    𝑓    −  1    (  𝑈  )  =    𝑓    −  1    (  ℝ  ∖  𝑈  )  =  𝐺  ∩  𝐷 


     𝑓    −  1    (  𝑈  )  =  (  ℝ  ∖  𝐺  )  ∩  𝐷 


   𝑉  =  ℝ  ∖  𝐺 


   𝑈  =  (  𝑓  (  𝑥  )  −  𝜀  ,  𝑓  (  𝑥  )  +  𝜀  ) 


     𝑓    −  1    (  𝑈  )  =  𝑉  ∩  𝐷 


   𝑓  (  (  𝑥  −  𝛿  ,  𝑥  +  𝛿  )  ∩  𝐷  )  ⊆  𝑓  (  𝑉  ∩  𝐷  )  ⊆  𝑈 


   |  𝑓  (  𝑡  )  −  𝑓  (  𝑥  )  |  <  𝜀  . 


   𝑓  ∶  𝑈  →  ℝ 


     𝑓    −  1    (  𝑉  ) 


   𝑓  ∶  𝐹  →  ℝ 


     𝑓    −  1    (  𝐹  ) 


     𝛿  𝑔   >  0 


    dist   (  𝑥  ,  𝑡  )  <    𝛿  𝑔  


   |  𝑙  −  ℎ  (  𝑡  )  |  <  𝜀 


   𝑙  −  𝜀  <  ℎ  (  𝑡  ) 


    dist   (  𝑡  ,  𝑥  )  <   min   {    𝛿  𝑓   ,    𝛿  𝑓   } 


   𝑙  −  𝜀  <  𝑓  (  𝑡  )  −  𝑙  <  𝑔  (  𝑡  )  −  𝑙  <  ℎ  (  𝑡  )  −  𝑙  <  𝑙  +  𝜀 


   |  𝑔  (  𝑡  )  −  𝑙  |  <  𝜀 


    min   {    𝛿  𝑓   ,    𝛿  𝑓   }  >  0 


      lim           𝑓  (  𝑡  )  =  𝑦    ⟺       lim         |  𝑓  (  𝑡  )  −  𝑦  |  =  0  . 


   𝑥  ∈     cl       (  𝐷  )   


   ∀  𝑡  ∈  𝐷    |  𝑓  (  𝑡  )  −  𝑦  |  ≤  𝑔  (  𝑡  ) 


      lim           𝑔  (  𝑡  )  =  0 


      lim           𝑓  (  𝑡  )  =  𝑦  . 


   0  ≤  |  𝑓  (  𝑡  )  −  𝑦  |  ≤  𝑔  (  𝑡  )  . 


      lim           0  =     lim           𝑔  (  𝑡  )  =  0 


      lim         |  𝑓  (  𝑡  )  −  𝑦  |  =  0  . 


   𝜆  ∈  ℝ 


   𝜆  𝑓  +  𝑔 


      lim             (  𝜆  𝑓  (  𝑡  )  +  𝑔  (  𝑡  )  )   =  𝜆       lim           𝑓  (  𝑡  )  +     lim           𝑔  (  𝑡  )  . 


     𝑙  𝑓   =     lim           𝑓  (  𝑡  ) 


     𝑙  𝑔   =     lim           𝑔  (  𝑡  ) 


    dist   (  𝑡  ,  𝑥  )  <    𝛿  𝑓  


   |  𝑓  (  𝑥  )  −    𝑙  𝑓   |  <    𝜀    2  (  |  𝜆  |  +  1  )   


    dist   (  𝑡  ,  𝑥  )  <    𝛿  𝑔  


   |  𝑔  (  𝑥  )  −    𝑙  𝑔   |  <    𝜀  2  


   𝛿  =   min   {    𝛿  𝑓   ,    𝛿  𝑔   } 


    dist   (  𝑡  ,  𝑥  )  <  𝛿 


           |  (  𝜆  𝑓  (  𝑡  )  +  𝑔  (  𝑡  )  )  −  (  𝜆    𝑙  𝑓   +    𝑙  𝑔   )  |     ≤  |  𝜆  (  𝑓  (  𝑡  )  −    𝜆  𝑓   )  |  +  |  𝑔  (  𝑡  )  −    𝑙  𝑔   |            =  |  𝜆  |  |  𝑓  (  𝑡  )  −    𝜆  𝑓   |  +  |  𝑔  (  𝑡  )  −    𝑙  𝑔   |            ≤  |  𝜆  |    𝜀    2  (  |  𝜆  |  +  1  )    +    𝜀  2             ≤  𝜀  ,    


   𝑓  𝑔 


      lim           𝑓  (  𝑡  )  𝑔  (  𝑡  )  =     lim           𝑓  (  𝑡  )  ⋅     lim           𝑔  (  𝑡  )  . 


     𝛿  0   >  0 


    dist   (  𝑡  ,  𝑥  )  <    𝛿  0  


   |  𝑓  (  𝑡  )  |  ≤  𝑀 


    dist   (  𝑡  ,  𝑥  )  <    𝛿  1  


   |  𝑓  (  𝑡  )  −    𝑙  𝑓   |  <    𝜀    2  (  |    𝑙  𝑔   |  +  1  )   


     𝛿  3   >  0 


    dist   (  𝑡  ,  𝑥  )  <    𝛿  3  


   |  𝑔  (  𝑡  )  −    𝑙  𝑔   |  <    𝜀    2  𝑀   


   𝛿  =   min   {    𝛿  0   ,    𝛿  1   ,    𝛿  2   } 


           |  𝑓  (  𝑡  )  𝑔  (  𝑡  )  −    𝑙  𝑓     𝑙  𝑔   |     =  |  𝑓  (  𝑡  )  𝑔  (  𝑡  )  −  𝑓  (  𝑡  )    𝑙  𝑔   +  𝑓  (  𝑡  )    𝑙  𝑔   −    𝑙  𝑓     𝑙  𝑔   |            ≤  |  𝑓  (  𝑡  )  |  |  𝑔  (  𝑡  )  −    𝑙  𝑔   |  +  |    𝑙  𝑔   |  |  𝑓  (  𝑡  )  −    𝑙  𝑓   |            ≤  𝑀    𝜀    2  𝑀    +  |    𝑙  𝑔   |    𝜀    2  (  |    𝑙  𝑔   |  +  1  )              ≤  𝜀  ,    


   𝑓  ∶  𝐷  ⊆  𝐹 


   𝑔  ∶  𝐷  →  𝐹 


      lim     𝑡  →  𝑥      𝑓  (  𝑡  )  =  𝑓  (  𝑥  ) 


      lim     𝑡  →  𝑥      𝑔  (  𝑡  )  =  𝑔  (  𝑥  ) 


      lim     𝑡  →  𝑥    (  𝜆  𝑓  (  𝑡  )  +  𝑔  (  𝑡  )  )  =  𝜆  𝑓  (  𝑥  )  +  𝑔  (  𝑥  )  , 


   𝑓  +  𝜆  𝑔 


   𝑋  ∶  𝑥  ∈  ℝ  ↦  𝑥 


     𝑋  𝑛   ∶  𝑥  ∈  ℝ  ↦    𝑥  𝑛  


   𝑋  ⋅    𝑋  𝑛   ∶  𝑥  ∈  ℝ  ↦  𝑥  ⋅    𝑥  𝑛   =    𝑥    𝑛  +  1   


     𝑋  𝑛  


   𝑃  =    ∑    𝑗  =  1   𝑛     𝑎  𝑗     𝑋  𝑗  


   𝑄  ∶  ℝ  →  ℝ 


   𝑄  =    ∑    𝑗  =  0     𝑛  +  1      𝑎  𝑗     𝑋  𝑗  


   𝑄  =  𝑃  +    𝑎    𝑛  +  1      𝑋    𝑛  +  1   


   𝑃  ∶  ℝ  →  ℝ 


   𝑃  (  0  )  =  0 


   𝐷  ⊆  ℝ 


   𝑓  (  𝑦  )  ≠  0 


      lim             1    𝑓  (  𝑡  )    =    1       lim           𝑓  (  𝑡  )    . 


