A TOPOLOGICAL INTRODUCTION TO REAL ANALYSIS:
REFERENCE MANUAL

FREDERIC LATREMOLIERE

ABsTrRACT. We present a topological approach to real analysis. This set of
notes assume the notion of an ordered field, and focuses on the definitions,
theorems and proofs, with no additional comment, as a sort of reference man-
ual.

(©2022 Frédéric Latrémoliére, PhD.
This document is only for the current students in Real Analysis 1 MATH 3161
at DU. No redistribution or online distribution is allowed.

1. TuE CONTINUUM
1.1. Review: special elements related to orders.

Definition 1.1. Let (F, <) be an ordered set and A C F, A # (). An element
M € E is a lower bound of A when Va €¢ A M < a. An element M € E is an
upper bound of A whenVa e A a < M.

Definition 1.2. Let (E, <) be an ordered set, and let A C E be nonempty. The
set A is bounded above when it has an upper bound; A is bounded below when it
has a lower bound. Last, A is bounded when it has both an upper bound and a
lower bound.

Definition 1.3. Let (F, <) be an ordered set and A C F, A # (. An element
x € Ais a smallest element of A when x is lower bound of A. An element z € A is
a largest element of A when z is an upper bound of A.

If 2,y € A are two smallest elements of A then x < yandy < zsozxz =y —
smallest elements, if they exist, are unique. Similarly, largest elements are unique
as well. We denote the smallest element of A, if it exists, by min A, and the largest
element of A, if it exists, by max A.

Definition 1.4. Let (F, <) be an ordered set and A C F a nonempty subset of
E. The infimum inf A, if it exists, is the largest element of the set of lower bounds
of A. The supremum sup A, if it exists, is the smallest element of the set of upper
bounds of A.

Suprema and infima are unique, if they exist.
Let (E, <) be an ordered set, A C E not empty, and = € E. The key idea is the
following equivalence:
e r=inf A,
e risalower boundof A,andVy e £ y>x = Ja€ A a<y.
Similarly,
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e r=supA,
e zis an upper bound of A, and Vy € £ y<zx = Ja€ A y<a.

1.2. Archimedean Fields.

Definition 1.5. An ordered field ¥ is Archimedean when inf {% :neN,n > O} =
0.

Lemma 1.6. Q is an Archimedean field.

Proof. For alln € N, n > 0, we observe that £ > 0. Let ¢ > 0. Then ¢ =2 > 1 for

n

some p,n € N\ {0}. So inf{ :n € IN,n > 0} = 0. This concludes our proof. [

Lemma 1.7. A field F is Archimedean if, and only if, for oall x,y € I, if x > 0
and y > 0, then there ezists n € IN such that y < nx.

Proof. Assume that IF is Archimedean. There exists n € IN such that % < % since
% > 0; since y > 0 and n > 0, we conclude that y < nz, as claimed.

Assume that for all x,y € I, with z > 0 and y > 0, there exists n € IN such that
& < ny. First, note that + > 0 for all n € N, n > 0. On the other hand, let = € F,
with = > 0. There exists n € IN such that nx > 1 — in particular, n > 0. Thus
x>%. So inf{%:nE]N,n>O}:0andIFis Archimedean. O

While ordered fields always contain a copy of @, Archimedean fields always
contain a dense copy of the field of rational numbers.

Theorem 1.8. If I is an Archimedean ordered field then:
VeeF xz=inf{geQ:z<q}
=inf{geQ:z<q}
=sup{g € Q: g <z}
=sup{geQ:qg<a}.
In particular, if v,y € F and x < y then there exists ¢ € Q such that x < q < y.
Proof. Let x € IF with = > 0.
Let S ={q € Q:x < q}. Since I is Archimedean, there exists k € IN such that
z < k,sok+1¢€S and thus S # 0.

By construction, z is a lower bound of S. Let now y € F with z < y. Since
0=inf {1 :n € IN}, there exists n € N such that L <y —z.

Let N = {p eN:z< %} Since IF is Archimedean, there exists p € IN such that
p% >1lie. 2> 250 N is not empty. As a nonempty subset of IN, the set N has
a smallest element ¢. Note that since z > 0, we have ¢ > 1.

Now, % < x since ¢ — 1 < g and thus ¢ — 1 ¢ N. Therefore:

-1 1 1
r<d_1 +-<z+-<z+y—2x)=y.
n n n n

Therefore, £ € S and £ <y. Thus y is not a lower bound for S.

Therefore, we have proven that x = inf S as desired. Moreover, as claimed, there
exists 1 € Q with z < 1 <y. We note that if 2’ <y’ < 0 then there exists ¢ € Q
with —y’ < ¢ < —2/ and thus «/ < —¢ < ¢'. The case 2’ < 0 < y' being trivial
here, we note that indeed, for all 2’ < 4’ there exists ¢ € Q such that 2’ < q < v/'.



A TOPOLOGICAL INTRODUCTION TO REAL ANALYSIS: REFERENCE MANUAL 3

Let now U ={q€ Q:q<z}. Asx >0, we have 0 € U so U is not empty. By
construction, x is an upper bound for U.

Let y < . As IFis Archimedean, as above, there exists n € IN such that % <zT—y
since 0 <z —y. Let P = {p e IN: 2 > 2}; for the same reason as with the set N,
the set P is not empty; let ¢ = min P. By definition of P, we thus have % < .

We then note that:

1 q 1 qg—1
y=r+y—-zrz<r——< - ——= .
n n n n
Thus % e U, and y < %1, so y is not an upper bound of U. Consequently,
supU = z as desired.

If z = 0 then, since {1 :n €N} C S, we have 0 < infS <inf{1:neN} =0
so inf S = 0.
Now, if < 0 then:
x=—(—x)

=—inf{geQ: —=z
=sup{—¢€Q: —x
=sup{q¢ € Q:q <z}

Similarly, x = inf{q € Q : < ¢}.

q}
—q}

<
<

Last, let z € . As z is also a lower bound for S’ ={g€ Q: 2 < q} and S C 5
sox < infS < infS =z, so x = inf . Alternatively, if x € Q then of course
x is the smallest element of S’ so inf S" = z, and if ¢ Q then S = S’ and thus
inf ' =inf S = x.

Similarly, x = sup{q € Q : ¢ < z}. O

1.3. The Field R of real numbers. We build a field R from the field of rationals,
using Dedekind cut construction.

Definition 1.9. A subset C C Q is a cut when:
(1) ¢ #40,
(2) Vz,y € Q z<yandze(C = yeC,
(3) C is bounded below,
(4) C has no smallest element.

Notation 1.10. For any q € Q, we write gr = {z € Q : © > q}; the set ¢g is a cut.
Inclusion defines an order on the set of cuts.
Notation 1.11. If x,y are cuts, we write z < y whenever y C x.

Theorem 1.12. The ordering on cuts is linear, and every nonempty bounded-below
set of cuts has an infimum.

Proof. Let x,y be two cuts. Assume that x € y. Let ¢t € y. If for all s € x, we have
s > tthen Vs € x s € y as y is a cut. Since x € y, there exists s € = such that
s < t. Since x is a cut, t € . So y C z. So either x < y or y < .

Now, let S be a nonempty set of cuts, bounded below. Let z = JS. Of course,
x is the least upper bound of S for C and thus, if x is indeed a cut, then z is the
infimum of S. Since cuts are not empty, « is not empty. Since S is bounded, there
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exists a cut m such that m <t forallt € S. Thust Cmforallt € S, so x C m.
So x is bounded below, since m is. Let t, s € Q with ¢t < s and t € x. By definition,
there exists y € S such that ¢t € y. Since y is a cut, s € y so s € x. Last, assume
x has a smallest element m € Q. Then m € y for some y € S. Yet m is not the
smallest element of y since cuts do not have smallest elements. Therefore, there
exists u € y with u < m — but then, v € z, which contradicts that m = minz. So
x is a cut, as desired. (I

Theorem 1.13. If z,y are cuts, then z +R y, defined by
r4ry={t+s:tcuxsey}
18 a cut.

Proof. By construction, « +r y is not empty. Let M., M, € Q be lower bounds
for, respectively,  and y. Let ¢ € x and s € y. Then M, < t and M, < s so
M, + M, < s+1t. So x +r y is bounded below. Let t,s € Q such that ¢t < s and
t € z 4+ y- By definition, t =u+v withu ez andv €y. Thuss—u>t—u=wv
sos—u€yasyisacut. Thus s =u+ (s —u) € x +gr y as needed. Last, assume
s € x +R y is the smallest element of z +r y. By definition, s = u + v for some
u € xand v €y. Let now a € x. Since a+v € x +ry, we have u +v=s< a+v
so u < a. Hence u is the smallest element of x, which does not exist. So = +Rr ¥
does not have a smallest element. |

Theorem 1.14. The set of all cuts with the operation +g is an Abelian group with
neutral element OR.

Proof. Let © C Q be a cut. Let t € z +gr Og, so t = u + v with u € z and v > 0.
Sot>wuandu € x,s0t € x as xis a cut. So z + O0r C x. Now, let t € x. Since
x has no smallest element, there exists v € z with u < t. Let e =t —u > 0 — by
definition, ¢ € Og. Moreover, t = u+¢, sot € x +r Og. So x +r Ogr = x for all cuts
x.

The operation +p is trivially commutative by definition. It is also easy to check
that it is associative. Let x,y, z be three cuts. Let t € (x+ry)+r 2. Thus, t = utv
for some u € x +r y and v € z. Further, there exist s € x and w € y such that
u=s+w. Sot=(s+w)+v=s+(w+v),ie t€x+gr (y+rz). We thus
proved that (z +r y) +r 2 € = +r (y +r 2). The same argument will show that
THR (Y +r2) C(2+RY) tr 2 16 (T+rY) trR2 =2 +R (Y +r 2).

It thus suffices to prove that every cut has an opposite. Let x be a cut. We
define:

—rx={s€Q:uecQ Vicxr s>uvandu+t>0}.
We first check that —x is a cut. Let M € Q such that for all ¢ € z, we have M < t.
Thus for all ¢t € x, we have t — M > 0, and thus if s > —M then s € —z. So x # ().
On the other hand, let t € z and s < —¢t. Then s+t < 0so0 s ¢ —z, and thus —x
is bounded below.

By construction, if ¢t € —z and s > ¢ then s € —x. Last, if ¢ € —z then there
exists t € Q such that t > s and Vu € x t+u > 0. So 57“ € —x and thus, —z
does not have a smallest element. Hence, —x is indeed a cut.

By construction, —x 4+ 2 C Or. It is thus sufficient to prove the reverse inclusion
to conclude that (R, +R) is a group. Let s € Og, i.e. s > 0. There exists t € x such
that t — s ¢ x: indeed, pick a € z; the set {n € IN: a — ns ¢ x} is not empty since
x is a cut (if it was empty, then a — ns € x for all n € IN, and since for any ¢ € @,
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there exists n € IN such that a — ns < ¢ as Q is Archimedean, we would conclude
q € z i.e. x = Q, which is not a cut). Let m = min{n € N : a — ns ¢ z} and set
t=a—(n—1)s (note: n > 1 since a € z). By definition, ¢t € z yet t — s ¢ x.
Now, let u € z. Since x is a cut and ¢t — s ¢ x, we have u > t — s (as cuts are
closed upward). Then s —t+u > s—t+ (t —s) = 0. Hence, s —¢t € —z. Since
s = Is_—tl+ Iz_fl , we conclude s € —z +R x as desired. So O C —x +R z, and thus

E—x Ex
—x + x = OR. O

Theorem 1.15. If z,y, z are cuts with x <y, then r +r 2z <y +R 2.

Proof. Let t € y +gr z. There exist u € y and v € 2z such that ¢ = u 4+ v. Since
r < vy,ie yCx, weconclude u € x and thust € x +R z. So y +r 2 C = +R 2, i-e.
TH+Rr 2z < Y+R 2. O

Notation 1.16. Let Ry = {x € R: Og < z}.
Theorem 1.17. If, for x,y € Ry, we define:
zy={st:seux,tey}

then xy € Ry. Moreover, this operation is associative and commutative on R,
and (R4 \ {0},-) is an Abelian group.

Proof. Let z,y € R4. It is immediate that zy = yx.

It is also clear that zy # (), and that zy has 0 as a lower bound. Moreover, if
t,qg € Q,t € ry and ¢ > t, then by construction, t = uv with v € z and v € y. By
assumption, v > 0, and thus % =v. Thus I > v. Therefore, 1 € y as y is a cut.
Therefore, ¢ = ul € xy.

Last, if s € zy then s = uv for u € z and v € y. Since z does not have a smallest
element, there exists ¢ €  with ¢ < u, so qu < wwv, and by definition, qv € zy and
qu < s. So zy has no smallest element.

So xy is indeed a cut.

Associativity is proven as with the sum.

Let z € R4. Let s € 1, i.e. s > 1. Let ¢ € . Then ts > ¢, and since t € x
and x is cut, ts € x. So x1lg C x. On the other hand, let ¢ € z. Since x is a cut,
there exists u € x with u < ¢t. Now, t = %u, with % >1ie. % € 1lg, and u € z, so
t € xlg. Thus x = x1R.

Last, let > Og. First, note that > Or implies that there exists u € Q,u > 0
with Vt € x t > w. Indeed otherwise, for any € > 0, there would exist ¢ € z with
t < &; in turn this implies, as x is a cut, that ¢ € . We see then that z = OR,
which contradicts x > OR.

Let

r'={s€Q:3tcQ Yvcax s>tandsv>1}.

Of course, z! is not empty since > 0. Moreover, z~! is bounded below by

0. If s € x and t > s, then by construction, t € x~!. If £ € 7!, then there exists
s € 27! with ¢t > s (indeed, there exists u € Q such that Ya € z au > 1; let
s= HT“) So 27! does not have a smallest element.

Thus 2~ ! is indeed a cut.
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Thus by construction, zz~! C 1g. We now prove the converse inclusion. Let
s > 1. There exists n € IN such that, if m > n, then s > "= by the Archimedean
property for Q. Let now ¢ € 2. Let ¢ € Q such that 0 < ¢ < L.

Let m = min{k > n : kq € v} — this set is not empty, as if it where, so would x
be, as  is a cut (as soon as it contains an element, which it does, it must contain
all elements greater). By construction, (m — 1)q ¢ x. Therefore, for any t € z, we
have t > (m — 1)q. Therefore:

S S m—1 m—1 m
t— > (m—1)g— = s> =1.
mq mq m m m-—1
Therefore, >~ € ™!, and thus
q
s
s=mq —
1 mgq
[ |
S
so s € zz~'. In all, we have showed that zz~! = 1R.
This concludes our proof. O

Theorem 1.18. If z,y,z € Ry then z(y +r 2) = 2y +r x2.

Proof. This follows from the distributivity of the multiplication with respect to the
addition on @, in a manner identical to the proof of associativity. ([

We extent the multiplicative structure to R as follows.

Definition 1.19. Form all z,y € R,
(1) if z > 0 and y < 0 then 2y = z(—vy),
(2) if <0 and y > 0 then zy = (—2)y,
(3) if x <0and y <0 then xy = (—z)(—y).

Theorem-Definition 1.20. The field R is an ordered field which is Dedekind
complete, i.e with the property that every nonempty subset of R with a lower bound
has an infimum.

Proof. We have shown that (R, +) is an Abelian group, that the multiplication on
R is associative, commutative, and distributive with respect to the addition, and
that (R4 \ {0},-) is an Abelian group.

Of course, if z > 0 and y > 0 then xy > 0. Moreover, we saw the order < is
linear on R, and every nonempty bounded-below subset of R has an infimum.

Last, it is a routine exercise to check that the extended multiplication to R is still
associative, commutative and distributive with respect to the addition. Moreover,
it is easy to check that if z < 0 then (—z) ™ is the inverse of z for the multiplication.

As an example, let x,y,z € R with z > 0, y < 0, z > 0 such that y +r z > 0.
Then

xrz = x(z +R OR)

=z | z4+ry+(—Y)
>0 >0
=z(z +rY) +z(~y)

and thus zz+xy = (2+Rry), as desired. The other cases are handled similarly. O
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We conclude by showing that R is Archimedean.

Theorem 1.21. Let A C R be not empty and bounded below. The number r € R
is the infimum of A if, and only if x is a lower bound of A, and

Ve>0 dyeA y<z+e.

Proof. Assume x = inf A. By definition, x is the largest lower bound of A. Let
e > 0. Since x + € > x, we conclude that = + ¢ is not a lower bound of A. Thus,
there exists y € A such that y < z + €.