   𝛼  =      |  𝑙  |   2   >  0 


   |  𝑓  (  𝑡  )  −  𝑙  |  <  𝛼 


   |  𝑓  (  𝑡  )  |  >  𝛼 


   𝑈  =  𝐸  (  𝑥  ,    𝛿  0   ) 


   |  𝑓  (  𝑡  )  −  𝑙  |  <  𝜀  |  𝑙  |  𝛼 


   |  𝑙  |  𝛼  >  0 


    dist   (  𝑥  ,  𝑡  )  <   min   {    𝛿  0   ,    𝛿  1   }  >  0 


           |    1    𝑓  (  𝑡  )    −    1  𝑙   |     =    |      𝑙  −  𝑓  (  𝑡  )     𝑙  𝑓  (  𝑡  )    |             ≤  |  𝑙  −  𝑓  (  𝑡  )  |    1    𝑙  𝛼    ≤  𝜀  .    


      lim               𝑓  (  𝑡  )     𝑔  (  𝑡  )    =         lim           𝑓  (  𝑡  )        lim           𝑔  (  𝑡  )    . 


      lim             1    𝑔  (  𝑡  )    =    1       lim           𝑔  (  𝑡  )   


   0  ∉  𝑔  (  𝐸  ) 


     𝑓  𝑔  


   𝑅 


   𝐻  ⊆  ℝ 


   𝑔  ∶  𝐻  →  ℝ 


   𝐻 


   𝑓  (  𝐷  )  ⊆  𝐻 


   𝑙  ∈     cl       (  𝐻  )   


   𝑡  ∈  𝐻 


   |  𝑡  −  𝑙  |  <    𝛿  𝑔  


   |  𝑔  (  𝑡  )  −  𝑦  |  <  𝜀 


   |  𝑥  −  𝑎  |  <    𝛿  𝑓  


   |  𝑓  (  𝑥  )  −  𝑙  |  <    𝛿  𝑔  


   𝑓  (  𝑥  )  ∈  𝐻 


   |  𝑔  (  𝑓  (  𝑥  )  )  −  𝑦  |  <  𝜀 


   𝑓          ∶    𝑥  ∈  ℝ  ↦    {            1    if    𝑥  ≠  0             0    at    0               


   𝑔          ∶    𝑥  ∈  ℝ  ∖  {  0  }  ↦  𝑥     sin   (    1  𝑥   ) 


      lim   0     𝑔  =  0 


   0  ∈  𝑔  (  ℝ  ) 


      lim     𝑥  →  0      𝑓  (  𝑥  )  =  1 


   ℝ  ∖  {  0  } 


   𝑓  ∘  𝑔 


   (    𝑥  𝑛     )    𝑛  ∈  ℕ   


   𝑓      (    1    𝑛  +  1    )   =    𝑥  𝑛  


   𝑓  ∶  𝑆  →  ℝ 


   𝑆  =    {    1    𝑛  +  1    ∶  𝑛  ∈  ℕ  }  


   0  =   inf     𝑆 


   0  ∈     cl       (  𝑆  )   


   |  𝑡  |  <  𝛿 


   𝑡  =    1    𝑛  +  1   


   𝑁  =  ⌈    1  𝛿   ⌉ 


   𝑆  ⊆     cl       (  𝐴  )   


   (  𝑓  (    𝑥  𝑛   )    )    𝑛  ∈  ℕ   


      lim           𝑓  (  𝑥  )  =  𝑙 


      lim     𝑛  →  ∞      𝑓  (    𝑥  𝑛   )  =  𝑙 


   |  𝑓  (  𝑡  )  −  𝑙  |  <  𝜀 


      lim     𝑛  →  ∞        𝑥  𝑛   =  𝑎 


   |    𝑥  𝑛   −  𝑎  |  <  𝛿 


   |  𝑓  (    𝑥  𝑛   )  −  𝑙  |  <  𝜀 


      lim     𝑛  →  ∞      𝑓  (    𝑥  𝑛   )  =  𝑙 


   |  𝑡  −  𝑎  |  <  𝛿 


   |  𝑓  (  𝑡  )  −  𝑙  |  ≥  𝜀 


     𝑡  𝑛   ∈  𝐷 


   |    𝑡  𝑛   −  𝑎  |  <    1    𝑛  +  1   


   |  𝑓  (    𝑡  𝑛   )  −  𝑙  |  ≥  𝜀 


      lim     𝑛  →  ∞        𝑡  𝑛   =  𝑎 


   (  𝑓  (    𝑡  𝑛   )    )    𝑛  ∈  ℕ   


   ∀  𝑛  ∈  ℕ      𝑥  𝑛   ≤    𝑥    𝑛  +  1    . 


   ∀  𝑛  ∈  ℕ      𝑥  𝑛   ≥    𝑥    𝑛  +  1    . 


   {    𝑥  𝑛   ∶  𝑛  ∈  ℕ  } 


   𝐿  =   sup       {    𝑥  𝑛   ∶  𝑛  ∈  ℕ  }  


   𝐿  −  𝜀  <    𝑥  𝑀   ≤  𝐿 


   𝑛  ≥  𝑁 


   𝐿  −  𝜀  <    𝑥  𝑁   ≤    𝑥  𝑛  


     𝑥  𝑛   ≤  𝐿 


   𝐿  −  𝜀  <    𝑥  𝑛   ≤  𝐿 


   |    𝑥  𝑛   −  𝐿  |  <  𝜀 


   𝐿 


   (    𝐼  𝑛     )    𝑛  ∈  ℕ   


   ∀  𝑛  ∈  ℕ      𝐼    𝑛  +  1    ⊆    𝐼  𝑛  


     ⋂    𝑛  ∈  ℕ      𝐼  𝑛   ≠  ∅ 


     𝐼  𝑛   =  [    𝑎  𝑛   ,    𝑏  𝑛   ] 


     𝐼    𝑛  +  1    ⊆    𝐼  𝑛  


     𝑎  𝑛   ≤    𝑎    𝑛  +  1   


     𝑏    𝑛  +  1    ≤    𝑏  𝑛  


   (    𝑎  𝑛     )    𝑛  ∈  ℕ   


     𝑏  0  


   𝑥  ≥    𝑎  𝑛  


   (    𝑏  𝑛     )    𝑛  ∈  ℕ   


   𝑦  ≤    𝑏  𝑛  


     𝑎  𝑛   ≤    𝑏  𝑛  


     𝑎  𝑛   ≤  𝑥  ≤  𝑦  ≤    𝑏  𝑛  


   [  𝑥  ,  𝑦  ]  ⊆    ⋂    𝑛  ∈  ℕ   


   (    𝑥    𝜙  (  𝑛  )      )    𝑛  ∈  ℕ   


   𝜙  ∶  ℕ  →  ℕ 


   𝜙  (  𝑛  )  ≥  𝑛 


   𝜙  (  0  )  ≥  0 


   𝜙  (  𝑛  +  1  )  >  𝜙  (  𝑛  )  ≥  𝑛 


   𝜙  (  𝑛  +  1  )  ≥  𝑛  +  1 


   (  (  −  1    )  𝑛     )    𝑛  ∈  ℕ   


     ⋂    𝑛  ∈  ℕ       cl       (    {    𝑥  𝑘   ∶  𝑘  ≥  𝑛  }   )   