Agsume that x is a lower bound of A, and that, for all € > 0, there exists y € A
such that y < x +e¢. Let z > x. We set ¢ = z — z > 0. By assumption, there exists
y € A such that y < x +¢ = z. Thus, z is not a lower bound for A. Hence, x is the
largest lower bound of A. O

Dedekind completeness implies that R is an Archimedean field.
Theorem 1.22. The infimum of {1 :n €N\ {0}} in R is 0.

Proof. By assumption, S = {1 :n € IN\{0}} is bounded below by 0 and not
empty, so it has an infimum z = inf S > 0. Note that = < ﬁ for all n € N, n > 0,
and thus  +z < + for all n € N\ {0}. Since x is the largest lower bound for S,
we have x + = < z, i.e. x < 0. We therefore conclude z = 0, as claimed. d

We note that given any Archimedean field I, there exists an injective increasing
field morphism from I into R, using the density of Q. Thus R is the largest
Archimedean field as well.

2. BAsic TOPOLOGY OF R: SETS
2.1. Distance from a point to a set.

Definition 2.1. Let A C R be any nonempty set. The distance dist(z, A) from
r€Rto Ais:
dist(z, A) = inf{|lz —y| : y € A}.

Theorem 2.2. The following properties hold.
(1) VACR A#0) = 0<dist(z, A),
(2) Vz,y e R dist(z, {y}) = |z — 9|,
(8) Ve e R VACR A finite, not empty = dist(z, A) = min{|lz —y|:y €
A},
(4)) VACR VzeR xz€A = dist(z,4) =0,
(5) VALBCR ACBand A#0) — Ve eR dist(z, B) < dist(z, 4),
(6) VACR A#0 = Vz,yeR |dist(z, A) — dist(y, A)| < |z —y|.

Proof. By construction, 0 is a lower bound of {|z —y| : y € A} for all A C R with
A#Dand z € R. So 0 < dist(x, A), i.e. Assertion (1) holds.

A nonempty finite subset of R has a smallest element, which is also its infimum,
so Assertion (3) holds. In particular, let x,y € R. By definition, inf{|jx — 2| : z €
{y}} = min{|z — y|} = | — y|. This shows that Assertion (2) holds as well.

If x € Athen 0= |z —z| € {|Jz —y| : y € A} so dist(z, A) < 0 by definition. As
0 < dist(z, A), we conclude that dist(xz, A) = 0. Thus, Assertion (4) holds.
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Let now A,B C R with A C B and A # (. Let x € R. Since A C B, we
conclude:

{le—y|l:ye A} C{lz —y|:y € B}
and thus:

dist(z, A) = inf {|lx —y| : y € A} > {Jx — y| : y € B} = dist(x, B).

Last, let AC R, A # (), and let =,y € R. Let now z € A. Since:
dist(z, 4) < |z — 2| < [z -y + |y — 2],
and since z € A is arbitrary in A, we conclude that dist(z, A) — |z —y| < dist(y, 4).
Therefore:
dist(x, A) — dist(y, A) < |z — y|.
Similarly, dist(y, A) — dist(z, A) < |z — y|, and thus:
|diSt('T7 A) - dlSt(y7A)| < |Qj - y"

which completes our proof. (I

2.2. Closure of a set. In general, dist(x, A) = 0 does not imply that x € A. We
introduce the following concept.

Definition 2.3. The closure cl(A) of a nonempty subset A C R is
cl(A) = {z € R: dist(z, A) =0} .
We set ¢l (0) = 0.
We thus have defined an operator on the power set of R, called the closure oper-

ator. To study this operator, we present a standard technique to prove inequalities,
which we will use very often.

Theorem 2.4. Let a,b € R. If there exists M > 0 such that, for all ¢ € (0, M),
we have a < b+ ¢, then a < b.

Proof. If a > b, let ¢ = min{M, %52} > 0. Then b+ < 2% < a. Our theorem
holds by contraposition. a

We remark that, as a corollary, if Ve >0 a < b+ ¢, then a < 0.

We now state the core properties of the closure operator.

Theorem 2.5. The closure operator has the following properties.
(1) cl(0) =0,
(2) VACR ACcl(A),
(8) VACTR cl(cl(A)) =cl(A),
(4) VAJLBCR ACB = cl(A) Ccl(B),
(5) VA, BCR cl(AUB)=cl(A)Ucl(B).

Proof. Assertion (1) is by definition.

If A = (), then all assertions are trivial (and Assertion (5) is trivial if B = () as
well). We assume henceforth that A # 0.

If € A, then dist(z, A) = 0 by Theorem (2.2), and thus z € cl(A4). So
A Ccl(A).
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In particular, cl (A) C cl(cl(A)). If z € cl(cl(A)) then dist(x,cl(A)) = 0. Let
€ > 0. There exists y € cl(A) such that [z —y| < §. By definition of cl(4), we
have dist(y, A) = 0, so there exists z € A such that |y — 2| < 5. Therefore

dist(z, A) < |z — 2| < |z —y| + |y — 7| <%—|—§:5.
Therefore dist(z, A) < ¢ for all € > 0 and therefore, dist(z, A) = 0. So = € cl(A4).
Therefore, we have proven that cl (cl(A)) C cl(A), and thus cl (A) = cl(cl(A)).

Now, if A C B and = € cl(A) then dist(z, A) = 0 by definition of the closure,
and since A C B, by Theorem (2.2), we also have 0 < dist(z, B) < dist(z, A) =0
so z € cl(B). Thus cl(A) C cl(B).

Let now A,B C E. First, note that since A C AU B so cl(A) C cl(AU B).
Similarly, B C AUB so cl(B) C cl (AU B). Therefore, cl (4)Ucl(B) C cl(AU B).

On the other hand, let € ¢l (AU B). Thus dist(xz, AU B) = 0. Assume that
x ¢ cl(A), so that dist(xz, A) > 0.

Let € € (0,dist(x, A)). There exists y € AU B such that dist(z,y) < €. Since
dist(x,y) < dist(x, A), we conclude that y € B. Thus dist(z, B) < ¢ for all € €
(0, dist(z, A)) and thus 0 < dist(z, B) < inf(0,dist(x, A)) = 0, so z € cl(B). Hence,
if x € c1(AU B), then x € cl (4) Ucl(B).

In conclusion, cl (A) Ucl(B) = cl (AU B). This completes our theorem. O

Corollary 2.6. If A, B C R, then
cl(ANnB) Ccl(A)Ncl(B).

Proof. Since AN B C A, we conclude by Theorem (2.5) that cl(AN B) C cl(A4).
Similarly, ¢l (AN B) C cl(B). Thus our theorem is proven. O

Remark 2.7. We note that if an operator on the power set of some set satisfies (5)
in Theorem (2.5), then it automatically satisfies (4) as well (since A C B implies
AUB = B, we have cl(A) Ucl(B) = cl(AUB) = cl(B) so cl(4) C cl(B)); it is
however more natural for us to follow the path of proof of Theorem (2.5). Properties
(1),(2),(3) and (5)) together define what is called a Kuratoswky closure operator.

We now compute the closure of some basic important sets.
Theorem 2.8. If ' C R is finite, then cl (F) = F.

Proof. We have F' C cl(F). On the other hand, if dist(z, F') = 0 then = € F, so
(F)CF. O

Theorem 2.9. cl(0) =0 and cl(R) = R.

Proof. c1(§) = 0 by definition. On the other hand, R C cl(R) C R so cl(R) =
R.

Definition 2.10. A subset D C R of R is dense in R when cl (D) = R.
Theorem 2.11. The closure of Q is R. The closure of R\ Q is R.

Proof. First, Q C cl(Q). Let z € R. Let € > 0. There exists ¢ € Q such that
x < ¢ < x + ¢ by Theorem (1.8). Therefore, dist(z,Q) < |v —q| <e. Ase >0 is
arbitrary, we conclude that dist(z, Q) =0, i.e. = € cl(Q).

The same reasoning applies to R \ Q. (]
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Theorem 2.12. If a € R then

el ((—o0,a)) = cl (o0, ]) = (~00,a] and cl ((a,5)) = el ([a, 50)) = [a, ).

If a <b€R then

cl((a,b)) =cl([a,b)) = cl((a,b]) = cl([a,b]) = [a,b)].

Proof. Let a € R. If b > a, then dist(b,(—o0,a]) = |b —a| > 0, and therefore
b ¢ cl((—o0,al); henceforth cl ((—oo,a]) C (—o0,a]. Since (—o0,a] C cl((—o0,a)),
we conclude cl ((—o0,a]) = (—o0,a]. A similar argument shows that cl ([a,00)) =
[a, 00).

(
Let now ¢ > 0. Let ¢ = min{b—s,%‘b}. By construction, ¢ € (a,b), an

dist(b, (a,b)) < |b — ¢| < e. Therefore, dist(b, (a,b)) = 0. Similarly, dist(a, (a,d)) =
0. Hence cl ((a,b)) = [a, b].

Now, (—00,a) = (—o0,a — 1)U (a — 2,a) so
cl((—o0,a)) =cl((—o0,a —1))Ucl((a —2,a)) = (—o0,a—1]U[a—2,a] = (—o0, al.
Similarly, ¢l ((a,0)) = [a, 00).

Last, if (a,b) C I C [a,b], then [a,b] = cl((a,b)) C cl(I) C cl([a,b]) = [a,b], as
claimed. O

We note that taking the closure of a bounded interval does not increase its
diameter; this is a general observation.

Definition 2.13. If A C R is bounded and not empty, then the diameter diam (A)
of A is defined as diam (A) = sup {|z —y| : z,y € A}.

Theorem 2.14. If A C R is a bounded subset of R, so is cl(A), and moreover:
diam (cl (A)) = diam (A4).
Proof. Let x,y € cl(A). Let € > 0. There exists z.,y. € A such that [z —z.| < §
and |y — y.| < 5. Thus:
|z —y| < |2 — 2| + [ve — Ye| + [ve — y| < diam (A) +&.
As e > 0is arbitrary, we conclude that |z—y| < diam (A). Therefore, diam (cl (A4)) <
diam (A). In particular, cl (A4) is bounded in R.
Since A C cl (A), it is immediate by Definition (2.13) that diam (A) < diam (cl (A4)),
thus concluding our proof. (]
2.3. Closed Sets. The fixed points for the closure operator are called closed sets.

Definition 2.15. A subset A C R is closed in R when cl (4) = A.
A subset A of R is thus closed if and only if:
Ve eR dist(z,A) =0 < z € A.
Example 2.16. By Theorem (2.9), both ) and R are closed.

Example 2.17. By Theorem (2.12), for all a < b, the intervals (—oo, a], [a, c0)
and [a, b] are closed — these are, in fact, all closed intervals.
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Example 2.18. Every finite subset of R is closed by Theorem (2.8).

Theorem 2.19. A subset ' C R of R is closed if and only if there exists a subset
A CR of R such that F = cl(A).

Proof. Let A C R. By Theorem (2.5), cl(cl(A)) = cl(A) so cl(A) is closed by
Definition (2.15).

By Definition (2.15), if F C R is closed then F = cl(F). This completes our
proof. O

Closed sets form a lattice for the inclusion.

Theorem 2.20. The following assertions hold.

(1) O and R are closed subsets of R.
(2) If F,G C R are closed then F'UG is closed.
(3) If # C 2% is a nonempty set of closed subsets of R, then:

(17 ={zc€R:VFeF zcF}
is closed.
Proof. By definition, cl (§) = (), and by Theorem (2.9), cl(R) = R.
Let F,G C E be closed subsets of R. Then
c(FUG)=cl(F)Ucl(G) = FUG,
and thus F'U G is closed.

Let .Z be a subset of the power set 2% whose elements are all closed subsets of R.
We first note that (% C cl([).%#). On the other hand, if F € % then % C F.
Therefore, cl((.%) C cl(F) = F. Consequently, as F € % was arbitrary, we
conclude that cl (.%) C N Z.

Therefore, cl (().%#) =%, i.e. by definition, ().Z is closed in R. O

Remark 2.21. If (Fy) e is a family of closed subsets of R then (), , F; = (" {F}; : j € J}
is closed by Theorem (2.20).

Theorem 2.22. If A C R is a subset of R then:
cl(4) = ﬂ{F CR:F is closed and A C F}.
In particular, cl (A) is the smallest closed subset of R containing A.

Proof. If A C R then cl(cl(4)) = cl(A) and thus cl(A) is closed. Moreover
A Ccl(A). So in particular:

ﬂ{F CR: Fisclosed and A C F} Ccl(A).

Let FF C R be a closed subset of IR containing A. Since A C F, we have
cl(A) Ccl(F)=F. So cl(A) is the smallest closed subset of R containing A.
In particular:

cl(A)gﬂ{FgR:FisclosedandAgF}.

This concludes our proof. [



12 FREDERIC LATREMOLIERE
Theorem 2.23. If FF C R is closed, bounded above and not empty then sup F € F.
Similarly, if F' is closed, bounded below and not empty, then inf F' € I,

Proof. Assume F' is not empty, closed and bounded above. For all € > 0, there
exists € F such that sup F —e < z < sup F, so dist(sup F, F) < |sup F — z| < e.
Hence dist(sup F, F) =0, so sup F € cl (F) = F.

The same reasoning applies to show inf F' € F' whenever F' is closed, not empty
and bounded below. O

While closed sets form a sub-lattice of 2%, they do not form a Boolean subalge-
bra: indeed, R\ [a,b] = (—o0, a) U (b, 00) is not closed since cl ((—o0,a) U (b, 0)) =
cl ((—o0,a)) Ucl((b,0)) = (—o0,a] U [b,00). We now study the geometry of com-
plements of closed sets.

2.4. Open Sets.
Definition 2.24. A subset U of R is open when R\ U is closed in R.

The set of all open sets of a R satisfies properties inherited from the structure
of the closed sets.

Theorem 2.25. The following assertions hold.

(1) O and R are open subsets of R.
(2) If U,V C R are open then UNV is open.
(3) If % C 2% is a nonempty set of open subsets of R, then:

Uz :={zecR:W0ecw zcU}
1S open.
Proof. This follows from Theorem (2.20) by taking complements. (]

Definition 2.26. The collection of all open subsets of R is called the topology of
R.

A fundamental example of open subset of R is given by open intervals.
Theorem 2.27. For all a < b, the open interval (a,b) is open in R.

Proof. Simply note that R\ (a,b) = (—o0,a] U [b,00) is the union of two closed
subsets, which is closed by Theorem (2.20). O

A simple but useful consequence of Theorem (2.27) is the Hausdorff property of
the topology of R.

Theorem 2.28. If x,y € R and © # y, then there exist two disjoint open subsets
U and V such that t € U and y € V.

Proof. Let5:@>0. Set U= (x—0d,x+6) and V = (y — 6,y +9). O

The main characterization of open sets is the following theorem, which illustrates
the important role, in R, of open intervals.

Theorem 2.29. A subset U C R of R is open if and only if:
(2.1) VeeU 36,>0 (x—0dz,x+3d,) CU.
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Proof. Let x € U. Thus = ¢ R\ U. Now, by Definition (2.24), R\ U = cl (R \ U).
Therefore, dist(xz, R\ U) > 0, by Definition (2.15). Let d, = dist(z, R\ U).

Let y € (x — 0z, + 6;). Then |z —y| < 0., so y ¢ R\ U, therefore y € U.
Therefore, if U is open, then Assertion (2.1) holds.

Assume now that Assertion (2.1) holds for some subset U of R. Thus, for all
x € U, there exists §, > 0 such that if y € F and dist(z,y) < 0, then y € U. In
other words, for all z € U, there exists §, > 0 such that (x —d,,z+dx) C U. Then
U=U,cy(®—06z,2+0z). As (x — 0z, 7 + 0,) is open for all z € U, we conclude
that U is open in R, by Theorem (2.25). O

Corollary 2.30. A subset U of R is open if, and only if,
U= U{I CU: I is an open interval} .

Proof. By construction, |J{I C U : I is an open interval } C U. The converse in-
clusion follows from Theorem (2.29). O

We can characterize closure yet again using open sets.

Theorem 2.31. If A C R is a subset R then:
cd(A)={z €eR:YUCR UopenandzelU = UNA#D}.

Metric Method. Let x € cl (A). If V. C Ris open in R and x € V, then there exists
0 > 0 such that (z — 6,z +¢) C V. Since dist(z, A) = 0, there exists y € A such
that dist(x,y) < d, and thus y € VN A. So VN A# 0.