   𝑙  ∈    ⋂    𝑛  ∈  ℕ       cl       (    {    𝑥  𝑘   ∶  𝑘  ≥  𝑛  }   )   


   𝑙  ∈     cl       (    {    𝑥  𝑘   ∶  𝑘  ≥  0  }   )   


   𝜑  (  0  )  ∈  ℕ 


   |    𝑥    𝜑  (  0  )    −  𝑙  |  ≤  1 


   𝜑  (  0  )  <  𝜑  (  1  )  <  …  <  𝜑  (  𝑛  ) 


   |    𝑥    𝜑  (  𝑘  )    −  𝑙  |  <    1    𝑘  +  1   


   𝑘  ∈  {  0  ,  …  ,  𝑛  } 


   𝑙  ∈     cl       (    {    𝑥  𝑘   ∶  𝑘  ≠  𝜑  (  𝑛  )  +  1  }   )   


   𝜑  (  𝑛  +  1  )  >  𝜑  (  𝑛  ) 


   |    𝑥    𝜑  (  𝑛  +  1  )    −  𝑙  |  <    1    𝑛  +  2   


   (    𝑥    𝜑  (  𝑛  )      )    𝑛  ∈  ℕ   


   |    𝑥    𝜑  (  𝑛  )    −  𝑙  |  <    1    𝑛  +  1   


   (    𝑥    𝜑  (  𝑛  )      )    𝑛  ≥  𝑁   


   𝑙  ∈     cl       (    {    𝑥  𝑘   ∶  𝑘  ≥  𝜑  (  𝑛  )  }   )   


   𝑙  ∈    ⋂    𝑛  ∈  ℕ       cl       (    {    𝑥  𝑘   ∶  𝑘  ≥  𝜑  (  𝑛  )  }   )   


   𝜑  (  𝑛  )  ≥  𝑛 


   {    𝑥  𝑘   ∶  𝑘  ≥  𝜑  (  𝑛  )  }  ⊆  {    𝑥  𝑘   ∶  𝑘  ≥  𝑛  } 


      cl       (    {    𝑥  𝑘   ∶  𝑘  ≥  𝜑  (  𝑛  )  }   )    ⊆     cl       (    {    𝑥  𝑘   ∶  𝑘  ≥  𝑛  }   )   


   𝑙  ∈    ⋂    𝑛  ∈  ℕ       cl       (    {    𝑥  𝑘   ∶  𝑘  ≥  𝑛  }   )   


   |    𝑥  𝑛   −  𝑙  |  <  𝜀 


   |    𝑥    𝜙  (  𝑛  )    ,  𝑙  |  <  𝜀 


   𝜙  (  𝑛  )  ≥  𝑛  ≥  𝑁 


   𝒫  =  {  𝑛  ∈  ℕ  ∶  ∀  𝑘  ∈  ℕ    𝑘  ≥  𝑛    ⟹      𝑥  𝑛   ≥    𝑥  𝑘   }  . 


   𝒫 


   𝜑  (  0  )  =   min     𝒫 


   𝜑  (  0  )  <  …  <  𝜑  (  𝑛  )  ∈  𝒫 


   𝒫  ∖  {  𝑗  ∶  𝑗  ≤  𝜑  (  𝑛  )  } 


   𝜑  (  𝑛  +  1  ) 


   𝜑  ∶  ℕ  →  ℕ 


   𝑛  ≤  𝑚 


     𝑥    𝜑  (  𝑚  )    ≤    𝑥    𝜑  (  𝑛  )   


   𝑀 


   𝜑  (  0  )  =  𝑀  +  1 


   𝜑  (  0  )  <  …  <  𝜑  (  𝑛  ) 


     𝑥    𝜑  (  𝑗  )    ≤    𝑥    𝜑  (  𝑗  +  1  )   


   0  ≤  𝑗  ≤  𝑛  −  1 


   𝜑  (  𝑛  )  ∉  𝒫 


     𝑥    𝜑  (  𝑛  +  1  )    ≥    𝑥    𝜑  (  𝑛  )   


   𝐾  ⊆  ℝ 


   𝐾 


   𝑙  ∈  𝐾 


     𝑥  𝑛   ∈  𝐾 


   |    𝑥  𝑛   |  ≥  𝑛 


   𝑙  ∈  ℝ  ∖  𝐾 


   𝐾  ∩  𝐹 


   𝐾  ∩  𝐹  ⊆  𝐾 


   𝑓  ∶  𝐾  →  ℝ 


   𝑓  (  𝐾  ) 


   𝑓  (    𝑥  𝑛   )  =    𝑦  𝑛  


   𝑙  =     lim     𝑛  →  ∞      𝑓  (    𝑥    𝜑  (  𝑛  )    ) 


   𝑛  ≥   max   {  𝑁  ,  𝑀  } 


   𝜑  (  𝑛  )  ≥  𝑛  ≥   max   {  𝑀  ,  𝑁  } 


           |    𝑥  𝑛   −  𝑙  |     ≤  |    𝑥  𝑛   −    𝑥    𝜑  (  𝑛  )    |  +  |    𝑥    𝜑  (  𝑛  )    −  𝑙  |            ≤    𝜀  2   +    𝜀  2   =  𝜀  .    


   (    𝑥  𝑛     )    𝑛  ∈  ]  𝑁   


     2  


   ∀  𝑥  ∈  𝐴    ∃  𝑦  ∈  𝐹    |  𝑥  −  𝑦  |  <  𝛿  . 


   𝐹  ⊆  𝐴 


   𝑀  =   max   {  |  𝑥  −  𝑦  |  ∶  𝑥  ,  𝑦  ∈  𝐹  } 


   𝑎  ,  𝑏  ∈  𝐴 


   𝑥  ,  𝑦  ∈  𝐹 


   |  𝑎  −  𝑥  |  <  1 


   |  𝑏  −  𝑦  |  <  1 


   |  𝑎  −  𝑏  |  ≤  |  𝑎  −  𝑥  |  +  |  𝑥  −  𝑦  |  +  |  𝑦  −  𝑏  |  <  2  +  𝑀  . 


      diam       (  𝐴  )    ≤  2  +  𝑀 


   𝐴  ⊆    ⋃    𝑥  ∈  𝐹    (  𝑥  −  𝛿  ,  𝑥  +  𝛿  ) 


   𝐴  ⊆    ⋃    𝑥  ∈  𝐹    (  𝑥  −  𝑑  𝑒  𝑙  𝑡  𝑎  ,  𝑥  +  𝛿  ) 


   𝐴  ⊆    ⋃    𝑥  ∈  𝐹      (  𝑥  −    𝛿  2   ,  𝑥  +    𝛿  2   )  


   𝐴  =  ∅ 


   𝑧  ∈  𝐴 


   𝑦  (  𝑥  ) 


   𝐴  ∩    (  𝑥  −    𝛿  2   ,  𝑥  +    𝛿  2   )  


   𝑦  (  𝑥  )  =  𝑧 


   𝐺  =  {  𝑦  (  𝑥  )  ∶  𝑥  ∈  𝐹  } 


   𝑎  ∈  𝐴 


   |  𝑎  −  𝑥  |  <    𝛿  2  


   𝑦  (  𝑥  )  ∈  𝐴  ∩    (  𝑥  −    𝛿  2   ,  𝑥  +    𝛿  2   )  


   𝑎  ∈  𝐴  ∩    (  𝑥  −    𝛿  2   ,  𝑥  +    𝛿  2   )  


   |  𝑥  −  𝑦  (  𝑥  )  |  <    𝛿  2  


   |  𝑎  −  𝑦  (  𝑥  )  |  ≤  |  𝑎  −  𝑥  |  +  |  𝑥  −  𝑦  (  𝑥  )  |  <    𝛿  2   +    𝛿  2   =  𝛿  . 


   {  𝑦  (  𝑥  )  ∶  𝑥  ∈  𝐹  } 


   𝐵  ⊆  𝐴 


     𝑋    𝑛  ,  𝑝    =    {  𝑘  >  𝑛  ∶  |    𝑥  𝑘   −    𝑥  𝑛   |  <       diam       (  𝐴  )      𝑝  +  1    }   . 


     𝑋    0  ,  0    =  ℕ 


   𝜑  (  0  )  <  …  <  𝜑  (  𝑛  ) 


     𝑋    𝜑  (  𝑛  )  ,  𝑛   


     𝑋    𝜑  (  𝑛  )  ,  𝑛    ⊆    𝑋    𝜑  (  𝑛  −  1  )  ,  𝑛  −  1    ⊆  ⋯  ⊆    𝑋    0  ,  0   


        diam     (  𝐴  )      2  (  𝑛  +  2  )   


     𝐹  𝑛  


   𝑥  ∈    𝐹  𝑛  


     𝐴    𝑛  ,  𝑥    =  {  𝑘  ∈    𝑋    𝜑  (  𝑛  )  ,  𝑛    ∶  |    𝑥  𝑘   −  𝑥  |  <    1    2  (  𝑛  +  2  )    |  } 


     𝑋    𝜑  (  𝑛  )  ,  𝑛    =    ⋃    𝑥  ∈    𝐹  𝑛       𝐴    𝑛  ,  𝑥   


   𝑥  ∈    𝐹  𝑛  


     𝐴    𝑛  ,  𝑥   


   𝜑  (  𝑛  +  1  )  =   min       𝐴    𝑛  ,  𝑥   


   𝑘  ∈    𝐴    𝑛  ,  𝑥   


   𝑘  >  𝜑  (  𝑛  ) 


           |    𝑥  𝑘   −    𝑥    𝜑  (  𝑛  +  1  )    |     ≤  |    𝑥  𝑘   −  𝑥  |  +  |  𝑥  −    𝑥    𝜑  (  𝑛  +  1  )    |            ≤    1    2  (  𝑛  +  2  )    +    1    2  (  𝑛  +  2  )    =    1    𝑛  +  2    .    


     𝐴    𝑛  ,  𝑥    ⊆    𝑋    𝑛  +  1    =  {  𝑘  >  𝜑  (  𝑛  +  1  )  ∶  |    𝑥  𝑘   −    𝑥    𝜑  (  𝑛  )    |  <    1    𝑛  +  2    } 


   𝜀  >  0 


     1    𝑁  +  1    <    𝜀  2  


   𝑝  ,  𝑞  ≥  𝑁 


           |    𝑥    𝜑  (  𝑝  )    −    𝑥    𝜑  (  𝑞  )    |     <  |    𝑥    𝜑  (  𝑝  )    −    𝑥    𝜑  (  𝑁  )    |  +  |    𝑥    𝜑  (  𝑁  )    −    𝑥    𝜑  (  𝑞  )    |            <    1  𝑁   +    1  𝑁   <  𝜀  .    


     𝑥  0   ∈  𝐴 


     𝑥  1   ∈  𝐴  ∖  (    𝑥  0   −  1  ,    𝑥  0   +  1  ) 


     𝑥  0   ,    𝑥  1   ,  …  ,    𝑥  𝑛   ∈  𝐴 


   |    𝑥  𝑗   −    𝑥  𝑘   |  ≥  1 


   0  ≤  𝑗  ≠  𝑘  ≤  𝑛 


     𝑥    𝑛  +  1    ∈  𝐴  ∖    ⋃    𝑗  =  0   𝑛   (    𝑥  𝑗   −  1  ,    𝑥  𝑗   +  1  ) 


   𝑗  ,  𝑘  ∈  ℕ 


   𝑗  ≠  𝑘 


   [  0  ,  1  ]  ∩  ℚ 


   𝑎  <  𝑏 


   𝐴  ⊆  [  𝑎  ,  𝑏  ] 


   [  𝑎  ,  𝑏  ]  ⊆    ⋃    𝑛  =  0   𝑁   (  (  𝑎  −  1  )  +  𝑛  𝛿  ,  𝑎  +  (  𝑛  +  1  )  𝛿  )    where    𝑁  =   min       {  𝑘  ∈  ℕ  ∶  𝑎  +  𝑘  𝛿  >  𝑏  }   . 


   𝑓  ∶  𝑥  ∈  (  0  ,  1  ]  ↦    1  𝑥  


     𝑧    2  𝑛    =    𝑥  𝑛  


     𝑧    2  𝑛  +  1    =  𝑥 


   (  𝑓  (    𝑧  𝑛   )    )    𝑛  ∈  ℕ   


   (  𝑓  (    𝑧    2  𝑛  +  1    )    )    𝑛  ∈  ℕ    =  (  𝑓  (  𝑥  )    )    𝑛  ∈  ℕ   


   𝑓  (  𝑥  ) 


   |  𝑓  (  𝑥  )  −  𝑓  (  𝑦  )  |  <  𝜀 


   𝑝  ,  𝑞  ∈  ℕ 


   |    𝑥  𝑝   −    𝑥  𝑞   |  <  𝛿 


   |  𝑓  (    𝑥  𝑝   )  −  𝑓  (    𝑥  𝑞   )  |  <  𝜀 


     𝑥  𝑛   ,    𝑦  𝑛   ∈  𝐴 


   |    𝑥  𝑛   −    𝑦  𝑛   |  <    1    2  𝑛   


   |  𝑓  (    𝑥  𝑛   )  −  𝑓  (    𝑦  𝑛   )  |  ≥  𝜀 


   (    𝑦    𝜑  ∘  𝜓  (  𝑛  )      )    𝑛  ∈  ℕ   


   𝜃  =  𝜑  ∘  𝜓 


   (    𝑥    𝜃  (  𝑛  )      )    𝑛  ∈  ℕ   


   (    𝑦    𝜃  (  𝑛  )      )    𝑛  ∈  ℕ   


     𝑥    𝜃  (  𝑛  +  1  )    −    𝑥    𝜃  (  𝑛  )    |  <    1    2  𝑛   


   |    𝑦    𝜃  (  𝑛  +  1  )    −    𝑦    𝜃  (  𝑛  )    |  <    1    2  𝑛   


   𝜃  (  𝑛  )  ≥  𝑛 


   ∀  𝑛  ∈  ℕ      𝑧    2  𝑛    =    𝑥  𝑛     and      𝑧    2  𝑛  +  1    =    𝑦  𝑛  


   |    𝑧    𝑛  +  1    −    𝑧  𝑛   |  <    1    2  𝑛   


   |  𝑓  (    𝑧    2  𝑛  +  1    )  −  𝑓  (    𝑧    2  𝑛    )  |  =  |  𝑓  (    𝑥    𝜃  (  𝑛  )    )  −  𝑓  (    𝑦    𝜃  (  𝑛  )    )  |  ≥  𝜀 


   𝑓  ∶  𝐴  →  ℝ 


   𝑓  (  𝐴  ) 