If, for all open subset V of R such that z € V, we have ANV # (), then for all
g >0, there exists y € AN(z —e,z +¢), ie.

dist(z, A) < |z —y| < e.
Thus dist(xz, A) =0, i.e. z € cl(A). O

Topological Method. Let x ¢ cl(A). Thus z € R\cl(A). If V =R\ cl(A) then V is
an open neighborhood of z in R. On the other hand, A C cl(A) so R\cl(4) C R\ A
and thus VN A=R\c(A)NACR\ANA=10.

If there exists an open subset V C R of R such that ANV =, then A C R\ V
and R\ V is closed, so c1(A) C R\ V. In particular, = ¢ cl (A). O

We note the following useful result about closure.

Theorem 2.32. If A C R, and if U C R is an open set, then cl(A) NU C
cl(ANU).

Metric proof. Let a € cl(A) N U. Since U is open, there exists § > 0 such that
(a —d,a+08) CU. Since a € cl(A), for all € € (0,0), there exists b € A such that
|b—a| <e,ie. be UNA. Thus dist(a, ANTU) < |b— a| < e. We conclude that
dist(a, ANU) =0, ie. accl(ANU). O

Topological proof. Let x € cl(A)NU. Let V C R be an open subset of R with
x € V. Since x € UNV, and since z € cl (A4), by Theorem (2.31), we conclude that
(VNU)NA # (. Thus, again by Theorem (2.31), we thus have VN (ANU) # 0,
sox €cl(ANU). O
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2.5. Optional: Isolated points, Accumulation points.

Definition 2.33. Let A C R. A point = € A is isolated when there exists an open
set U of R such that UN A = {z}.

Definition 2.34. Let A C R. A point z € R is an accumulation point of A when
for all open subset V of R, if z € V then V N (A \ {z}) # 0.

Accumulation points behave, in a sense, in the opposite manner to isolated
points.

Theorem 2.35. Let A C R. A point x is an accumulation point of A if and only
if for all open neighborhood V' of A, the set V N A is infinite.

Proof. Suppose V N A is finite for some open subset V' of R containing x. Let
VNnA\{z} ={z1,..., 2.}

Let ¢ = dist(z, {x1,...,2Zm}) > 0. We then note that the set W defined by W = VN
(x —e,x+¢€) is open, as the intersection of two open subsets of R. By construction,
x € W; moreover, z1 ¢ W,...,.x, ¢ W, s0 (A\{z}) N W = 0. Thus x is not an
accumulation point of A. By contraposition, if x is an accumulation point of A and
V' is an open neighborhood of = in R, then (A \ {z}) NV is infinite. Therefore,
ANV is also infinite.

If ANV is infinite then A\ {z} NV is infinite as well, and in particular, not
empty. So z is an accumulation point of A. O

Theorem 2.36. If A C R, if Z(A) is the set of all isolated points of A, and if A’
is the set of all accumulation points of A in R then:

cl(A)=F(A)UA and F(A)NA =0.

Proof. If x € #(A) then there exists an open neighborhood V' of z in R such that
VNA={z},s0oVN(A\{z}) =0 and thus z ¢ A’. Thus #(A)N A" = 0.

Of course, #(A) C A C cl(A). On the other hand, let € A’ be an accumulation
point of A. Let V be an open neighborhood of z in R. By definition of A’, we have
VNA#(Q. Thus z € cl(A). So F(A)U A" Ccl(A).

Let now x € cl (A). If there exists an open subset V of R containing = such that
(A\{z}) NV =0 then ANV = {z} since ANV # (. Thus z € .#(A); otherwise
xeA. Soxe F(A)UA. We have shown that cl (A) C £ (A)U A" and therefore

our theorem is proven. (I

Theorem 2.37. If A C R, then the set Z(A) of isolated points in A is at most
countable.

Proof. If x € #(A), then there exists 6 > 0 such that (z — §,z + )N A= {z}. By
density of Q in R, there exists (¢(x), r(x)) € Q2 such that (¢(x),r(x)) C (z—6, z+9)
so AN (q(x),r(z)) = {x}. Let now z,y € J(A) with (q(z),7(x)) = (q(y),r(y)).
Then {z} = AN(q(z),r(x)) = AN(q(y),r(y)) = {y}. Sox € F(A) = (q(z),r(x)) €

Q? is an injection. Since Q? is countable, the set .#(A) is at most countable. [
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The set of isolated points need not be closed (for instance, consider S = {n%rl in e ]N})

On the other hand, the set of accumulation points is closed.
Theorem 2.38. If A C R then the set A’ of the accumulation points of A is closed.

Proof. Let x € cl(A’). Let V be an open subset of R containing 2. By Theorem
(2.31), there exists y € VN A", Thus, y € A’ so VN (A\{y}) is infinite. Therefore
VN (A\{z,y}) is also infinite, and thus VN (A\ {z}) is infinite as well. So z € A’.
Socl(A)=A". O

Definition 2.39. A subset P C R is perfect when P = P’ i.e. P is the set of all
its accumulation points.

Definition 2.40. A subset A C R is discrete when A = .7 (A).

By Theorem (2.38), if a set is perfect, it is closed. By Theorem (2.36), a set is
perfect if it is closed and has no isolated points.

2.6. Optional: Interior of a set. Complementation implements by definition a
duality between closed and open subsets. It is natural to ask what the complement
of the closure operator is, in terms of open sets. Theorem (2.22) describes the
closure of a set A as the smallest closed subset of a metric space containing A,
owing to the observation in Theorem (2.20) that arbitrary intersections of closed
sets are closed. Noting the duality between Theorem (2.25) and Theorem (2.20),
we thus introduce the notion of the interior of a set.

We begin with the definition of an interior point, by observing that it can be
equivalently described in metric terms or in topological terms.

Theorem 2.41. Let A C R and x € A. The following assertions are equivalent:
(1) there exists an open subset U of R with x € U and U C A,
(2) there exists € > 0 such that if y € R and |v — y| < € then y € A.

Proof. If there exists an open set U of R such that x € U and U C A, then by
Theorem (2.29), there exists ¢ > 0 such that if y € R and |z —y| < € then y € U
and thus y € A. Thus Assertion (1) implies Assertion (2).

If Assertion (2) holds, then let U = (x — ¢,z +¢). By Theorem (2.29), U is open
in R. By Assertion (2), U C A, and thus Assertion (1) holds. O

As the topological perspective is more general, we choose it for our definition.

Definition 2.42. Let A C R. A point = € A is an interior point of A if there
exists an open subset U of R such that x € U and U C A.

Definition 2.43. A neighborhood A of a point z € R is a subset A C R of R such
that x is an interior point of A.

Definition 2.44. The interior int(A) of a subset A C R of R is the set of all the
interior points of A.

The interior of a set is a sort of dual concept to the closure of a set — seen
for instance with the following result, which we invite the reader to compare with
Theorem (2.22).

Theorem 2.45. Let A C R. The interior int(A) of A is the largest open subset of
R contained in A.
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Proof. Let:
U:U{VQA:VisopeninR}.
By Theorem (2.25), the set U is open in R. Moreover, U C A by construction. If

V CRisopenin Rand V C A then V C U by construction. Thus, U is the largest
open subset of R containing A.

If x € U then z is an interior point of A since U C A. So U C int(A).

If x € A is an interior point of A, then there exists an open subset V of R such
that € V and V C A. Thus V C U and thus z € U. Thus int(A) C U.
Therefore U = int(A) as claimed. O

Just as a set is closed if, and only if it equals its closure, we obtain the following
characterization of open sets in terms of their interior.

Corollary 2.46. A subset U of R is open if, and only if, U = int(U).

Proof. Since int(U) is an open set, if U = int(U) then U is of course open.

If U is open, then U is an open set contained in itself, and thus U C int(U) by
Theorem (2.45). Since int(U) C U by Definition (2.42), we indeed conclude that
U =int(U). O

The duality between interior and closure is clarified with the following theorem.

Theorem 2.47. For all A C R, the following assertion holds:
cd(R\A) =R\ int(A) and int(R\ A) =R\ cl(4).

Proof. Since int(A) is open, the set R\int(A) is closed. Moreover, since int(A) C A,
we also conclude that R\ A C R\ int(A). Therefore, cl (R\ A) C R\ int(A) by
Theorem (2.22).

Let now « € cl(R\ A). If € int(A), since int(A) is open, then by Theorem
(2.31), we have R\ ANint(A) # 0, which contradicts int(A) C A. So z € R\ int(A).
Thus, we have proven that cl (R\ A) = R\ int(A4).

We then note that, if B =R\ A, then:
R\c(R\B)=R\ R\ int(B)) =int(R\ A).
This completes our proof. (I
Hence, Theorem (2.5) together with Theorem (2.47) gives us:

Theorem 2.48. The following assertions hold:
(1) int(0) =0,
(2) VACTR int(A) C A,
(8) VACR int(int(A)) = int(A4),
(4) VAC BCR int(A) Cint(B),
(5) VA,BCR int(AN B) =int(A4) Nint(B),
(6) VA,BCR int(A)Uint(B) C int(AU B).

Proof. These assertions are obtained from Theorem (2.5) by taking the complement
and using Theorem (2.47). O

If A C R, then it is quite possible that A is neither open nor closed.



A TOPOLOGICAL INTRODUCTION TO REAL ANALYSIS: REFERENCE MANUAL 17

Example 2.49. The set [0, 1) is neither open nor closed — it is a strict subset of
its closure [0, 1] which is the smallest possible closed set containing [0,1) and it is
a strict superset of its interior [0, 1), the largest open set contained in [0, 1).

The closure and interior operators both provide a mean to replace a set by,
respectively, a closed set or an open set, which are best approximations in the sense
of the order given on sets by inclusion. We also note that some sets, such as ), are
both closed and open — such sets are sometimes called clopen sets. So in no way
does the power set of R gets partitioned in open sets and closed sets.

3. Basic TorPoLOGY OF R: FUNCTIONS — CONTINUITY AND LIMIT OF
FuUNCTIONS

3.1. Continuity on a set. Informally, a function f: D — R is continuous when,
for any set A, it maps a point in D which is “almost” in A to a point “almost” in
f(AN D), which indeed captures the motivation behind the notion of continuity —
a function is continuous when it does not jump and create gaps.

Definition 3.1. A function f : D — R is continuous on D when, for all subset
ACD,

f(cl(A)ND) Ccl(f(A)).
Theorem 3.2. Let f : D — R and g : F — R with f(D) C F. If f is continuous
on D and g is continuous on F', then g o f is continuous over D.

Proof. Let A C D. Since f is continuous on D, we conclude that f(cl(4)N D) C
cl(f(A)). Since f(D) C F, we conclude that f(A) C F. Since g is continuous over
F, g(FNel (f(4))) C el (9(f(4)))- Thus go f(cl (A) D) C cl (g(f(A))). Therefore,
g o f is continuous over D. ]

Theorem 3.3. If f : D — R is continuous over D, and if B C D, then the
restriction fip of f to B is continuous over B.

Proof. We simply note that for all A C R,
fip(cl(A) N B) = f(cl(A)N B) C f(c1(A) N D) C cl(f(A)).

This concludes our proof. [l

An interesting proper subset of continuous functions is given by the Lipschitz
functions:

Definition 3.4. Let D C R be a nonempty set. A function f : D — R is k-
Lipschitz, for some k£ > 0, when

Ve,ye D |f(z) = f(y)] < ko —yl.

Theorem 3.5. If f: D C R is Lipschitz over some D C R, then f is continuous
over D.

Proof. Let k > 0 such that, for all «,y € D, we have |f(z) — f(y)| < k|z — y|. Let
A C D andlet x € cl(A)ND. Since dist(z, A) = 0, for all £ > 0, there exists y € A
such that |z —y| < 7, and thus dist(f(z), f(A4)) < [f(z) — f(y)| < klz —y| <e. As
e > 0 is arbitrary, we conclude that dist(f(x), f(A)) =0, i.e. f(z) € cl(f(A)). So
f is continuous on D. O
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Corollary 3.6. For any nonempty set D C R, every constant function over D,
the canonical injection functions x € D — x, and the function x € R — dist(z, D),
are all continuous; thus in particular, the absolute value is continuous as well over
R.

Proof. All the listed functions are 1-Lipschitz (see Theorem (2.2) for dist). O

Continuity can be understood as a type of morphism between classes of closed
sets or between topologies. Note that the following result is topological in nature:
it only depends on the properties of closure, closed sets and open sets.

Theorem 3.7. Let f: D — R. The following assertions are equivalent:
(1) f is continuous over D.
(2) For all closed subset F C R of R, there exists a closed subset G of R such
that f~Y(F) =GN D.
(8) For all open subset V.C R of R, there exists an open subset U of R such
that f~1(V)=UnND.
Proof. Assume (1), so f : D — R is continuous on D. Let F' C R be a closed
subset of R. Of course, f~*(F) C cl (f~*(F)) and since f~*(F) C D by definition,
we end up with:
fFUF)ND Ce(f1(F)ND.
We now prove the converge inclusion. By continuity:
FA(f7HF)) ND) C el (f(A)) = el (f(fH(F)))
=A
C  c(F)
1
Ff=H(F)CF
= F since F is closed.
So cl (f~1(F)) € f~XF). In summary, cl (f~*(F)) = f~'(F), we obtain (2) by
setting G = cl (f~1(F)).

Assume (2), so for all closed subset F© C R of R, there exists a closed subset
G C R of R such that f~}(F) =GN D. Let A C R. Let G C R be a closed subset
of R such that GN D = f~(cl(f(A))). Then:

ACFTHI(A) S (f(A)=GNDCG.
¢

Since G is closed, we thus have cl(A) C cl(G) = G. Thuscl(A)ND CGND =
FHl(f(A)))- So
f(cl(A) N D) € cl(f(A)).

Therefore, (1) holds.
(2) and (3) are equivalent simply by taking complements. a

We now get a metric characterization of continuity: the -6 characterization of
continuity.
Theorem 3.8. A function f : D — R is continuous on D if, and only if, for all
€ D:

(3.1) Ve>0 JyeD |ly—z|<d = |fly)— flz)] <e.
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Proof. Assume Expression (3.1). Let A C R. Let y € f(cl(A) N D). Let = €
cl (A) N D such that y = f(z). Let ¢ > 0. By assumption, there exists § > 0 such
that, if t € D, |t — x| < d, then |f(¢) — f(x)] < e. Since z € cl(A) N D, we conclude
that dist(x, A) = 0. Thus, there exists t € A with |[¢t—z| < §. Therefore f(t) € f(A),
and dist(f(z), f(4)) < |f(z) — f(t)] < e. Consequently, dist(f(x), f(4)) = 0.
Therefore, f(x) € cl(f(A)). We thus have shown that f(cl(A) N D) C cl(f(A)).

Suppose now that for some x € D and some € > 0, for all § > 0, there exists t € D
such that |t — x| < 6 and |f(t) — f(x)] > e. Let A= {teD:|f(t)— f(zx)| > ¢},
and note that by our assumption, A # (). Moreover, for all § > 0, there exists
t € A with |t — 2| < 0. Thus, dist(x, A) < |z — t| < J, and thus dist(z, A) = 0, so
x € cl(A). Of course, z € D so z € cl(A)ND.

On the other hand, if t € A, then |f(t) — f(x)] > €, so dist(f(¢), f(A4)) > e.
Hence f(z) ¢ cl(f(A)). Our proof follows by contraposition. O

We note that Theorem (3.8) gives an easy proof that Lipschitz functions are in
fact continuous:

Alternate proof of Theorem (5.5). Let k > 0 such that Yo,y € D |f(z) — f(y)| <
klz —y|. Let e > 0. Set 6 = £ > 0. If 2,y € D then |z — y| < 0 then

€
7(@) ~ f)l < kS =k ==
This concludes our proof by Theorem (3.8). O

Remark 3.9. The choice of § in the proof of Theorem (3.5) does not depend on the
choice of x € D, which is stronger than what we need, and is a manifestation of
the fact that Lipschitz functions are in fact uniformly continuous, a concept we will
return to later on.

We can use the e-¢ characterization of continuity to recover Theorem (3.7) via
metric methods.

Alternate proof of Theorem (5.7). Assume (1). Let F C Randlet G = ¢l (f~(F)).
By construction, f~1(F) C GND. Let now x € GND. Let & > 0. Since f is contin-
uous at x, there exists § > 0 such that, if ¢ € D and |[t—=z| < §, then | f(¢t)— f(z)] < e.
Since G = ¢l (f~(F)) and = € G, we conclude dist(z, f~}(F)) = 0, so there
exists t € fU(F) such that [t — x| < §. Since f(t) € F, we conclude that
dist(f(z), F) < |f(z) — f(t)] < e. As e > 0 is arbitrary, f(z) € cl(F) = F —
as F is closed. Thus z € f~*(F). Thus f~}(F) = GN D, i.e. (2) holds.

Assume (2). Let U C R be an open subset. By (2), there exists a closed subset
G C R such that
D\ f'(U)=f""(R\U)=GnD
since R\ U is closed. Therefore, f~*(U) = (R\ G)N D, and V = R\ G is open in
RR. We thus have proven (3).

Assume (3). Let ¢ > 0and z € D. Let U = (f(z) —e, f(x) +¢). Since U is open,
we conclude that there exists an open subset V of R such that f~1(U) =V N D.
Of course, x € V. Since V is open, there exists § > 0 such that (z — §,z+ ) C V.
By construction, f((z —d,z4+3d)ND) C f(VND)CU. So, for all t € D such that
|t — x| < ¢, we conclude that |f(t) — f(z)| < e. This proves (1).
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Our proof is now complete. ([

Remark 3.10. As a corollary of Theorem (3.7), if f: U — R, and if U is open, then
f is continuous on U if, and only if, the preimage f~*(V) of any open subset of R
is open; if f: FF — R, and if F is closed, then f is continuous over F' if, and only
if, the preimage f~1(F) of F is closed.

3.2. Limit at a point. We start from the characterization of continuity over a set
given by Theorem (3.8), and we make it local by removing the quantification over
the entire set, while allowing for more general limits. We are led to the following
definition.

Definition 3.11. Let f : D — R be a function over a set D. Let a € cl (D) and
l € R. We say that f converges to [ at a along D, when

YVe>0 30>0 VieD |t—al<d = |f(t)—I|<e.
Lemma 3.12. Let l,I' e R. If |l = U'| < e for alle >0, thenl =1'.
Proof. Our assumption implies that |l —I'| =0,s0l =1". O

Theorem 3.13. Let f : D — R and a € cl(D). If f converges to | and I’ at a
along D, then | =1".

Proof. Let € > 0. There exists 6; > 0 such that, for all t € D, if |t — a| < 1, then
|f(t) = 1| < 5. There exists d > 0 such that, for all ¢t € D, if |t — a| < 2, then
) -] < £

Therefore, if ¢ € D such that |t —a| < min{dy, d2} (which exists since a € ¢l (D)),
then

’ / € €
=TI - FOI+ 170 -V < S+ 5

Thus [ =1'. O

=E&.

Notation 3.14. If f: D — R converges to [ at a € cl(D), then we write

= lim f().
zeD

If D={x € R:P(z)} then we can also write

= lim f (z).
P(z)
Convention 3.15. Let f: I — R where [ is some interval, and let a € I. We use
the following notations (whenever they are well-defined): lim,_.,+ f(«) is meant for
limweab—?:ga f(x); lim,_,,— f(z) is meant for limIEwD—)»xa<a f(x); last, lim,_, f(z) is
meant for lim Sl f(z). In each of these notations, one must check that indeed,
x JTFa

a is in the closure of the set along which we take our limit. Also note that in all these
cases, a is removed from the domain prior to taking the limit; this is important as
one can check that if a € D and f has a limit at a along D then the only possible
limit is f(a).

Limits live in the closure of the range of the function under consideration.

Theorem 3.16. If f: D — R converges to | at a along D thenl € cl(f(D)).
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Proof. Let € > 0. Since f converges to [ at a along D, there exists 6 > 0 such that
if € D and |z —a| < 0 then |f(x) — | < e. Since a € cl(D), there exists v € D
with |z — a| < d. Therefore, dist(l, f(D)) < |l — f(z)| < e. So dist(l, f(D)) =0 i.e.
[ ecl(f(D)). O

Remark 3.17. Tt is usually difficult to determine the exact range of a function.
However, if f : D — R and if we know that f(D) C B, then we can conclude that
lim;c_a% f(z) € cl(B) by Theorem (3.16), and using its notation.

Limits are indeed a local concept.

Theorem 3.18. Let D,ACR. Letaecl(DNA). If f: D — R has converges to
l at a along D, then f converges to l at a along DN A.

Proof. Let € > 0. Since f has limit [ at a along D, there exists § > 0 such that,
for all t € D, if |t — a| < §, then |f(t) — | < e. Therefore, for all t € DN A, if
|t —a| < 0, then |f(t) — | <e. O

Theorem 3.19. Let D CR. Let f : D - R, a € cl(D) andl € R. The following
assertions are equivalent:

(1) f has limit | at a along D.

(2) For all open subset U C R with a € U, f has limit [ at a along DNU.

(8) For all 6 >0, f has limit | at a along DN (a —d,a+9).

(4) There exists an open subset U C R with a € U, f has limit | at a along
DNU.

(5) There exists 6 > 0 such that f has limit | at a along DN (a — 6,a + 9).

Proof. Assume (1). Let 6 > 0. By (1), for all € > 0, there exists o > 0 such that
for all t € D, if |t — a| < a, then |f(x) — | < &; of course, it follows that for all
teDnN(a—4d,a+9), we have |[f(z) — 1] <e. So (2) holds.

Assume (1). Let U C R be open with a € U. We first note that a € cl (D NU)
by Theorem (2.32). Then (2) follows from Theorem (3.18).

Assume (2). Let § > 0. Set U = (a — ,a + §). Applying (2) to the open set U,
we have established (3).

Of course, (2) implies (4) and (3) implies (5). Moreover, just as above, (4) implies

(5)-

Assume (5). Let ¢ > 0. There exists > 0 such that, for all z € DN(a—d, a+9), if
|z—a| < athen |f(z)—I| < e. Let o = min{d,a} > 0. Forall z € D, if |z —a| < &
then x € DN (a—4d,a+9) and |z — a| < a, hence |f(z) — 1| <e. So (1) holds, and
our proof is complete. ([l

Definition 3.20. We say that f is continuous at x € D when limtﬁg f@) = f(x).
te

Therefore, we note that f : D — R is continuous on D exactly when Yr €
D limg,, f(t) = f(x), by definition.
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3.3. Limits and Order.

Theorem 3.21. Let D CR. Let f : D — R, and let © € cl (D). If f has a limit at
x along D, then there exists an open neighborhood U of x such that {f(t) : t € UND}
is bounded, with diameter at most 1.

Proof. Let | = limg_% f(t). There exists § > 0 such that if t € (z —d,z + )N D,
€
then [l — f(t)| < 3. Thus, if t,t' € (z — 6,2+ §) N D then

[f(&) = fAN <@ = U+ |y = fE) < 1.
Thus diam (f((z — §,z + ) N D))dr < 1. O

Theorem 3.22. Let DCR. Let f: D — R, g: D — R, and a € cl(D). If f and
g have limits at a along D, and if

>0 Veze(a—d,a+6) flz)<glx)

then
lim f(z) < lim g(z).

xr—a xr—a
zeD xz€D

Proof. Let ¢ > 0. Writing | = hmigﬁ f(z), there exists §; > 0 such that, if z € D
and |a — x| < 01 then |f(x) — | < 5. Writing ' = 1im£€>bz g(x), there exists do > 0
such that, if z € D and |a — x| < d3 then [g(z) = '] < 5.

Consequently, for © € D with |z — a| < min{d;, d2}, we conclude:

=2 < f@) <glo) <U+3,

so I <I' +e&. Since € > 0 is arbitrary, we conclude I < ', as claimed. |

Theorem 3.23. Let D C R.
Let f:D—R,g:D—= R, and h: D = R. Let x € cl (D).

1If:
vie D f(t) <g(t) <h(t)
if f and h have limits at x along D, and if
lim f(1) = lim h(1)
teD teD
then g has a limit ot x along D and
lim g(1) = lim f().
teD teD

Proof. Let ¢ > 0. By assumption, there exists §; > 0 such that if ¢ € D and
dist(t,z) < 0y then |l — f(t)| < e. In particular, if ¢ € D and dist(¢,z) < §; then
f(t) <1+ e. Similarly, there exists d; > 0 such that if ¢t € D and dist(z,t) < d,
then |l — h(t)| < e, so in particular [ — e < h(t).

Therefore, if ¢t € D and dist(¢, ) < min{ds,d;} then:

l—e<flt)—l<glt)—l<h(t)—l<l+e
ie. |g(t) — ] <e. Note that min{ds,d;} > 0, therefore, our claimed is proven. O
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A common way to apply Theorem (4.7) is given in the following corollary. In
its proof, we use the obvious, but noteworthy, observation that for any function
f:D — R from asubset D C R, if z € cl (D) and y € R, then:

lim f(t) =y <= lim |f(t) —y[ = 0.

teb teD
Corollary 3.24. Let D C R and z € cl(D). Lety € R. If f : D — R and
g: D — R are two functions such that:

vieD |f(t)—yl<g(t)
and if hmi?ﬁ g(t) =0, then
lim f(t) = y.

t—x
teD

Proof. By assumption, for all ¢ € D, the following assertion holds:

0<[f() -yl < g(t).
Since lim¢— 5 0 = lim 4 g(t) = 0, we conclude by Theorem (4.7) that
teD teD
lin £(8) ~ 4| = 0.

teD
which in turn, is equivalent to the conclusion of our corollary. (I

3.4. Limits and Algebra.

Theorem 3.25. Let D C R and let x € cl (D).
Let f : D — R and g: D — R. If f and g both have a limit at x along D, and
if A € R, then \f 4+ g has a limit at x along D, and:
lim (AF(8) + g(£)) = Alim f(2) + lim g(¢).
teD teD teD
Proof. Write Iy = hm%gﬁ" f(t) and I, = hm%gﬁ g(t).
Let € > 0.
By definition, there exists 7 > 0 such that if t € D and dist(¢,z) < d7, we have
1f (@) = el < s -
By definition, there exists d, > 0 such that if ¢ € D and dist(¢,z) < d,, we have
lg(z) —lg| < 5
Let 6 = min{dy,d,} and note that 6 > 0. Moreover, if t € D and dist(¢,z) < 6,
then:
[AS(8) +9(t) = Ny +1g)| < IACS(E) = Ap)l +[g(E) — L]
= ML) = Asl + lg(t) — L]
€ €

Mo + =
Mo D 2

N

N

67
which completes our proof. ([

Theorem 3.26. Let D CR. Let f : D - R and g: D — R, and let x € cl (D). If
f and g both have a limit at x along D, then fg has a limit at © along D, and:

lim f(t)g(t) = lim f(2) - lim g(1).
teD teD teD
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Proof. Write Iy = hm%?bv f(t) and I, = hm,ing g(t).

Let € > 0.

Since f has a limit at = along D, there exists M > 0 and a Jy > 0 such that if
t € D and dist(t,x) < dp then |f(¢)] < M, using Theorem (3.21).

Moreover, there exists d; > 0 such that if ¢ € D and dist(¢,2) < §; then |f(¢) —
bl < s

Since g has a limit at = along D, there exists d3 > 0 such that if ¢ € D and
dist(t, ) < d3 then |g(t) — I4] < 557, again using Theorem (3.21).

Let 6 = min{dy, d1, 42} and note that § > 0. Moreover, if t € D and dist(¢,x) < §
then:

[F()g(t) = Lelg| = [F(D)g(t) = FD)lg + [(B)lg — L5ly]
< FDg(®) = Ll + (][ () = L5

5 5
SM—

l A 00
ot s

N

&
which concludes our proof. O

Putting together Theorems (3.25) and (3.26), we then obtain a new class of
continuous functions: polynomial functions over R. We first record the following
basic rules about continuous functions.

Corollary 3.27. Let DCR. If f: D C F and g: D — F are functions which are
continuous at x € D, then A\f + g is continuous at = for all \ € R.

Proof. By assumption, lim;_,, f(t) = f(x) and lim;_,, g(t) = g(x). Therefore, by
Theorem (3.25), for all A € R, we have:

lim (A (1) + 9(6)) = M (x) + 9(a),
and thus f 4 Ag is continuous at = € D. |

We are now ready to prove that polynomials are continuous. In fact, polynomials
can be proven to be locally Lipschitz, but the following proof is much more natural.

Corollary 3.28. If P is a polynomial function over R then P is continuous on R.

Proof. Of course X : x € R — x is continuous. If for some n € IN\ {0}, the function
X" :x € R+ 2" is continuous, then X - X" : 2 € R+ z-2" = 2"*! is continuous
by Theorem (3.26). Thus by induction, X™ is continuous for all n € IN\ {0}.

If, for some n € IN'\ {0}, every function P = 377, a;j X7 is continuous on R,
and if Q@ : R — R is given by Q = 7% a;X7, then Q = P + a, 1 X", which
is continuous on R by Theorem (3.25). By induction, we have thus shown that if
P : R — R is a polynomial function such that P(0) = 0 then P is continuous on
RR. We conclude, thanks to Theorem (3.25), that all polynomial functions over R
are continuous. O

We next prove that the multiplicative inverse function is also continuous on its
domain. Notably, it is sufficient to know that a function has a nonzero limit at a
point to conclude that it is nonzero on some neighborhood of that point.
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Theorem 3.29. Let D CR. If f: D = R, if x € cl(D), and if f has a nonzero
limit at x along D, then:
(1) there exists an open nezghborhood U of x such that f(y) # 0 for all y € U,
(2) lim LB ﬁ

T 70
teD

Proof. L =1 z .
roof. Let [ imy f(@)

Let o = % > 0. There exists dp > 0 such that if ¢ € D such that dist(¢,z) < do
then |f(t) — | < «, and thus in particular |f(¢)| > «. Thus setting U = E(x, do),
we have proven Assertion (1).

Let € > 0. There exists d; > 0 such that if ¢ € D and dist(¢,z) < 01 then
|f(t) = 1] < ellla (note that |l|ja > 0). If ¢t € D and dist(z,t) < min{dp,d1} > 0,
then:

[y Lf(t)
1
<= ft)]— <e.
- ) <<
Thus Assertion (2) is proven as well. O

Corollary 3.30. Let DCR. If f: D - R, g: D = R, if x € cl(D), if f has a
limit at x along D, and if g has a nonzero limit at x along D, then:

im -
t2g 9(t)  limioeg(t)

Proof. By Theorem (3.29), limtEthU ﬁ = W. By Theorem (3.26), we
then conclude our theorem. O

Corollary 3.31. Let D CR. Let f: D - R andg: D — R. Ifx € D, if f is
continuous at x, if g is continuous at x, and 0 ¢ g(F), then g 1$ continuous at x.

In particular, if f and g are both continuous on D, then 5 is continuous on D
Proof. This is immediate. O

We can thus prove that rational functions are also continuous. Again, rational
functions are locally Lipschitz on their domain, but the following proof is again
much easier.

Corollary 3.32. If R is a rational function, then R is continuous on its domain.
Proof. This follows from Corollary (3.28) and Corollary (3.30). O
3.5. Composition of Limits.

Theorem 3.33. Let D CR and H CR. Let a € cl(D).
If f:D—Randg: H— R are two functions such that:
(1) f converges tol at a along D,
(2) lecl(H),
(3) g converges toy atl along H,
(4) f(D) € H

then g o f converges to y at a along D.
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Proof. Let € > 0. There exists d, > 0 such that if ¢t € H and |t — | < J, then
lg(t) — y| < e. Now there exists é; > 0 such that if z € D and |z — a| < §; then

|f(z) — 1] < 4.
Thus, if z € D and |z — a| < dy, then f(z) € H and |f(z) — | < §, and thus
l9(f(2)) =yl <e. O

4. SEQUENCES

Sequences are functions from IN which may be used to characterize all the topo-
logical concepts of R, thanks to the notion of convergence of sequences. In essence,
convergent sequences provide approximations of their limits. Two core concepts
which make sequences helpful are: the ability to prove a sequence has a limit with-
out knowledge of what the limit might be, and the notion of a subsequence.

4.1. Convergence of Sequences. Let (x,),en be a sequence of real numbers. If

we set f (%_H) = x,, for each n € N, then we define a function f : S — R with
S = {ﬁ_l 'n € ]N}. Since R is Archimedean, 0 = inf S; thus 0 € ¢l (S). We thus
have a ready-made notion of limit at 0 (along S) for f: the function f converges
to [ at 0 when for all € > 0, there exists § > 0 such that if t € S and |t| < J, then

|f(t) =] <e. Now, ¢t € Sif and only if ¢t = %_H for some n € N. If N = [1], then
1

L <5, and thus o, — [ = ‘f(n#ﬂ) ~1
It is easily checked that this last statement is in fact equivalent to limg f = [.

Informally, convergence of f at 0 is understood as the convergence of (,)nen
at co. Thus the notion of convergence for sequences is nothing more than a very
special case of our general study of limits of functions. All the theory developed
there applies to sequences directly.