     𝑦  𝑛   ∈  𝐴 


   𝑓  (    𝑦  𝑛   )  =    𝑥  𝑛  


   (    𝑦    𝜑  (  𝑛  )      )    𝑛  ∈  ℕ   


   (    𝑥    𝜑  (  𝑛  )      )    𝑛  ∈  ℕ    =  (  𝑓  (    𝑦    𝜑  (  𝑛  )    )    )    𝑛  ∈  ℕ   


   𝑥  ∈  𝑓  (  𝐴  ) 


   𝑥  =  𝑓  (  𝑦  ) 


   𝑧  ∈  𝐹 


   |  𝑦  −  𝑧  |  <  𝛿 


   |  𝑥  −  𝑓  (  𝑧  )  |  =  |  𝑓  (  𝑦  )  −  𝑓  (  𝑧  )  |  <  𝜀 


   {  𝑓  (  𝑧  )  ∶  𝑧  ∈  𝐹  } 


     ⋂    𝑛  ∈  ℕ       cl       (    {    𝑥  𝑘   ∶  𝑘  ≥  𝑛  }   )   


       ‖    𝑡  −  𝑥   ‖   𝐸   <  𝛿 


       ‖    𝑓  (  𝑡  )  −  𝑓  (  𝑥  )   ‖   𝐸   <  𝜀 


       ‖      𝑥  𝑛   −  𝑥   ‖   𝐸   <  𝛿 


       ‖    𝑓  (    𝑥  𝑛   )  −  𝑓  (  𝑥  )   ‖   𝐸   <  𝜀 


     𝑥  𝛿   ∈  𝐸 


       ‖    𝑥  −    𝑥  𝛿    ‖   <     𝛿 


       ‖    𝑓  (  𝑥  )  −  𝑓  (    𝑥  𝛿   )   ‖   𝐹   ≥  𝜀 


     𝑥  𝑛   ∈  𝐸 


       ‖      𝑥  𝑛   −  𝑥   ‖   𝐸   <    1    𝑛  +  1   


       ‖    𝑓  (    𝑥  𝑛   )  −  𝑓  (  𝑥  )   ‖   𝐸   ≥  𝜀 


   𝜑  ∶  𝐸  →  𝐹 


   𝜑 


   {  𝑥  ∈  𝐸  ∶      ‖  𝑥  ‖   𝐸   <  1  } 


   {  𝑥  ∈  𝐸  ∶      ‖  𝑥  ‖   𝐸   =  1  } 


   {  𝑥  ∈  𝐸  ∶      ‖  𝑥  ‖   𝐸   ≤  1  } 


   𝐾  >  0 


       ‖    𝜑  (  𝑥  )   ‖   𝐹   ≤  𝐾        ‖  𝑥  ‖   𝐸     , 


       ‖  𝑥  ‖   𝐸   <  𝛿 


       ‖    𝜑  (  𝑥  )   ‖   𝐹   <  1 


       ‖  𝑥  ‖   𝐸   <  1 


       ‖    𝜑  (  𝑥  )   ‖   𝐹   =  0 


   𝑥  ≠  0 


   𝑦  ≔    𝛿    2      ‖  𝑥  ‖   𝐸     𝑥 


       ‖  𝑦  ‖   𝐸   =    𝛿    2        ‖  𝑥  ‖   𝐸           ‖  𝑥  ‖   𝐸   =    𝛿  2   <  𝛿 


       ‖    𝜑  (  𝑦  )   ‖   𝐹   <  1 


       ‖    𝜑  (  𝑥  )   ‖   𝐸   ≤    2  𝛿  


     2  𝛿  


       ‖  𝑥  ‖   𝐸   =  1 


       ‖      𝛿  2   𝑥   ‖   𝐸   =    𝛿  2   <  𝛿 


       ‖    𝜑  (    𝛿  2   𝑥  )   ‖   𝐹   ≤  1 


       ‖    𝜑  (  𝑥  )   ‖   𝐹   <    2  𝛿  


       ‖  𝑥  ‖   𝐸   ≤  1 


       ‖    𝜑  (  𝑥  )   ‖   𝐹   ≤  𝐾 


   𝑥  ∈  𝐸  ∖  {  0  } 


               ‖    𝜑  (  𝑥  )   ‖   𝐹      =      ‖  𝑥  ‖   𝐸         ‖    𝜑      (    1      ‖  𝑥  ‖   𝐸    𝑥  )    ‖   𝐹             ≤      ‖  𝑥  ‖   𝐸     𝐾  ,    


       ‖    𝜑  (  𝑥  )  −  𝜑  (  𝑦  )   ‖   𝐹   =      ‖    𝜑  (  𝑥  −  𝑦  )   ‖   𝐹   ≤  𝐾        ‖    𝑥  −  𝑦   ‖   𝐸   . 


   ℒ  (  𝐸  ,  𝐹  ) 


   𝜑  ∈  ℒ  (  𝐸  ,  𝐹  ) 


       |      |      |  𝜑  |     |     |   𝐸  𝐹   ≔   sup       {      ‖    𝜑  (  𝑥  )   ‖   𝐹   ∶      ‖  𝑥  ‖   𝐸   =  1  }     , 


   (  ℒ  (  𝐸  ,  𝐹  )  ,      |      |      |  ⋅  |     |     |   𝐸  𝐹   ) 


   𝜑  ,  𝜓  ∈  ℒ  (  𝐸  ,  𝐹  ) 


   𝑡  ∈  ℝ 


   𝑡  𝜑  +  𝜓 


       ‖    𝑡  𝜑  (  𝑥  )  +  𝜓  (  𝑥  )   ‖   𝐹   ≤  |  𝑡  |      ‖    𝜑  (  𝑥  )   ‖   𝐹   +      ‖    𝜓  (  𝑥  )   ‖   𝐹   ≤  |  𝑡  |      |      |      |  𝜑  |     |     |   𝐸  𝐹   +      |      |      |    𝜓  (  𝑥  )   |     |     |   𝐸  𝐹   <  ∞ 


   𝑡  𝜑  +  𝜓 


   𝑡  𝜑  +  𝜓  ∈  ℒ  (  𝐸  ,  𝐹  ) 


   0  ∈  ℒ  (  𝐸  ,  𝐹  ) 


       |      |      |    𝑡  𝜑  +  𝜓   |     |     |   𝐸  𝐹   ≤  |  𝑡  |      |      |      |  𝜑  |     |     |   𝐸  𝐹   +      |      |      |  𝜓  |     |     |   𝐸  𝐹  


       |      |      |  𝜑  |     |     |   𝐸  𝐹   =  0 


   𝜑  (  𝑥  )  =  0 


   𝑥  ∈  𝐸  ∖  {  0  } 


   𝜑  (  𝑥  )  =      ‖  𝑥  ‖   𝐸     𝜑      (    1      ‖  𝑥  ‖   𝐸    𝑥  )   =      ‖  𝑥  ‖   𝐸     0  =  0  . 