< €.

we note that n > N implies that

We restate the definition of convergence of sequence for reference.
Definition 4.1. A sequence (x,)nen in R converges to [ € R when
YVe>0 INelN VnelN n>N = |z, -] <e.

Our theory of limits for functions immediately applies to prove that limits are
unique, if they exist, and satisfy various properties related to order and algebra.
We will include proofs once more as this is an important topic.

Theorem 4.2. If (z,)nen s a sequence converging to both I and ', then 1 =1'.

Proof. Let € > 0. Since (z,)nen converges to [, there exists N3 € IN such that,
for all n € N, if n > Ny, then |z, — | < §. Since (z,)nen converges to I, there
exists No € IN such that, for all n € N, if n > Ny, then |z, — | < §. Thus, for
n = max{Ny, N2}, we conclude:

€

225.

L=V <l =l + |2 = V] < - +
As e > 0 is arbitrary, we conclude that | =1’ O

Notation 4.3. If (z,,)nen converges to [, then we write lim,, o, z, = [.
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4.2. Limit and Order.
Theorem 4.4. If a sequence (x,)nen in R converges, then it is bounded.

Proof. Let | = lim,, o0 x,,- There exists NV € IN such that for all n > N, we have
|z, — 1| < 1so0|zy| <|l|+1. Let M =max{|l|+1,|x,|:n € N,n < N}. Then for
all n € N we have |z, | < M. O

Theorem 4.5. Let (z,,)nen and (yn)new be two convergent sequences in R. If
there exists N € IN such that for all n > N we have x, < yy, then lim, ., z, <

hmn—>oo Yn -

Proof. Let I, = lim,, o ,, and I, = lim,, o0 yn. If Iz > I,. There exists N, € IN
such that for all n € N with n > N, we have [, — § <z, <l + 5.
There exists N, € IN such that for all n > N, we have [, — 5 <y, <Il, + 5.
For n > max{N,, N,}, we have [, — § <, <yn <l,+ 5. Therefore, I, <1, +¢
for all € > 0. Hence [, <y, as claimed. O

Theorem 4.6. If (x,)nen converges to I > 0 then there exists N € N such that

for alln > N we have x, > é

Proof. Let ¢ = %l. There exists N € IN such that for all n > N we have z,, >
_ 1
l — & = 5- O
Theorem 4.7 (Squeeze Theorem). Let (zp)nenN, (Yn)nen and (zn)nen be three
sequences in R such that:
(1) there exists N € IN such that for alln > N we have x,, < yn < 7n,
(2) the sequences (Tp)nen and (z,)nen converge and lim,, oo T, = limy, 00 2n.

Then (yn)nen converges and limy, s oo yp = limy, o0 Ty -

Proof. Let | = limy,, 00 T, = limy, 400 2. Let € > 0. There exists N, € IN such
that for all n > N, we have |z, — ] < e sol—e < x,. There exists N, € IN such
that for all n > N, we have |z, — | < 50 z, <l+e¢e. Let n > max{N,N,, N,}.
Then:

l—e<z, <yn<z,<l+e.

This concludes our proof. O
Corollary 4.8. If (xy)nen converges to l € R then (|z,|)nen converges to |l|.

Proof. For all n € IN we have 0 < ||z,| — |I|| < |z, —{|. Conclude by applying
Theorem (4.7). O

4.2.1. Limits and Algebra.

Theorem 4.9. If (2,,)nen ond (yn)new are two convergent sequences and t € R
then (Tpn + tYn)new converges to limy,_ oo Ty + ¢ limy, o0 Yn -

Proof. Let I, = lim,_,o x, and [, = lim;,_,oc y». Let € > 0. There exists N, € IN
such that for all n > N, we have |z,, — .| < 5. There exists N, € IN such that for
£

all n > N, we have |y, —[,| < C(ESIR

Let n > max{N,, N, }. Then:
[(@n +tyn) = (Lo + tly)| < |on = L] + [tlyn — 1y <e.

This concludes our proof. [
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Theorem 4.10. If (x,,)nen and (Yn)nen are two convergent sequences then (T, yn)neN
converges to lim,, oo Ty - liMy, o0 Yn -

Proof. Let 1, = lim,,_ o0 z,, and I, = lim,,_,o Y. Since (yn)nenw converges, it is
bounded: there exists M € R such that for all n € IN we have |y,| < M. For all
n € IN we have:
0< ‘xnyn - llly| = ‘mnyn —lpYn + loyn — lzlyl
< ‘mn - lr”yn‘ + |yn - ly”lfc‘
S zn = | M+ [yn — ly[|lz].
By assumption, (|, —lz|)nen and (|yn —ly|)nen converge to 0. By Theorem (4.9),

(|zn —1o| M 4 |yn, — Ly || Lz ) nen converges to 0 as well. By Theorem (4.7), we conclude
(|znyn — luly|)nen converges to 0. Hence (2,yn)nen converges to l;l,. O

Theorem 4.11. If (z,)nen iS5 a sequence in R converging to some I € R\ {0},
then there exists N € IN such that for all n € N we have x, # 0, and moreover

(%) converges to %
n/n=N

Proof. If | < 0, then replace (z,,)nen by (—Zn)nen, so that we may assume [ > 0.
By Theorem (4.6), there exists N € IN such that for all n > N we have z,, > % > 0.
Now let & > 0. There exists P € IN such that for all n > P we have |z, — | < %.
Thus, for all n > max{P, N} we have:

1_1'_ 1 = 2n]

T, 1 ||
‘xn — 1

172
51

X

<e€.

This completes our proof. (I
4.3. Sequences and Topology.
Theorem 4.12. If A C R, then

cl(A) = {l € R:3(zy)nen sequence in A 1= lim :cn} .

n—oQ

Proof. Write
S = {l € R:3(xn)nen sequence in A [ = lim a:n}

n—oo

Let I € c1(A). Let n € IN. Since dist(l, A) = 0, there exists x,, € A such that

|z, — 1] < n%_l By Theorem (4.7), we have lim,, .o, x, = [. Hence l € S, i.e.

cl(4) C 5.

Let I € S. By definition of S, there exists (z,,)nen in A such that I = lim,,_,c0 T,-
Let now € > 0. There exists N € IN such that for all n € IN, if n > N then
|zny — 1] < e. Hence, dist(l, A) < |zny — | < e (since xy € A). Thus dist(l, A) = 0,
ie. L €cl(A). Hence S C cl(A). O

Corollary 4.13. A subset F in R is closed if, and only if, the limit of every
convergent sequence of elements of F' is also in F.

Proof. Immediate. O
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Theorem 4.14. Let D CR. Let f : D —» R, a € cl(D) and ! € R. The function
f converges to | at a along D if, and only if, for all sequences (x,)nen of elements
of D converging to a, the sequence (f(x,))nen converges to l.

Proof. Assume that limnga f(x) =1. Let (z,)nen be a sequence in D converging
€T

to a. We could employ Theorem (3.33) directly to conclude that lim,,_, o f(zy) = [.
We however provide an explicit proof here, for didactic purposes. Let € > 0. Since
“mggg f(z) =1, there exists 6 > 0 such that, for all ¢t € D, if |t — a| < §, then
|f(t) =] < e. Since limy,_,c Zn, = a, there exists N € IN such that, for all n > N,
we have |z, — a| < J. Therefore, for all n > N, we conclude |f(x,) — | < e. Thus,
lim, o0 f(zn) =L

Agsume now that there exists ¢ > 0 such that, for all 6 > 0, there exists t € D
such that |t —a| < ¢ and |f(¢t) — ] > . For each n € N, let ¢, € D such
that |t, —a| < —i= and |f(t,) — | > e. By Theorem (4.7), we conclude that

n+1
lim, o t, = a. By construction, (f(t,))nen does not converge to I. Thus, our
result follows by contraposition. O

4.4. Monotone Sequences in R.
Definition 4.15. A sequence (x,)nen of real numbers is increasing when
VnelN z, <zpti-
A sequence (z,)nen of real numbers is decreasing when
VnelN x, > z,41-
A sequence (x,)nen is monotone when it is increasing or decreasing.

Remark 4.16. A sequence is strictly increasing, strictly decreasing and strictly
monotone, when we replace the order by the strict order in Definition (4.15), though
this will not be a very important concept for us.

The Dedekind completeness of the field R of real numbers imply the following
very important theorem.

Theorem 4.17 (Monotone Convergence Theorem). If (x,)neN s a monotone se-
quence of real numbers, then (z,)nen converges if and only if (x,,)nen s bounded.

Proof. Assume first that (z,)nen is an increasing, bounded sequence. The set
{z,, : n € N} is not empty and bounded by assumption, thus L = sup {z, : n € N}
exists.

Let ¢ > 0. By characterization of suprema, there exists N € IN such that
L —¢e < xp < L. Since (2,)nen is increasing, if n > N, we have L —e < 2y < .
Moreover z,, < L. Thus for alln > N, we conclude L—¢ < x,, < L,i.e. |x,—L| < e.
So (@ )nen converges to L.

If (,)nen is a decreasing, bounded sequence, then (—z,),en is an increasing,
bounded sequence, and thus it converges. Therefore, (2,,)nen converges.

If (z,)nen is any convergent sequence — monotone or not — it is bounded.
Thus our theorem is proven. ([
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We record an interesting application of the monotone convergence theorem,
which may be seen either as a special case of compactness, or as a special case
of completeness.

Theorem 4.18. If (I,)nen is a sequence of nested closed intervals, i.e. Vn €
N I1 C 1, then (o In # 0.

Proof. For each n € N, we write I, = [an,by,]. Since I,41 C I, we conclude that
an < Gpy1 and by1q < by. In particular, (a,)nen is an increasing, bounded above
(by bg) sequence, and thus it converges to some x € R. Of course, > a,, for all
n € IN. Similarly, the sequence (b, )nen is increasing and bounded, so it converges
to some y € R; moreover y < b, for all n € IN. Since a,, < b, for all n € N, we also
have x < y. Thus, for all n € IN, we have a,, <2z <y < by ie [2,9] S,y O

4.5. Subsequences.

Definition 4.19. A subsequence of a sequence (z,,),ecn in a set E is a sequence of
the form (24(,,))nen for some strictly increasing function ¢ : IN — IN.

It is helpful to record the following result.

Lemma 4.20. Let ¢ : N — IN be strictly increasing. Then for all n € IN we have
o(n) > n.

Proof. By definition, ¢(0) > 0. Assume that for some n € IN we have ¢(n) > n.
Then by assumption, ¢(n+ 1) > ¢(n) > nso ¢(n+ 1) > n+ 1. The lemma holds
by the theorem of induction. |

Subsequences of a convergent sequence converge as well, and to the same limit.
This tool may be used to show that a sequence such as ((—1)")nen does not have
a limit.

The set of all limits of subsequences of a fixed sequence can actually be nicely
described using the closure of tails, and is always a closed subset.

Theorem 4.21. Let (z,,)new be a sequence. The closed set:

() d({zr: kb >n})

nelN

is the set of all limits of subsequences of (T )nen-

Proof. Let | € (N, cncl({zx : k = n}). Since I € cl({xy : k> 0}), there exists
©(0) € IN such that |z, ) — | < 1. Assume now that we have constructed, for some
n € IN, natural numbers ¢(0) < (1) < ... < ¢(n) such that |z, —I| < k%‘_l for all
ke {0,...,n}. Since l € cl ({zx : k # ¢(n) + 1}), there exists ¢(n+1) > ¢p(n) such

that |z,,41) — 1| < %H Thus by induction, we have constructed a subsequence

(Tp(n))new of (2n)nen such that [z 0, — 1] < n%rl for all n € IN. By the Squeeze

Theorem, we conclude that (z,(,))nen converges to [.

Let now I € R be the limit of some subsequence (2, (n))nen of (¥n)nen. Thus [
is the limit of (2,(y))n>n for all N € N, and thus [ € cl({zy : k > p(n)}) for all
n € IN; hence I € (), cncl ({xr : k> o(n)}). Since ¢(n) = n for all n € IN, we have
{zr : k=2 o(n)} C {xg : k > n} and thus cl ({zx : k > ¢(n)}) C cl({xk : k = n}).
Therefore, | € [,y ¢l ({zx : k = n}), as desired. O
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Theorem 4.22. If a sequence (z)nen in R converges to I € R, then all subse-
quences of (xp)nen converge to l as well.

Proof. Assume that (x,)nen converges to [ and let ¢ : IN — IN be a strictly in-
creasing function. Let € > 0. By Definition (4.1), there exists N € IN such that
for all n > N we have |z, — | < e. Therefore, if n > N then |z4,),| < €, since
¢(n) > n > N. Hence the subsequence (z4(,))new converges to I as well. O

Theorem 4.23 (Monotone Subsequence Theorem). If (z,)nen @S a sequence in
R, then there exists a monotone subsequence (Ty(n))neN Of (Tn)nen-

Proof. Let
P={neN:VkeN kzn = xz, >}

If & is infinite, then let ¢(0) = min &. Assume that for some n € IN we have
constructed ¢(0) < ... < ¢(n) € Z. Theset Z\{j:j < p(n)} is not empty since
2 is infinite. Let ¢(n + 1) be its smallest element. Now ¢ : IN — IN is strictly
increasing, and by construction, if n < m then T (m) < Typ). Thus (2ym))nen is
decreasing.

If & is finite, then & is bounded by M. Let ¢(0) = M + 1. Now assume we
have constructed ¢(0) < ... < ¢(n) for some n € IN with z,;) < z,(j41) for all
0 <j <n-—1. Since p(n) ¢ & there exists p(n + 1) > ¢(n) such that z,(,41) =
Ty(n)- The sequence (2, (n))nen thus constructed by induction is increasing.

Our theorem is thus proven. O

4.6. Sequentially Compact Subsets of R. Closed subsets of R share with finite
subsets of R the property that a point almost in the set is in fact in the set. When
working with sequences, in particular, finite sets have another desirable property:
any sequence in a finite set must contain a constant, hence convergent, subsequence.
Closed sets do not possess this property (consider IN), but this property is important
enough to warrant the following definition.

Definition 4.24. A subset K C R of R is (sequentially) compact when every
sequence in K has a convergent subsequence whose limit is in K.

Theorem 4.25. A subset K of R is sequentially compact if, and only if, it is closed
and bounded.

Proof. Assume that K is closed and bounded. Let (x,),ecn be a sequence in K.
By Theorem (4.23), there exists a monotone subsequence (Zy(n))neN Of (Z7)nen.
Since K is closed, (2, (n))nen is bounded as well. Thus by Theorem (4.17), the
bounded monotone sequence (Z,(,))neN converges to some [. Since K is closed, we
conclude that [ € K. Therefore, K is compact.

Agsume that K is not closed or not bounded. If K is not bounded, then for all
n € IN, there exists x,, € K such that |z,| > n. Thus no subsequence of (z,,),cn is
bounded, and thus no subsequence of (z,,),cn converges. So K is not sequentially
compact.

If K is not closed, then there exists a convergent sequence (2, )nen of elements
of K converging to ! € R\ K. All the subsequences of (z,,)nen converge to . Thus
K is not sequentially compact.

By contraposition, if K is sequentially compact, then K is closed and bounded.

O
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Corollary 4.26. If K C R is sequentially compact and F C R is closed, then
K N F s sequentially compact.

Proof. The set KN F C K is included in K, so K N F is bounded. Moreover, the
intersection of two closed sets is closed. As a closed, bounded subset of R, K N F
is sequentially compact in R. O

Theorem 4.27. If K C R is sequentially compact, if f : K — R is continuous,
then f(K) is sequentially compact.

Proof. Let (yn)new be a sequence in f(K). By definition of f(K), there exists
x, € K such that f(z,) = yn, for each n € IN. Since K is sequentially compact,
and (z,)nen is a sequence in the sequentially compact K, there exists a convergent
subsequence (Zy(n))nen Of (7n)nenw with limit I € K. Since f is continuous on
K, we conclude [ = limy, 00 [(Ty(n)); i-€ (Ypm))new = (f(Tp(n)))nen converges.
Thus f(K) is sequentially compact. O

Corollary 4.28. If f : K — R is continuous over a sequentially compact subset
K CR of R, then there exists m, M € K such that

Vee K f(m) < f(z) < f(M).

Proof. Since f(K) is sequentially compact, it is closed and bounded. Hence sup K €
K, so there exists M € K such that f(M) =sup K, and inf K € K, so there exists
m € K such that f(m) = inf K. O

We can now use sequential compactness to prove that R is uncountable.

Theorem 4.29. If P C R is a nonempty perfect subset of R, then P is uncountable.
In particular, R is uncountable.

Proof. Since P is perfect, P is not finite. Assume P = {z,, : n € IN}.

Let ag, by € R such that ag < xg < by (for instance ag = zo —1 and by = o +1).
Let Iy = [ag,bo]. Set »(0) = 0. Since P is perfect, the set {n € N,n > 0 :
xn € PN (Iy\ {z0})} is infinite. Let (1) be the minimum of this set. Setting
61 = min{|ag — Tl [bo — Tu)l, m’(%ﬂ}, we define a1 = x,(1) — 6, and by =
Ty(1) + 01. We thus observe: xg ¢ I, x,1) € 11 and I; C Io.

We proceed by induction to construct a sequence (I,)nen of nested closed inter-
vals and a strictly increasing function ¢ : IN — IN such that for all n € IN, we have
Tp & Iy, yet Ty € In N P.

Since Ip N P is compact, the sequence (Z,n))nen has a convergent subsequence
(T oy (n) )Jnew With limit in P, hence with limit 2 for some N € IN.

By construction, (o (n))n>n+1 lies in the closed set PN Iy 1, which does not
contain x . This is a contradiction. Hence P is not countable.

We conclude noting that R is perfect. (]

Sequentially Compact sets can be infinite — for instance, [0, 1] is sequentially
compact and uncountably infinite since perfect — and have rather complex topology
— consider the Cantor set — but they share two properties of finite sets: any point
almost in a sequentially compact set is in fact in the sequentially compact set, and
any sequence in a sequentially compact set has a convergent subsequence. Thus
sequentially compactness is an analysis-motivated extension of the notion of a finite
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set. We will return to this important fact when trying to gain a deeper topological
insight into sequentially compactness.

4.7. Uniform Continuity. Compactness is a helpful tool to obtain some unifor-
mity results in analysis. A very important example of this phenomenon is the
following strengthening of the notion of continuity.

Definition 4.30. A function f : D — R is uniformly continuous over the subset
D C R of R when

Ve>0 30>0 Vo,yeD |z—yl<d = |f(z)— fly)] <e.
It is immediate that a uniformly continuous function is always continuous.

Example 4.31. If f : D — R is k-Lipschitz, then f is uniformly continuous over
D: for all e > 0, if z,y € D with |z —y| < ¢ then |f(z) — f(y)| <klz —y| <e.

We note that the composition of uniformly continuous functions are uniformly
continuous.

Theorem 4.32. If f: D — R and g : E — R are both uniformly continuous, and
if f(D) CE, thengo f:D — R is uniformly continuous.

Proof. Let € > 0. Since g is uniformly continuous, there exists d, > 0 such that if
z,y € E with |z —y| < d,, then |g(x) — g(y)| < . Since f is uniformly continuous,
there exists d; > 0 such that, if z,y € D with |z —y| < 67 then |f(x) — f(y)| < .
Thus if z,y € D with | — y| < §; then [g(f(z)) — g(f(y))| < €, as needed. O

A core observation is the following theorem.

Theorem 4.33. If f : K — R is a continuous function over a sequentially compact
subset K C R of R, then f is uniformly continuous over K.

Proof. Assume that there exists ¢ > 0 such that, for all § > 0, there exists z,y €
K such that |z —y| < ¢ and |f(z) — f(y)| > €. For each n € NN, there exists
Tn,Yn € K such that |z, —y,| < %H and |f(z,) — f(yn)] = e. Since K is
sequentially compact, there exists a convergent subsequence ((,))nen Of (Zn)nen
converging to | € K. Since lim,, o Zr,—yn = 0, we conclude that lim,, ,  ypon) = I-
Since |f(zy(m)) — f(Wem))| = €, at least one of the sequences (f(Zy(n)))nen OF
(f (Wp(n)))new does not converge to f(I). Thus f is not continuous over K.

Our theorem is proven by contraposition. O

4.8. Continuous image of intervals.

Theorem 4.34. If f : D — R is continuous over D C R, and if I C D is an
interval, then f(I) is an interval.

Proof. Let a,b € I. Let & between f(a) and f(b). Without loss of generality,
assume a < b and f(a) < & < f(b) (if f(b) < f(a) then work with —f).

Set ag = a and by = b. Assume that, for some n € IN, we have constructed:

ag <ap <...<ap <bp <bpo1 <. < by < by,

with b; — a; = 5 (b — a) and f(a;) < & < f(by) for all j € {0,...,n}. Note that
the assumption holds in particular for n = 0.

Let m,, = % If f(my,) < & then set an11 = my, and b,y1 = by,; otherwise
set b,11 = my and an41 = a,. We check that we then have proven our induction
hypothesis for n + 1.



34 FREDERIC LATREMOLIERE

The sequence (a,)nen thus constructed is increasing and bounded above, so it
converges by Theorem (4.17). Let ¢ = lim, o an,. We then note that f(c) =
limy, oo f(an) < &.

Since limy, o0 (by, — a,) = 0, we conclude that lim,_, b, = ¢, and thus f(c)
limy, 00 f(bn) = €. Thus f(c) =&, and our theorem is proven.

Ol

5. CAUCHY SEQUENCES

Sequences are a powerful tool of analysis, and their power get revealed when one
realizes that one can use sequence to prove the existence of certain limits, without
knowing the limit. This leads us to the concept of a Cauchy sequence, and the
associated notions, such as functions preserving Cauchy sequences. The latter is
best understood via a uniform version of continuity. We will connect these ideas
with compactness as well, offering a metric view of sequential compactness.

5.1. Cauchy Property. The Cauchy criterion for sequence allows the discussion
of convergence without knowledge of the limit.

Definition 5.1. A sequence (x,)nen is a Cauchy sequence when
Ve>0 INeN VpgelN (p=Nandg>N) = |z, — x4 <e.

Theorem 5.2. If (z,)nen s a convergent sequence, then (xp)nen is a Cauchy
sequence.

Proof. Write | = lim,, oo ©,. Let € > 0. Since (z,)nen converges, there exists
N € N such that, if n > N, then |z, -] < 5.
Thus, if p,g € Nand p > N, ¢ > N, then

l

|xp*xq|<|5Cp*”+|l*mq|<§+ =1

DO | =~

Thus, (z,)nen is a Cauchy sequence. O
Theorem 5.3. If (z,)nen is a Cauchy sequence, then (x,)nen is bounded.

Proof. Since (x,)nen is Cauchy, there exists N € N such that, if n > N, then
|z, —xn| < 1, 1e. |2,] < |zn|+ 1. Thus, for all n € IN, we have

|z, < max{1l+ |zn|,|z;|:j€{1,...,N —1}}.

This completes our proof. O

Of central importance is the observation that a Cauchy sequence wants to con-
verge, and the only reason it might not is that its limit may not exist in the space
where the sequence is defined.

Theorem 5.4. If (x,)nen is a Cauchy sequence with a convergent subsequence,
then (,)nen converges.

Proof. We thus assume (z,(,))nen converges to some I € R. Let ¢ > 0. Since
(n)nen is Cauchy, there exists N € IN such that, for all p,q¢ > N, we have |z, —
Tl < 5.

Since (T4 (n))new converges to [, there exists M € IN such that, for all n > M,
we have [z,,,) — 1] < §.

Let now n > max{N, M}. Note that p(n) > n > max{M, N}. thus

[z =1 < fan = Zom)| + [2pm) —
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This concludes our proof. ([l
5.2. Completeness. All Cauchy sequences in R converge.
Theorem 5.5. If (z,)nen is a Cauchy sequence in R, then it converges.

Proof. Since (2, )nen is Cauchy, it is bounded. By Theorem (4.23), (z,,)nen has a
monotone subsequence (Z, ) )neN. By Theorem (4.17), (24(n))nen converges. By
Theorem (5.4), the sequence (2, )nen converges. O

We can now ask a more subtle question: if A C R, under what condition do all
Cauchy sequences of A converge in A?

Definition 5.6. A subset A of R is complete when all Cauchy sequences in A
converge in A.

Thus, in particular, R is complete. More generally,
Theorem 5.7. A subset A of R is complete if, and only if A is closed.

Proof. If A C R is complete, then given any sequence (z,),cn in A converging to
some z € R, we have x € A, otherwise, (z,)nen (as a convergent sequence in R
which takes values in A) is a Cauchy sequence in A which can not converge, and
thus A is not complete. So A contains the limits of all its convergent sequences,
and thus A is closed.

If A C R is closed, and if (2,)nen is & Cauchy sequence of element in A, then
(Tn)ne)n converges as R is complete, and its limit lies in A as A is closed. O

It is not true in general that completeness and closed-ness are synonymous.
Indeed, the notion of completeness makes sense in @ endowed with its usual metric.
We can define a topology on Q using this metric, but suffices to say that @Q itself
would be closed for this topology and yet, it is not complete (there are sequences
in Q approaching /2 in R). It is however true that completeness always implies
closeness.

5.3. Total boundedness. We noted the importance of the notion of sequential
compactness, where any sequence has a convergent subsequence. As we introduced
the notion of a Cauchy sequence, it is reasonable to wonder what property of a set
guarantees the existence of a Cauchy subsequence to any sequence in the set. We
are led to the following.

Definition 5.8. A subset I of a subset A of R is 6-dense when
Vee A JyeF |z—y|<d.

Definition 5.9. A subset A C R is totally bounded when, for all § > 0, there exists
a finite d-dense subset FF C A of A.

Theorem 5.10. If a subset A C R is totally bounded, then it is bounded.

Proof. Since A is totally bounded, it contains a 1-dense finite subset F'. Let M =
max{|z —y|: 2,y € F}. If a,b € A then there exists z,y € F such that |[a — 2| < 1
and |b—y| < 1. Thus

la—b| <l|la—z|+|z—y|l+]y—b <2+ M.
Thus diam (A) < 2+ M and our proof is complete. O
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A simple feature of total boundedness is that it is automatically inherited by
subsets.

Theorem 5.11. A subset A C R is totally bounded if, and only if, for all § > 0,

there exists a finite subset F' of R such that A C|J,cp(x — 9,2 +6).

Proof. The condition is necessary by definition. Let us now assume that, for all
§ > 0 there exists a finite subset F' C R of R such that A C |J, (2 — delta, z +0).
Let 6 > 0 be chosen, and F' C R be given so that A C |, .p (:E — g,x+ g)

As our result is obvious for A = ), we henceforth assume that we fixed z € A.
For each = € F, let y(z) be either any element of AN (x — g, T+ %) — if the latter
intersection is not empty — or y(z) = z otherwise.

By construction, y is a surjection from the finite set F onto G = {y(z) : € F'},
so the latter set is finite. Moreover, G is a subset of /% by construction. Last,

if @ € A, then there exists x € F such that |a — x| < §. In particular, y(z) €

An(z—%,2+3) (sincea€ AN (z—$,2+3)). So |z —y(z)| < $ and thus
o 4
ja—y(@)| <la—z| + |z —y(@)] < 3+ 2 =5

The set {y(x) : * € F} is thus a finite §-dense subset of A, and our proof is
complete. O

Corollary 5.12. If A C R is totally bounded and if B C A, then B is totally
bounded.

Proof. This is immediate from Theorem (5.11). O

The crucial observation about total boundedness is its relation with Cauchy
sequences.

Theorem 5.13. A subset A of R is totally bounded if, and only if, every sequence
in A has a Cauchy subsequence.

Proof. Assume that A C R is totally bounded.
Let (z)nen be a sequence of elements in A. We define the sets:

diam (A) }

p+1 |~

We define ¢ : IN — IN by induction. Set ¢(0) = 0 and note that Xy = IN.
Assume we have built ¢(0) < ... < ¢(n) for some n € IN in such a way that
Xgo(n),n is infinite, and Xap(n),n - ch(nfl),nfl C..- g Xo,0-

Since A is totally bounded, there exists a finite ‘g?fi;))—dense subset F), of A.
For each x € Fy,, let A, » = {k € Xy @ |7 — 2] < 2(T1+2)‘} Since Xy(n),n =

Xn7p:{k>n:|xk—xn|<

Use F, An,o is infinite by the induction hypothesis, while F, is finite, there exists
x € F, such that A, , is infinite. Let ¢(n + 1) = min A, ,. By construction, if
k € A, 5, then k > ¢(n), and

|$k - xga(n+1)| < |xk - 33| + ‘SL‘ - xgo(n+1)|
o1 N 11
S 2n+2)  2(n+2) n+2
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Since A, , is infinite and A, € Xpq1 = {k > o(n +1) @ |2p — 250)| < #_2},
we conclude that we have met out induction hypothesis at n + 1. The subsequence
(Ty(n))new thus constructed is indeed Cauchy. Let € > 0. There exists N € IN such

that 5 < § (since R is Archimedean). By construction, for all p,q > N, we have

Tom) = To)] < 1Tem) = To)| + [Zo(n) = To(g)]
< ! + ! <
— 4+ = <e.
N N
We thus have shown that every sequence in a totally bounded set has a Cauchy

subsequence.

Let us now assume that A is not totally bounded. Let zy € A. Since A is not
totally bounded, there exists x; € A\ (o — 1,20 + 1). Suppose now that we have
constructed zo,x1, ..., &, € A such that |x; — x| > 1 for all 0 < j # k < n. Since
A is not totally bounded, there exists x,41 € A\ U;LZO(’JZJ' —1,z; +1). Thus, by
induction, there exists a sequence (z,)new such that, for all j, k € IN, if j # k then
|z; — xx| > 1. Therefore, (z,,)nen has no Cauchy subsequence. O

We are thus led to an important result. The correct way to understand sequen-
tial compactness (in the general metric space situation) is given in the following
corollary.

Corollary 5.14. A subset D C R is sequentially compact if, and only if, D is
complete and totally bounded.

Proof. If D is sequentially compact, then every sequence of elements of D has
a convergence, hence Cauchy, subsequence. So D is totally bounded. As D is
sequentially compact, it is closed, and hence complete, since R is complete.

If D is complete and totally bounded, then every sequence in D has a Cauchy
subsequence, which must converge in D since D is complete. So D is sequentially
compact. O

We invite the reader to note that [0,1] N @ is a totally bounded subset of Q,
yet it contains sequences with no convergent subsequences. The characterization of
sequentially compactness in metric space as complete and totally bounded subsets is
very important; it is sometimes obscured by the easier observation that sequentially
compact subsets of R are simply closed (which is equivalent to complete since R is
complete) and bounded (which, in the very special case of finite dimensional vector
spaces, is equivalent to totally bounded). We can see from the theory so far that
the following result is now easy, though it is instructive to give it a direct proof as
well.

Theorem 5.15. A subset of R is totally bounded if, and only if, it is bounded.

First method: using the monotone subsequence theorem. A totally bounded subset
of R is always bounded. If A C R is bounded, then any sequence in A contains a
bounded monotone subsequence by Theorem (4.23), which is Cauchy since bounded
by Theorem (4.17). (Note: we did not assume that A is closed, so a bounded
monotone sequence in A may have a limit outside of A). O
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Second method: using sequentially compactness. A totally bounded subset of R is
always bounded. If A is bounded, then so is its closure by Theorem (2.14), and thus
cl (A) is closed and bounded, hence sequentially compact in R; thus every sequence
in A has a Cauchy subsequence (which converges in cl (A)). O

Third method: direct approach. A totally bounded subset of R is always bounded.
Let now A be a bounded subset of R. Thus there exists a < b such that A C [a, b].
Since subsets of totally bounded sets are totally bounded by Theorem (5.11), it is
sufficient to show that [a, b] is totally bounded.

Let § > 0. Then

N
[a,b] C U((a71)+n6,a+(n+1)5) where N = min{k € N:a+ kd > b}.

n=0

O

Remark 5.16. The first two proofs are in fact exactly the same argument, since we
used Theorem (4.23) and Theorem (4.17) in our initial treatment of sequentially
compactness in R.

5.4. Cauchy Continuity. Continuous functions are characterized as mapping con-
vergent sequences to convergent sequences, and sequentially compact sets to se-
quentially compact sets. We now investigate functions with similar roles regarding
Cauchy sequences and totally bounded sets.

Definition 5.17. A function f : D — R is Cauchy continuous over D when, for
all Cauchy sequences (z,)nen in D, the sequence (f(x,))nen is Cauchy.

It is easy to check that the composition of two Cauchy continuous functions is
again Cauchy continuous. It is not true that a continuous function must be Cauchy
continuous (for instance, consider f : x € (0,1] — 1). However, every Cauchy

continuous function is indeed continuous.

Theorem 5.18. If f: D — R is Cauchy continuous over D, then f is continuous
over D.