   𝜑  =  0 


   ∀  𝜀  >  0    ∃  𝑁  ∈  ℕ    ∀  𝑝  ,  𝑞  ∈  ℕ    𝑝  ≥  𝑁    and    𝑞  ≥  𝑁    ⟹        ‖      𝑥  𝑝   −    𝑥  𝑞    ‖   𝐸   <  𝜀  . 


      sup     𝑛  ∈  ℕ          ‖    𝑥  𝑛   ‖   𝐸   <  ∞ 


       ‖      𝑥  𝑝   −    𝑥  𝑞    ‖   𝐸   <  1 


       ‖    𝑥  𝑝   ‖   𝐸   <      ‖    𝑥  𝑁   ‖   𝐸   +  1 


      sup     𝑛  ∈  ℕ          ‖    𝑥  𝑛   ‖   𝐸   ≤   max   {     max     𝑗  ∈  {  0  ,  …  ,  𝑁  }          ‖    𝑥  𝑗   ‖   𝐸   ,  1  +      ‖    𝑥  𝑁   ‖   𝐸  


   𝑙  =     lim     𝑛  →  ∞        𝑥  𝑛  


       ‖      𝑥  𝑛   −  𝑙   ‖   𝐸   <    𝜀  2  


       ‖      𝑥  𝑝   −    𝑥  𝑞    ‖   𝐸   ≤      ‖      𝑥  𝑝   −  𝑙   ‖   𝐸   +      ‖    𝑙  −    𝑥  𝑞    ‖   𝐸   <    𝜀  2   +    𝜀  2   =  𝜀  . 


      cl       (  𝐴  )    ≔    {     lim     𝑛  →  ∞        𝑥  𝑛   ∶  (    𝑥  𝑛     )    𝑛  ∈  ℕ      is a convergent sequence in     𝐸    }   . 


      cl       (  𝐴  )    ≔    {  𝑥  ∈  𝐸  ∶     inf     𝑡  ∈  𝐴          ‖    𝑥  −  𝑡   ‖   𝐸   =  0  }   . 


      lim     𝑛  →  ∞          ‖      𝑥  𝑛   −  𝑥   ‖   𝐸   =  0 


       ‖      𝑥  𝑛   −  𝑥   ‖   𝐸   <  𝜀 


      inf     𝑡  ∈  𝐴          ‖    𝑥  −  𝑡   ‖   𝐸   =  0 


     𝑡  𝑛   ∈  𝐴 


       ‖    𝑡  −  𝑥   ‖   𝐸   <    1    𝑛  +  1   


   𝑥  =     lim     𝑛  →  ∞        𝑡  𝑛  


   ∀  𝐴  ⊆  𝐸    𝐴  ⊆     cl       (  𝐴  )   


   ∀  𝐴  ⊆  𝐸       cl       (     cl       (  𝐴  )    )    =     cl       (  𝐴  )   


   ∀  𝐴  ,  𝐵  ⊆  𝐸       cl       (    𝐴  ∪  𝐵   )    =     cl       (  𝐴  )    ∪     cl       (  𝐵  )   


   ∀  𝐴  ,  𝐵  ⊆  𝐸    𝐴  ⊆  𝐵    ⟹       cl       (  𝐴  )    ⊆     cl       (  𝐵  )   


   𝐴  =     cl       (  𝐴  )   


   𝐸  ∖  𝐴 


   𝑈  ,  𝑉  ⊆  𝐸 


   (    𝑈  𝑗     )    𝑗  ∈  𝐽   


     ⋃    𝑗  ∈  𝐽      𝑈  𝑗  


   𝐹  ,  𝐺 


     ⋂    𝑗  ∈  𝐽      𝐹  𝑗  


      cl       (  𝐴  )    =    {  𝑥  ∈  𝐸  ∶  ∃  𝑈    open      𝑥  ∈  𝑈  ,  𝑈  ∩  𝐴  ≠  ∅  }     , 


   𝑓  ∶  𝐸  →  𝐹 


     𝑓    −  1    (  𝐺  ) 


     𝑓    −  1    (  𝑈  ) 


   𝐺  ⊆  𝐸 


      cl       (  𝐺  )    =  𝐸 


   𝜑  ∶  𝐺  →  𝐹 


   𝜓  ∶  𝐸  →  𝐹 


   𝜓 


       |      |      |  𝜓  |     |     |   𝐸  𝐹   =      |      |      |  𝜑  |     |     |   𝐺  𝐹  


       ‖    𝜑  (  𝑥  )   ‖   𝐹   ≤  𝐾        ‖  𝑥  ‖   𝐸  


       ‖    𝜑  (    𝑥  𝑝   )  −  𝜑  (    𝑥  𝑞   )   ‖   𝐹   ≤      ‖      𝑥  𝑝   −    𝑥  𝑞    ‖   𝐸  


       (  𝜑  (    𝑥  𝑛   )  )     𝑛  ∈  ℕ   


   𝑦  ∈  𝐹 


   (    𝑥  𝑛     )    𝑛  ∈  ℕ    ∈    𝐸  ℕ  


   |  𝜑  (    𝑥  𝑛   )  |  ≤  𝐾        ‖    𝑥  𝑛   ‖   𝐸                 −         →       𝑛  →  ∞      𝐾        ‖  0  ‖   𝐸   =  0  . 


      lim     𝑛  →  ∞      𝜑  (    𝑥  𝑛   )  =  0 


   (    𝑥  𝑛  ′     )    𝑛  ∈  ℕ   


      lim     𝑛  →  ∞      𝜑  (    𝑥  𝑛   −    𝑥  𝑛  ′   )  =  0 


   (    𝑥  𝑛   −    𝑥  𝑛  ′     )    𝑛  ∈  ℕ   


   𝑓  ∶  [  𝑎  ,  𝑏  ]  →  ℝ 


   [    𝜎    𝑗  −  1    ,    𝜎  𝑗   ] 


   𝑗  ∈  {  1  ,  …  ,  #  𝜎  } 


     ∑    𝑗  =  1     #  𝜎          𝜎  𝑗   −    𝜎    𝑗  −  1     2       (  𝑓  (    𝜎  𝑗   )  +  𝑓  (    𝜎    𝑗  −  1    )  )   =    ∑    𝑗  =  1     #  𝜂        𝑒  𝑡    𝑎  𝑗   −    𝜂    𝑗  −  1     2       (  𝑓  (    𝜂  𝑗   )  +  𝑓  (    𝜂    𝑗  −  1    )  )   . 


             ∑    𝑗  =  1     #  𝜎        (    𝜎  𝑗   −    𝜎    𝑗  −  1    )   2       (  𝑓  (    𝜎  𝑗   )  +  𝑓  (    𝜎    𝑗  −  1    )  )      =    ∑    𝑗  =  1     #  𝜂      ∑    {  𝑘  ∶    𝜂    𝑗  −  1    <    𝜎  𝑘   ≤    𝜂    𝑗  +  1    }          𝜎  𝑘   −    𝜎    𝑘  −  1     2       (  𝑓  (    𝜎  𝑘   )  +  𝑓  (    𝜎    𝑘  −  1    )  )             =    ∑    𝑗  =  1     #  𝜂          𝜂  𝑗   −    𝜂    𝑗  −  1     2       (  𝑓  (    𝜂  𝑗   )  +  𝑓  (    𝜂    𝑗  −  1    )  )   .    


   𝜁  ≔  𝜂  ∧  𝜎 


     𝜎  0   <    𝜎  1   <  ⋯  <    𝜎  𝑛  


     ∫  𝑎  𝑏   𝑓  ≔    ∑    𝑗  =  1   𝑛       (    𝜎  𝑗   −    𝜎    𝑗  −  1    )   2       (  𝑓  (    𝜎  𝑗   )  +  𝑓  (    𝜎    𝑗  −  1    )  )   . 