Proof. Let « € D. Let (x,)nen be a sequence in D converging to x. For each
n € N, we set 2o, = 2, and 22,11 = 2. The sequence (z,)nen converges to z and
thus, it is Cauchy. Since f is Cauchy continuous, (f(zn))nen is a Cauchy sequence.
It contains the subsequence (f(z2n+1))nen = (f(2))nen which converges to f(z).
By Theorem (5.4), we conclude that (f(z,))nen converges to f(z) as well. As a
subsequence of a convergent sequence with limit f(x), the sequence (f(zn))nen
converges to f(x) as well.

Thus f is continuous at all x € D. O

The fundamental example of Cauchy continuous functions is given by the uni-
formly continuous functions — thus include, in particular, continuous functions
over compact.

Theorem 5.19. If f : D — R is uniformly continuous over D, then f is Cauchy
continuous over D.
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Proof. Let (x,,)nen be a Cauchy sequence in D. Let € > 0. Since f is uniformly
continuous over D, there exists § > 0 such that, if z,y € D with |z — y| < J, then
|f(z) — f(y)] < e. Since (zn)nen is Cauchy, there exists N € IN such that, for
all p,q € IN, we have |z, — z4] < 6. Thus |f(z,) — f(zy)| < &, i.e. (f(n))nen is
Cauchy, as claimed. O

Uniform continuity is in fact very closely related to Cauchy continuity, as seen
in the following theorem.

Theorem 5.20. A function f : D — R is Cauchy continuous, if and only if the
restriction of f to any totally bounded subset of D is uniformly continuous.

Proof. Assume that the restriction of f to any totally bounded subset of D is
uniformly continuous. Let (z,),cn be a Cauchy sequence in D. Since {z, : n €
IN} is totally bounded, the restriction of f to the range of (z,)nen is uniformly
continuous, and thus (f(z,))nen is a Cauchy sequence.

Assume now that there exists a totally bounded subset A of D to which f does not
restrict to a uniformly continuous function. Assume that the restriction of f to A is
not uniformly continuous over A. Thus, there exists € > 0 such that for all n € IN,
there exists z,,,y, € A such that |z, —y,| < 5= yet |f(zn) — f(yn)| = €. Since A is
totally bounded, there exists Cauchy subsequences (,(,))nen Of (21 )nen, and then
a Cauchy subsequence (Yyoy(n))nen- Setting 6 = ¢ o9, we thus have two Cauchy
sequences (Zg(n))neN and (Yg(n))nen, and up to extracting further subsequences,
we assume that Tg(,11) — To(n)| < 3 and [Yg(ni1) — Yo(n)| < 3= Therefore (noting
f(n) = n for all n € IN), we conclude that the sequence (z,)nen defined by

VneWN zy, =z, and zop41 = Yn

is a Cauchy sequence, since |z, 41— 2,| < 5= by construction. Yet (f(2,))nen is not
a Cauchy sequence since | f(22,41) = f(22n)| = |f(2on)) —f (Yo(n))| = € for all n € IN.
So f is not Cauchy continuous. Our proof is complete by contraposition. O

We now turn to the following result about preservation of total boundedness.

Theorem 5.21. If f : A — R is Cauchy continuous, and if A is totally bounded,
then f(A) is totally bounded.

Proof using Cauchy sequences. Let (z,,),cn be asequence in f(A). Foreach n € IN,
let y,, € A such that f(y,) = x,. Since A is totally bounded, there exists a Cauchy
subsequence (Y, (n))nen Of (Yn)nen. Since f is Cauchy continuous, the sequence
(pn))nen = (f(Yp(n)))nen is Cauchy. So every sequence of f(A) has a Cauchy
subsequence. By Theorem (5.13), the set f(A) is totally bounded. O

Proof using uniform continuity. The restriction of f to A is uniformly continuous,
since f is Cauchy continuous and A is totally bounded. Let € > 0. Since f is
uniformly continuous, there exists 6 > 0 such that, for all z,y € A, if | — y| < 4,
then |f(z) — f(y)| < e. Since A is totally bounded, there exists a finite §-dense
finite subset F of A. If z € f(A), then = = f(y) for some y € A. There exists z € F
such that |y — z| < 4, and thus |z — f(2)| = |f(y) — f(2)| <e. So {f(z) : z € F} is
a finite e-dense subset of f(A). Therefore, f(A) is indeed totally bounded. O
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6. ToroLOGY OF R: COMPACTNESS

Sequentially compact subsets of R are the complete, totally bounded subsets of
R — equivalently, in this case, the closed bounded subsets of R, and they exhibit
many desirable properties: the continuous images of compact are compact, points
almost in a compact set are in fact in it, any sequence in a compact has a convergent
subsequence, any Cauchy sequence in a compact set must converge in that set,
continuity over a compact set is equivalent to Cauchy continuity which is also
equivalent in this case to uniform continuity. All these properties are far reaching
generalizations of the properties of finite sets to analysis. There are two informal
reasons why this is important. Compactness is a tool to obtain existence results
from mere topological considerations (convergent sequences and their limit, maxima
and minima of functions, and so on), and it provides means to strengthen properties
toward uniformity (as in uniform continuity from continuity).

This notion is very important and deserves deeper exploration. In particular,
the proper definition of compactness, when leaving the realm of metric spaces, is
challenging, but it provides instructive properties of compact sets yet to be explored
in these notes. This is the matter of this section.

6.1. Compact Sets. We propose a definition of compactness inspired by our work
on subsequences. We say in Theorem (4.21) that the set of all limits of convergent
subsequences of a sequence (z,)nen is given as [, cycl ({ox 1 k= n}), ie. an
infinite intersection of closed subsets of R. Thus, a set K if sequentially compact if,
and only if, for any sequence (z,)ncw in K, the intersection (), o cl ({zx : & > n})
is never empty. Now, we note that for all N € IN, we have ﬂfzo cd{zr: k>=n}) #
(). So, we start with the idea that compactness can be understood via the finite
intersection property:

Definition 6.1. A subset A C R is compact if it has the finite intersection property:
for any collection .Z of closed subsets of R such that AN (% = 0, there exists a
finite subset ¥ C % of % such that AN ¥ = 0.

The finite intersection property is easily checked to be equivalent to the following;:

Theorem 6.2. A subset K C R of R is compact if, and only if, for any collection
F of closed subsets of R, if KN(¥ # 0 whenever 4 C F is a finite subset of F,
then K N F # 0.

Proof. This follows immediately by contraposition. O

We thus see that the finite intersection property is an existence property. We
immediately record:

Theorem 6.3. If K C R is compact, then K is sequentially compact.

Proof. Let (zp,)nenw be a sequence in a compact K. Let X,, = cl({z : k = n}).
Note that X, C X, for all p,n € N with p > n. Thus (;cp Xj = Xiaxr # 0 for
all finite subset I of N. Since K is compact, [, .y Xn # 0. By Theorem (4.21), the
sequence (x,)neN has at least one convergent subsequence. Thus K is sequentially
compact. (Il

Corollary 6.4. A compact subset of R is closed and bounded.



A TOPOLOGICAL INTRODUCTION TO REAL ANALYSIS: REFERENCE MANUAL 41

Proof. Since compact sets are sequentially compact, this follows from Theorem
(4.25). O

Of great interest to us is the converse of this result. To obtain it, we first provide
some useful characterizations of compactness.

Theorem 6.5. A subset K C R of R is compact if, and only if, for any collection
U of open subsets of R such that K C |J%, there exists a finite subset ¥ C % of
U such that K C U7V

Proof. This equivalence follows by taking the complements in the definition of com-
pactness. (I

We thus see explicitly how compactness generalizes finiteness in our topological
setting.

It is interesting to prove that compact sets are closed and bounded directly from
their definition. If K is not bounded, then there can be no finite open subcover
from K C (n,n + 1), so K cannot be compact. A very general, albeit technical,
proof compactness implies closedness is as follows. For each x ¢ K and y € K, let
U,y and V, , be two disjoint open subsets of R such that y € U, , and 2 € V.
Then K C UyeK Us,, by construction; as K is compact, there exists a finite subset
F, C K such that K C U,cp, Usy- It is easy to check that () cp Viy N K C
Nyer, Vey NUyer, Usy =0, 50 Nyep, Vay € R\ K. Now, as a finite intersection
of open subsets of R, the set ﬂyer Vz,y is open and contain . We conclude from
this that R\ K is open, and thus K is closed.

We also have already enough knowledge of compact sets and continuous functions
to (re)prove the following result.

Theorem 6.6. If f : K — R is a continuous function, and if K C R is a compact
subset of R, then f(K) is compact.

Proof. Let % be a collection of open subsets of R such that f(K) C (%. For
each U € %, let Gy be an open subset of R such that f~1(U) = Gy N K. Thus

Kcfrfryclr'wyvewy | fGu:Uew}.

Since K is compact, there exists a finite subset ¥ C % such that K C |J{Gv :
U € V}. Therefore, f(K) C |JV (note: f(Gy N K) C U). Therefore, f(K) is
compact. O

6.2. Equivalence of compactness and sequential compactness in R. We
now proceed to show that sequential compactness implies compactness in our set-
ting.

Theorem 6.7 (Lebesgue’s covering number). Let K C R be a sequentially compact
subset of R. If % is an open cover of K, then there exists 6 > 0 such that, for all
x € K, there exists U € % such that (x — §,x+0) CU.

Proof. Let K C % be an open cover of a sequentially compact set K. Assume that
for all § > 0, there exists x € K such that (x — §,2 + J) is not a subset of any
Ue¥.
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For each n € IN, there exists z,, € K such that (mn — T T+ n%rl) is not
contained in any U € % .

Since K is sequentially compact, the sequence (z,),cn has a convergent sub-
sequence (Ty(n))new With limit in K. Let [ € K be its limit. Since K C %,
there exists U € % such that | € U. Since U is open, there exists 6 > 0 such
that (I — 46,1 +9) C U. Since (z,(n))nen converges to [, there exists N € IN such
that, for all n > N, we have |z,(,) — | < §. Since lim,_,o ﬁ = 0, there ex-
ists N’ € IN such that, if n» > N’, then -1~ < 2. Let n = max{N,N'}. If

o(n) 2
te (xﬁa(") - <p(n1)+1’x¥’(n) + Lp(n1)+1) c (iE - gﬂ x+ g); then:
o 90
[t =1 <[t = 2o +lepm — Ul < 5 +5 =6
Thus we have reached a contradiction. Our theorem is proven. g

Theorem 6.8. A subset K of R is compact if, and only if, it is sequentially com-
pact.

Proof. Theorem (4.21) proves that if K is compact, then it is sequentially compact.
Let us now assume that K is sequentially compact. Let % be an open cover of K.
By Theorem (6.7), there exists § > 0 such that for all z € K, there exists U, € %
such that (x — 0,z + ) C U. By Theorem (5.14), since K is sequentially compact,
it is totally bounded. So, there exists a finite §-dense subset F' of K. It then follows
that K CJ,cp(x — 0,24 06) € U,cp Ue. Thus {U, : x € F'} is our open subcover
of K from % . So K is compact. O

7. THE SPACES OF BOUNDED FUNCTIONS

7.1. Norms.

Definition 7.1. A norm ||-|| ; on a vector space E (over R or C) is a function from
E to [0,00) such that

triangle inequality: Yo,y € E |z +y|lx < ||zl z + |yl &
homogeneity: Ve ¢ E Vte R |tz| g = |t| |z g,
coincidence property: Vo € E  |jz]|; =0 < 2 =0.

A vector space E endowed with a norm ||-||; is called a normed vector space.

A norm induces a distance on E by setting the distance between any two z,y € F
t0 be ||z — | .

A simple but important example of a norm is the absolute value on R.

Now, our presentation above about the geometry of R can be applied to obtain
a lot of basic results about normed vector spaces “as is”, replacing absolute values
with norms. We will however try for a more self-contained presentation of the
essential results for our purpose. To this end, we start from the convergence of
sequences with values in a normed vector space since we can easily bootstrap a lot
of results straight from our knowledge about R.

Definition 7.2. A sequence (z,)nen in a normed vector space F converges to
| € E when the sequence (||z, —!||z)nenw converges to 0 (as a sequence of real
numbers).
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Therefore, (x,)nen converges to [ if, and only if
Ve>0 INelN Vn>2 N |z, 1|z <e.

Indeed, norms are always nonnegative. In fact, we will very often use the following
reasoning below: if we can find some sequence (¢, )nen in R with limit 0 such that
lzr, — || < tn, then using the squeeze theorem, we can conclude that (z,)nen
converges to [.

Theorem 7.3. If (z,)nen is a convergent sequence in a normed vector space E
converging to both | and ! in E, thenl =1".

Proof. We observe, for all n € IN:

0< =Vl < Jli=2ally+llon =1

=l—z,+x,—1l triangle inequality

27 04+ 0=0.

Thus | =1’ O

Notation 7.4. If (z,)nen is a convergent sequence in a normed vector space E,
then the unique vector to which it converges is called the limit of (x,)nen and is
denoted by lim, oo Tp-

We now establish the continuity of the basic ingredients of a normed vector space:
the norm, the addition, and the scalar multiplication. We define continuity using
sequences here, to take the shortest route.

Definition 7.5. Let £ and F' be normed vector spaces. A function f: D C E — F
from D C E is continuous at x € E when for any sequence (2, )ncrg in E converging
to x, the sequence (f(zn))nen converges to f(x) in F.

Definition 7.6. Let E and F' be normed vector spaces. A function f: D C E — F
from D C FE is continuous on D when it is continuous at every = € D.

We begin with the continuity of the norm.
Theorem 7.7 (reverse triangle inequality). For all z,y € E, we have

lzlle = llyllel < llz—=yllg-

Proof. Since ||z|p < [lz —yllg + lyllg, we conclude [lzflp — [lyllp < [z —yllg-
Similarly,

19l = llzllp <lly—zllg = 1= =yllg =1z -yl =z -yllg-
Thus our theorem follows. O
Corollary 7.8. If (zp)nen converges to z in a normed vector space E, then
lim, o0 [|Znllp = 12l -

Proof. By the reverse triangle inequality,

0 < zallp = 2l gl < llen =2l 5 =0

hence our result follows from the squeeze theorem. (I
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We now turn to the addition. It is useful to note that if £ and F are two normed
vector space, and if we define

VeeE VyeF |(zy)llp.p = max{lzg, yl}

then [|-|| g p is indeed a norm on the product vector space E x F', with the property
that (2, Yn)new converges to (z,w) in E x F if, and only if, (z,),ecn converges to z
in E and (yn)nen converges to w in F. With this in mind, we prove the following.

Theorem 7.9. If (z,)nen and (yn)nen are two convergent sequences in a normed
vector space E, then (z,, + yn)nen converges as well, and

lim (z, +y,) = lim z, + lim y,.
n—oo n— oo n—oo

Proof. Let l,, := lim, o x,, and [l := lim,, 0 Yn. Then

0 < ||(zn +yn) — (ls +ly)HE < van - leE + ||yn _ly”E

n—oo

——04+0=0.

Thus our theorem is proven. O

Theorem 7.10. If (t,)neN s a convergent sequence in R and (zp)neN @S a con-
vergent sequence in a normed vector space E, then (tnmn)nem converges in E as
well, and

lim t,x, = lim t lim z,.
n—oo n—oo n— oo

Proof. We write [ := lim,, . t, and z = lim,, s, x,. We then compute:
0 < [tnzn — lz||lp < tnzn — tnz”E + [Itnz — ZZHE
< ltnl lan = 2l + [tn = U Izl g

=5 (110402l 5 = 0.
Thus, our result is proven. ([l
We characterize continuity just as we did for functions of a real variable.

Theorem 7.11. Let E and F' be normed vector spaces. A function f : D C E — F
from D C E is continuous at z € E if, and only if,

(71)  ¥e>0 30>0 Vz2eE |z—alp<6 = |f(2)— f@)p <e.

Proof. Assume Equation (7.1). If (2, ),cw be a sequence in E converging to « € E.
Let € > 0. There exists § > 0 such that if t,s € E with ||t —z| 5 < 0, then
lf(t) = f(z)||g < e. There exists N € IN such that if n > N, then |jz,, — |5 <.
Thus for all n > N, then ||f(z,) — f(z)||z < e. Thus f is continuous at x.
Assume Equation (7.1) does not hold. Thus, there exists ¢ > 0 such that, for any
§ > 0, there exists x5 € E such that ||z — x5(|_ d yet ||f(x) — f(25)||p = . Thus,
for all n € IN, there exists x,, € E with ||z, — x|/ 5 < %ﬂ and || f(zn) — f(2)| g > e.
By construction, (2, )new converges to x, yet (f(2,))nen does not converge to f(z),
so f is not continuous at x. O

A crucial result about continuity concerns linear functions between normed vec-
tor spaces.