   𝑓  ,  𝑔 


     ∫  𝑎  𝑏   (  𝑡  𝑓  +  𝑔  )  =  𝑡    ∫  𝑎  𝑏   𝑓  +    ∫  𝑎  𝑏   𝑔 


   𝜁  =  𝜎  ∧  𝜂 


   𝑓  ∈    𝐶  𝑏   (  [  𝑎  ,  𝑏  ]  ) 


     |    ∫  𝑎  𝑏   𝑓  |   ≤    ∫  𝑎  𝑏   |  𝑓  |  ≤  (  𝑏  −  𝑎  )      ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]   


   |  𝑓  | 


           |    ∫  𝑎  𝑏   𝑓  |     =    |    ∑    𝑗  =  1   𝑛         𝜎  𝑗   −    𝜎    𝑗  −  1     2   (  𝑓  (    𝜎  𝑗   )  +  𝑓  (    𝜎    𝑗  −  1    )  |             ≤    ∑    𝑗  =  1   𝑛         𝜎  𝑗   −    𝜎    𝑗  −  1     2   (    |  𝑓  (    𝜎  𝑗   )  |   +    |  𝑓  (    𝜎    𝑗  −  1    )  |   )            =    ∫  𝑎  𝑏   |  𝑓  |            ≤    ∑    𝑗  =  1   𝑛         𝜎  𝑗   −    𝜎    𝑗  −  1     2   (      ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]    +      ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]    )            =  (  𝑏  −  𝑎  )      ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]    .    


     ∫  𝑎  𝑏  


   𝑏  −  𝑎 


   𝐶  [  𝑎  ,  𝑏  ] 


     ∫  𝑎  𝑏   𝑓  =    ∫  𝑎  𝑐   𝑓  +    ∫  𝑐  𝑏   𝑓 


   𝑓  ∈  𝐶  [  𝑎  ,  𝑏  ] 


   𝑐  ∈  [  𝑎  ,  𝑏  ] 


   𝑔  ∈    𝐶  𝑏   [  𝑎  ,  𝑏  ] 


   𝑓  ∈    𝐶  𝑏   [  𝑎  ,  𝑏  ]  ↦    ∫  𝑎  𝑏   𝑓  𝑔 


     𝐶  𝑏   [  𝑎  ,  𝑏  ] 


   (    𝜎  𝑗   ,    𝜎    𝑗  +  1    ) 


   𝑗  ∈  {  0  ,  …  ,  𝑛  } 


   ℰ  (  [  𝑎  ,  𝑏  ]  ) 


   𝑔  ∶  [  𝑎  ,  𝑏  ]  →  ℝ 


       ‖    𝑓  −  𝑔   ‖     [  𝑎  ,  𝑏  ]    <  𝜀 


   ℛ  𝑒  𝑔  (  [  𝑎  ,  𝑏  ]  ) 


   𝑡  ∈  (  𝑎  ,  𝑏  ] 


   𝑡  ∈  [  𝑎  ,  𝑏  ) 


   (  𝑎  ,  𝑏  ] 


   𝐾  =    {  𝑐  ∈  [  𝑎  ,  𝑏  ]  ∶  ∃  𝑔    step function          ‖    𝑓  −  𝑔   ‖     [  𝑎  ,  𝑐  ]    <  𝜀  }  


   𝑎  ∈  𝐾 


   𝑏 


   𝑑 


   𝑑  ∈  𝐾 


   𝑡  ∈  [  𝑎  ,  𝑑  ] 


   𝑑  −  𝑡  <  𝛿 


   |     lim     𝑑  −      𝑓  −  𝑓  (  𝑡  )  |  <  𝜀 


   𝑑  =   sup     𝐾 


   𝑡  ∈  𝐾 


   𝑑  −  𝑡  <  𝛿 


   𝑔  ∶  [  𝑎  ,  𝑡  ]  →  ℝ 


       ‖    𝑓  −  𝑔   ‖     [  𝑎  ,  𝑡  ]    <  𝜀 


   ℎ  ∶  𝑥  ∈  [  𝑎  ,  𝑑  ]  ⟼    {            𝑔  (  𝑥  )            if     𝑥  ∈  [  𝑎  ,  𝑡  ]  ,            lim     𝑑  −      𝑓            if     𝑥  ∈  (  𝑡  ,  𝑑  )  ,         𝑓  (  𝑑  )            if     𝑥  =  𝑑  .           


       ‖    𝑓  −  ℎ   ‖     [  𝑎  ,  𝑑  ]    <  𝜀 


   𝑑  =  𝑏 


   𝑑  <  𝑏 


   𝑡  ∈  [  𝑑  ,  𝑏  ] 


   𝑡  −  𝑏  <  𝛿 


   |  𝑓  (  𝑡  )  −     lim     𝑑  +      𝑓  |  <  𝜀 


   𝑔  ∶  [  𝑎  ,  𝑑  ]  →  ℝ 


       ‖    𝑓  −  𝑔   ‖     [  𝑎  ,  𝑑  ]    <  𝜀 


   𝜛  =    𝛿  2   >  0 


   ℎ  ∶  𝑡  ∈  [  𝑎  ,  𝑑  +  𝛿  ]  ⟼    {            𝑔  (  𝑡  )    if     𝑡  ∈  [  𝑎  ,  𝑑  ]  ,                  lim     𝑑  +      𝑓    if     𝑡  ∈  (  𝑑  ,  𝑑  +  𝜛  ]  .                


   [  𝑎  ,  𝑑  +  𝜛  ] 


   𝜛  >  0 


       ‖    𝑓  −  ℎ   ‖     [  𝑎  ,  𝑑  +  𝜛  ]    <  𝜀 


   𝑑  +  𝜛  ∈  𝐾 


   𝑑  +  𝜛  >  𝑑 


   𝑏  ∈  𝐾 


     ∑    𝑗  =  1     #  𝜎    (    𝜎  𝑗   −    𝜎    𝑗  −  1    )  𝜑  (    𝜉  𝑗   )  =    ∑    𝑗  =  1     #  𝜂    (    𝜂  𝑗   −    𝜂    𝑗  −  1    )  𝜑  (    𝜁  𝑗   ) 


   (    𝜉  1   ,  …  ,    𝜉    #  𝜎    ) 


     𝜎  0   <    𝜉  1   <    𝜎  1   <    𝜉  2   <  ⋯  <    𝜎    #  𝜎   


   (    𝜁  1   ,  …  ,    𝜁    #  𝜂    ) 


     𝜂  0   <    𝜁  1   <    𝜂  1   <    𝜁  2   <  ⋯  <    𝜂    #  𝜂   


   [    𝜂    𝑗  −  1    ,  𝜂  ] 


   𝑗  ∈  {  1  ,  …  ,  #  𝜂  −  1  } 


             ∑    𝑗  =  1     #  𝜎    (    𝜎  𝑗   −    𝜎    𝑗  −  1    )  𝜑  (    𝜉  𝑗   )     =    ∑    𝑗  =  1     #  𝜂      ∑    {  𝑘  ∶    𝜂    𝑗  −  1    <    𝜎  𝑘   ≤    𝜂  𝑗   }    (    𝜎  𝑗   −    𝜎    𝑗  −  1    )  𝜑  (    𝜁  𝑗   )            =    ∑    𝑗  =  1     #  𝜂    (    𝜂  𝑗   −    𝜂    𝑗  −  1    )  𝜑  (    𝜁  𝑗   )  .    


     𝜎  ′   =  𝜎  ∧  𝜂 


   𝜑  ∈  ℰ  [  𝑎  ,  𝑏  ] 


     ∫  𝑎  𝑏   𝜑  ≔    ∑    𝑗  =  1     #  𝜎    (    𝜎  𝑗   −    𝜎    𝑗  −  1    )  𝜑  (    𝜉  𝑗   ) 


     𝜉  1  


     𝜉    #  𝜎   


     𝜎  0   <    𝜉  1   <    𝜎  1   <    𝜉  2   <    𝜎  2   <  ⋯  <    𝜎    #  𝜎    . 


   𝜑  ,  𝜓  ∈  ℰ  [  𝑎  ,  𝑏  ] 


     ∫  𝑎  𝑏   (  𝑡  𝜑  +  𝜓  )  =  𝑡    ∫  𝑎  𝑏   𝜑  +    ∫  𝑎  𝑏   𝜓  . 


   𝑓  ∈  ℰ  [  𝑎  ,  𝑏  ] 


     |    ∫  𝑎  𝑏   𝑓  |   ≤    ∫  𝑎  𝑏   |  𝑓  |  ≤  (  𝑏  −  𝑎  )      ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]    . 


   𝑓  ∈  ℰ  [  𝑎  ,  𝑏  ] 


   |  𝑓  |  ∈  ℰ  [  𝑎  ,  𝑏  ] 


           |    ∫  𝑎  𝑏   𝜑  |     ≤    ∑    𝑗  =  1     #  𝜎    (    𝜎  𝑗   −    𝜎    𝑗  −  1    )    |  𝜑  (    𝜉  𝑗   )  |             =  𝑖  𝑛    𝑡  𝑎  𝑏   |  𝑓  |            ≤    ∑    𝑗  =  1     #  𝜎    (    𝜎  𝑗   −    𝜎    𝑗  −  1    )      ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]    =  (  𝑏  −  𝑎  )      ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]    .    


   ℰ  [  𝑎  ,  𝑏  ] 


     ∫  𝑎  𝑏   𝜑  ≥  0 


   𝑐  ∈  [  𝑎  ,  𝑏  ] 


     ∫  𝑎  𝑏   𝜑  =    ∫  𝑎  𝑐   𝜑  +    ∫  𝑐  𝑏   𝜑 


     ∫  𝑎  𝑐   𝜑  =    ∫  𝑎  𝑏   𝜑  ⋅    1    [  𝑎  ,  𝑐  ]   


   ℛ  𝑒  𝑔  [  𝑎  ,  𝑏  ] 


   ℛ  [  𝑎  ,  𝑏  ] 


   ∀  𝑓  ∈  ℛ  [  𝑎  ,  𝑏  ]      |    ∫  𝑎  𝑏   𝑓  |   ≤    ∫  𝑎  𝑏   |  𝑓  |  ≤  (  𝑏  −  𝑎  )      ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]      , 


   𝑓  ∈  𝑟  𝑒  𝑔  [  𝑎  ,  𝑏  ] 


     ∫  𝑎  𝑏   𝑓  =    ∫  𝑎  𝑐   𝑓  +    ∫  𝑐  𝑏   𝑓  . 


     ∫  𝑎  𝑏   1  =  𝑏  −  𝑎  =      |      |      |    ∫  𝑎  𝑏   |     |     |     ℛ  𝑒  𝑔  [  𝑎  ,  𝑏  ]   ℝ  


   𝑓  ∈  ℛ  𝑒  𝑔  [  𝑎  ,  𝑏  ] 


   𝑓  ≥  0 


     ∫  𝑎  𝑏   𝑓  ≥  0 


   𝑓  ≥  0 


       ‖        ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]    −  𝑓   ‖     [  𝑎  ,  𝑏  ]    ≤      ‖  𝑓  ‖     [  𝑎  ,  𝑏  ]   


     ∫  𝑎  𝑏   𝑓  =  0 


   𝑓  =  0 


   𝐹  ∶  𝑥  ∈  [  𝑎  ,  𝑏  ]  ↦    ∫  𝑎  𝑥   𝑓 


     𝐹  ′   =  𝑓 


   𝐹  (  𝑎  )  ≤  𝐹  (  𝑥  )  ≤  𝐹  (  𝑏  ) 


   𝐹  (  𝑏  )  =    ∫  𝑎  𝑏   𝑓  =  0  =  𝐹  (  𝑎  ) 


   𝐹  (  𝑥  )  =  0 


   𝑓  (  𝑥  )  =    𝐹  ′   (  𝑥  )  =  0 


   𝑔  ∶  [  𝑎  ,  𝑏  ]  →  ℝ 


     ∫  𝑎  𝑏   𝑓    𝑔  ′   =  𝑓  (  𝑏  )  𝑔  (  𝑏  )  −  𝑓  (  𝑎  )  𝑔  (  𝑎  )  −    ∫  𝑎  𝑏     𝑓  ′   𝑔  . 


   (  𝑓  𝑔    )  ′   =    𝑓  ′   𝑔  +  𝑓    𝑔  ′  


   𝑓    𝑔  ′   =  (  𝑓  𝑔    )  ′   −    𝑓  ′   𝑔 


             ∫  𝑎  𝑏   𝑓    𝑔  ′      =    ∫  𝑎  𝑏   [  (  𝑓  𝑔    )  ′   −    𝑓  ′   𝑔  ]            =    ∫  𝑎  𝑏   (  𝑓  𝑔    )  ′   −    ∫  𝑎  𝑏     𝑓  ′   𝑔     by Theorem (??)             =  𝑓  (  𝑏  )  𝑔  (  𝑏  )  −  𝑓  (  𝑎  )  𝑔  (  𝑎  )  −    ∫  𝑎  𝑏     𝑓  ′   𝑔     by Theorem (??).     


   [  𝑢  (  𝑎  )  ,  𝑢  (  𝑏  )  ]  ∪  [  𝑢  (  𝑏  )  ,  𝑢  (  𝑎  )  ] 


     ∫  𝑎  𝑏   (  (  𝑓  ∘  𝑢  )  ⋅    𝑢  ′   )  =    ∫    𝑢  (  𝑎  )     𝑢  (  𝑏  )    𝑓  . 


   𝐹  ∶  𝑥  ∈  [  𝑎  ,  𝑏  ]  →    ∫  𝑎  𝑥   𝑓 


   𝑔  =  𝐹  ∘  𝑢 


     𝑔  ′   (  𝑥  )  =    𝑢  ′   (  𝑥  )    𝐹  ′   (  𝑢  (  𝑥  )  )  =    𝑢  ′   (  𝑥  )  𝑓  (  𝑢  (  𝑥  )  ) 


             ∫  𝑎  𝑏   𝑓  ∘  𝑢  ⋅    𝑢  ′      =    ∫  𝑎  𝑏     𝑔  ′             =  𝑔  (  𝑏  )  −  𝑔  (  𝑎  )            =  𝐹  (  𝑢  (  𝑏  )  )  −  𝐹  (  𝑢  (  𝑎  )  )            =    ∫    𝑢  (  𝑎  )     𝑢  (  𝑏  )    𝑓  .    


     |    ∫  𝑎  𝑏   𝑓  |   ≤    ∫  𝑎  𝑏   |  𝑓  |  . 


   −  |  𝑓  (  𝑥  )  |  ≤  𝑓  (  𝑥  )  ≤  |  𝑓  (  𝑥  )  |  . 


   −    ∫  𝑎  𝑏   |  𝑓  |  =    ∫  𝑎  𝑏   (  −  |  𝑓  |  )  ≤    ∫  𝑎  𝑏   𝑓  ≤    ∫  𝑎  𝑏   |  𝑓  |  , 


   𝑐  ∈  (  𝑎  ,  𝑏  ) 


     1    𝑏  −  𝑎      ∫  𝑎  𝑏   𝑓  =  𝑓  (  𝑐  )  . 


   𝐹  ∶  𝑥  ∈  [  𝑎  ,  𝑏  ]  →    ∫  𝑎  𝑥   𝑓 


   𝐹  (  𝑏  )  −  𝐹  (  𝑎  )  =  (  𝑏  −  𝑎  )    𝐹  ′   (  𝑐  )  =  𝑓  (  𝑐  )  (  𝑏  −  𝑎  )  . 


     1    𝑏  −  𝑎      ∫  𝑎  𝑏   𝑓 