Theorem 7.12. Let ¢ : E — F be a linear function between two normed vector
spaces E and F'. The following assertions are equivalent.
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(1) ¢ is continuous,

(2) ¢ is continuous at 0,

(3) ¢ is bounded on the open unit sphere {x € E : ||z|| 5 < 1} of E,
(4) ¢ is bounded on the unit sphere {x € E : |||z =1} of E,

(5) ¢ is bounded on the closed unit sphere {x € E : ||z| 5z < 1} of E,
(6) there exists K > 0 such that, for all v € E,

le@)lp < Kllzllg
(7) ¢ is Lipschitz.
Proof. Of course, (1) implies (2).

Assume (2). Therefore, there exists § > 0 such that if € F with |z||, < ¢
then ||p(z)||z < 1. Let now ||z||5 < 1. If 2 = 0 then ||p(z)||z = 0. If 2 # 0, then

we note that if y :== ﬁx, then
E

] 4]

1Ylle = g7 lzlle =5 <é
P 2lally T

2

and thus [|¢(y)|| < 1. Hence [¢(z)||; < 2 by linearity of .
Therefore, ¢ is bounded by 2 over the open unit ball of E. So (3) holds.

We continue with Assumption (2). Let « € E with ||z||; = 1. Then ngHE =
$ <6, 50 ||<p(ga:)||F < 1so [le(2)]p < 2. So (4) holds.

Of course, (3) and (4) imply (5), so (2) implies (3), (4) and (5). Moreover, (5)
implies (3) and (4).

We now assume (5). Thus there exists K > 0such that for all z € E, if ||z| < 1,
then ||p(z)|z < K. Let z € E'\ {0}. Then
( 1 )
7 x
[E41p%

<zl K,

le@@)lp = Il
F

as claimed. Thus (6) holds.
Assume (6). Let z,y € E. By linearity,

le(@) = eWllp = lle(z =yl < Kllz—ylg-
Thus ¢ is Lipschitz. So (7) holds.

Assume (7). Then (1) holds. So our theorem is proven. O

Corollary 7.13. Let E and F' be two normed vector spaces. If £ (E, F) be the set
of all continuous linear functions from E to F, and if we set for any ¢ € L(E, F):

F
ol = sup {lle@) g« 1]l g = 1},
then (,,?(E7F)7 H||||11;:> is a normed vector space.

Proof. Let ¢,¢ € Z(E,F) and t € R. Of course, ty + v is linear. Moreover, if
x € E with ||z||; = 1, then

ltp(@) + b(@) | < [t @) e+ 19@) e < llellz + @)z < oo
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so tw+1 is bounded on the unit sphere of E, so it is continuous as a linear function,
ie. to+9 € Z(E,F). Of course 0 € Z(E,F). So .Z(E, F) is a subspace of the
space of all functions from E to F. Moreover, |[[te + ¢ 5 < |t|lllls + ¢l

Last, |||l = 0 for some ¢ € Z(E, F). Thus ¢(z) = 0 for all z € E with
|lz||p = 1. If z € E'\ {0} then

1
o) = |l 50 (””) — a0 =0.
E

So ¢ = 0. This completes our proof. ([l

Normed vector spaces are metric spaces, and we can use these structures to
discuss Cauchy sequences and uniform continuity.

Definition 7.14. A sequence (2, )nen is Cauchy in a normed vector space E when
Ve>0 INeN VpgeN p>Nandg>N = ||z, — z4ll5 <e.

Theorem 7.15. If (z,,)nen is a Cauchy sequence in a normed vector space E, then
SUPpen [|2nll 5 < 00-

Proof. There exists N € IN such that if p,q > N, then ||z, — 2]/, < 1,soforall p >
N, we have ||z, ||z < [[zn| g+1. Thus sup, ey [|[2n|l 5 < max{maij{O,m’N} 25 5 5 1+
zn | -

Theorem 7.16. If (z,)nen s a convergent sequence in a normed vector space E,
then (xn)nen is Cauchy.

Proof. Let [ = lim,, o . Let € > 0. There exists N € IN such that for all n € IN,
if n > N, then ||z, — || < 5.
Thus, for all p,q > N, we have

e €
||xp_$q||E < Hmp—lHE—i—Hl—quE < 5"‘5 =¢&.

This completes our proof. ([
Not all normed vector spaces are complete. We introduce the following definition.

Definition 7.17. A normed vector space F is a Banach space when every Cauchy
sequence in E converges.

We now proceed with the basic topology of normed vector spaces (taking in
essence the opposite road to our work on R).

Definition 7.18. Let E be a normed vector space. The closure A C E of a subset
Aof F is

cl(A) = { lim z, : (zn)nen IS a convergent sequence in E} .

n—oo

Theorem 7.19. If E is a normed vector space, and if A C E, then

cl(A) = {zGE:tlél£|xt||EO}'
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Proof. If x € cl(A) then there exists (2, )newn in A such that lim, o ||z, — ||z =
0; hence for all € > 0, there exists n € IN such that ||z, — z||; < €; since z,, € A,
we conclude inf;c 4 ||z —t||; = 0.

Conversely, assume infycy ||z —t||; = 0. Let n € IN. There exists ¢, € A
such that ||t — ||, < ;25. Thus by definition, & = lim,, o t,. This proves our
equality. O

Theorem 7.20. Let E be a normed vector spaces. The following assertions hold.
(1) c1(0) =0,
(2) VACE ACcl(A),
(8) VACE cl(cl(A)) =cl(4),
(4) VAJBCE cl(AUB)=cl(A)Ucl(B),
(5) VAABCE ACB = cl(A) Ccl(B).

Proof. The proof follows the same path as in the real case. (|
Thus the closure operator is used to define a topology on E.

Definition 7.21. Let E be a normed vector space. A subset A of E is closed when
A =cl(A). A subset B of E is closed if its complement E \ A is closed.

We can now apply all the topological proofs on R to conclude the following
assertions.

Theorem 7.22. Let E be a normed vector space. The following assertions hold.

(1) O and E are both closed and open,

(2) if UV C E are open, then UNV is open,

(8) if (Uj)jes is a family of open sets then UjeJ U; is open,

(4) if F,G are closed, then F' UG is closed,

(5) if (Fj)jes is a family of closed sets then () ; I is closed,

(6) the closure cl(A) of a subset A C E is the smallest closed subset of E
containing A,

(7) the closure cl(A) is given by

cl(A)={zx € E:3U open xe€UUNA#ID},

(8) f: E — F is continuous over E if, and only if, f~X(G) is closed for all

closed subset G of F,

(9) f: E — F is continuous over E if, and only if, f~1(U) is open for all open
subset U of F'.

We now establish a general tool to extend continuous linear functions from a
dense subspace.

Theorem 7.23. Let E be a normed vector space and let F' be a Banach space. Let

G C E be a subspace of E such that c1(G) = E. If ¢ : G — F is a continuous

linear function, then there exists a unique continuous linear function ¢ : E — F
. : F F

whose restriction to G is 1; moreover |||z = ||l

Proof. Since ¢ is continuous, there exists K > 0 such that, for all x € E, we have

le@)llp < K (|2 5-
Let z € E. Let (,)nen be a sequence in E which converge to x. Thus (2, )nen
is Cauchy in E. Since, for all p,q € N, we have ||o(z,) — ©(zg)ll p < |2p — 24l
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we conclude that (p(7,)),cn is a Cauchy sequence in F. Since F' is complete,
(0(2n)),en converges to some y € F. For now, our number depends on the choice
of the sequence (z,)nen-

Assume for this paragraph that = 0. Then observe that, for any sequence
(Tn)nen € EN, we have

lp(20)| < K |20l 5 == K [|0]| z = 0.
So, in that case, no matter what our choice of (z,,)ncn is, we always have lim,, —, oo ©(2,,) =
0.

Let us now return to a general x € E. If (2,)nen and (z),)nen both converge
uniformly to z in F, then lim,, . p(z, — 2},) = 0, since (x,, — =} )nen converges
to 0 in E. On the other hand, by linearity, ¢(z,, — x}) = ¢(x,) — ¢(h,), and we
have shown that (¢(gn)), e and (¢(hn)),cn converge. We thus conclude:

35, #h) = 1in o (g8)

Thus our limit does not depend on the choice of the sequence (z,)nen in E con-
verging to . We denote this limit by ¢ (x).

We immediately observe that v is linear: if z,y € F and t € R, then z =
lim,, 00 2, and y = lim, o0 yn for two sequences (z,)nen and (yn)nen in G.
Then (tz,, + Yn)nen converges to tz + y, and

d(te +y) = lim o(te, +yn)
= lim to(an) + ¢(yn)
= t(x) + Y(y).
, . F E
Moreover, [|¢(z)|| p = limp o0 [l9(@n) || o <l (@l 12nllp < el |2l -
So v is continuous over E with norm |||<p|||g
Last, assume 6 is a continuous linear function over E whose restriction to G is
. Then 6 — ¢ is zero on G, i.e. G C ker(6 — ). On the other hand, ker(6 —

¥) = (0 —)~1({0}) and {0} is closed in F, so ker(f — ) is closed. Therefore,
E =cl(G) Ccl(ker(d —¢)) = ker(f — o) and thus 0 = 1. O

Remark 7.24. This result is just a very special case of the unique extension property
of uniformly continuous functions from a dense subspace to the entire space.

7.2. Uniform Norms.
Definition 7.25. If f: D — R is a function over a set D, we set

Ifllp = sup{|f(z)| : = € D},

allowing for the value co. We call ||-||, the uniform norm over D (note: it can be
infinite so technically, it is not a norm).

Definition 7.26. A function f : D — R over a set D is bounded when || f|| , < oc.

Theorem 7.27. The set of all bounded functions over a set D, denoted by #(D),
is a normed vector space with the uniform norm ||-|| ;.

Proof. Let f,g € (D) and t € D. If x € D then [tf(x)+g(x)| < [t |fllp+ 9l p-
Thus [|tf +gllp, < |t flp + 9]l p- Since 0 € B(D) (with ||0] , = 0), we conclude
that Z(D) is a subspace of the space of all functions form E to F. Since || f||, =0
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implies |f(z)| = 0 for all z € D, we conclude that || f||, =0 = f =0, so ||| is
a norm as well. (]

Definition 7.28. A sequence (f,)nen of functions defined over a set D converges
uniformly on D when

Jim | f = fllp =0

Theorem 7.29. If (f, : D — R)n,ew converges to f uniformly on D, then
(fn(2))new converges to f(x) for all x € D.

z)
Proof. Simply note that | f(z)— fn(z)| < ||f — fnllp and apply the squeeze theorem.
(I

When working with bounded functions over D, we can understand the previous
theorem as follows.

Theorem 7.30. Let D C R and let x € D. The evaluation map f € Z(D) —
f(x) € R is a continuous linear map.

Proof. We simply observe that |f(z)| < || f|  for all f € Z(D). O
Now, a deeper result is the completeness of the space of bounded functions.
Theorem 7.31. The space B(D) is complete for any nonempty D C R.

Proof. Let (f,)nen be a Cauchy sequence for the uniform norm. Let x € D. Since
the evaluation map at z is Lipschitz, the sequence (f,(z))nen is Cauchy. Since
R is complete, the sequence (f(zn))nen is convergent; let f(x) = lim,— oo fr(x).
Since for all z € D, we have |f,,(z)| < || fnllp, and (|| fn |l p)new is convergent, so it
is bounded. Hence, f : D — R is bounded.

It remains to prove that (f,)nen converges uniformly to f over D. Let € > 0.
Since (fn)nen is Cauchy for the uniform norm, there exists N € IN such that, for
all p,q > N, we have || f, — fyll, < §. Let n> N.

Let now & € D. Since (fn(x))nen converges to f(x), there exists M, € IN such
that, if m > M, then |f,(z) — f(z)| < §. Therefore, if p > max{N, M}, then:

[f (@) = fu(@)] <[f(2) = fo(@)| + |fp(x) = fu(@)|

< = =+ Z= €
2 2 7
Thus ||f, — f||p < e. This concludes our proof. O

7.3. The spaces of continuous functions. Since linear combinations of contin-
uous functions are continuous, the following concept is well-defined.

Definition 7.32. The subspace of bounded continuous functions over a subset
D C R is denoted by Cy(D).

We now prove that Cy(D) is closed in Z(D). In particular, it is complete.

Theorem 7.33. Let D C R and a € cl(D). If (fn)nen is sequence of functions
over D such that, for all n € N, the function f, has a limit l,, at a along D, then:

(1) (ln)nen converges to somel € R,
(2) the function f: D — R has limit | at a along D.
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Proof. Let ¢ > 0. There exists N € IN such that, if n > N, then ||f, — f|l, < 5.
Moreover, for each n € N, there exists d,, > 0 such that if x € D with |[z—a| < 0,
then |fn(7) — 1, < 5.
Let p,q > N. Let x € D such that |z — a| < min{d,,d,}, which exists since
a € cl(D). Then

llp = lq| < |lp = fp(@)| + | fp(2) = fo(@)] + | fo(2) = L]

< : + = + Z= €
33 3 7
Thus, (I,,)nen is Cauchy in R. Since R is complete, (I,,)nen converges to some

[ €.

Let now N’ € IN such that, for all n > M, we have |l, —I| < 5. Let M =
max{N, N'}.
For all x € D, if |z — a| < dpr, then:
[f (@) = U < [f(2) = far (@) + [far (@) = D+ [l = ]
< < + < + c_ €.
3 3 3
Therefore, f converges to [ at a along D. O

Corollary 7.34. Let D C R and z € D. If (f,)nen s a sequence of functions
over D which converges uniformly to some f, and if f, is continuous at x for all
n € N, then f is continuous at x.

Proof. Since f,(x) = limgﬁg fn(t) for each n € N, and since lim,,_,» fn(z) = f(z),
€

our result follows from Theorem (7.33). O
Theorem 7.35. The space Cyp(D) is a Banach space for the uniform norm.

Proof. Let (fn)new be a Cauchy sequence in Cy(D) for the uniform norm. By
Theorem (7.33), the sequence (fy,)nen converges uniformly to a bounded function
f:D — Rover D. By Corollary (7.34), the function f is continuous over D. [

We conclude this section by exhibiting a dense subspace of functions in Cj(K)
for any compact set K C R. The idea here is to introduce some class of functions on
which, for instance, defining the integral as a continuous linear function is relatively
easy, and then extend our integral to the closure of that space of nice functions.
This is one reason, among many, to find dense subspaces of continuous functions.
We thus have the following.

Theorem 7.36. If f : K — R is a continuous function over a compact subset
K CR of R, then for all € > 0, there exists a continuous piecewise affine function
g: K — R such that ||f — gl <e.

Proof. Let € > 0. Since f : K — R is continuous over the compact set K, it
is uniformly continuous. Thus, there exists § > 0 such that, for all z,y € K, if
|z —y| < 9§, then |f(x) — f(y)| <e. Let N :=max{n € N:a+ néd < b}, and for all
j€{0,....,N}, let 0; :=a+jd and on41 = b.

For all z € [a, b], there exists j € {0,..., N} such that 0y < z < 0,41, and we

set o , B
g(@) = =T f(oy) + AL g

Tjt1)-
Oj+1 — 05 Oj+1 — 0O
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By construction, g is continuous and piecewise affine. Moreover, for all z € K, we
estimate:

| z—o0j o Tl =T oy
l9(@) = f(@)] = | o= (o) + e (o) — f(@)
1
< ———(lz = ol[f(0)) = f(@)| + [z = oj1l| f(oj41) — f(2)])
Tj+1 — 0y
< (r—05) + (71— D))
Oj+1 = 0j
= E&.
So |lf —gllx < ¢, as claimed. O

8. THE REGULATED INTEGRAL

8.1. Subdivisions.

Definition 8.1. A subdivision (0;)7_ of [a,b], where n € IN'\ {0}, is a family of
numbers in [a, b] indexed by {0, ...,n}, such that a = 09 < 01 < -+ < 0, = b. The
size #o of o is n.

Theorem 8.2. If F' C [a,b], there is a unique subdivision o of [a,b] such that
{o;:7€{0,...,#0} = FU{a,b}.

Proof. This is immediate via a simple induction since the order on R is linear. [

Definition 8.3. If o and 7 are two subdivisions of [a,b], then we declare o < 7
when {ng,...,n.} C {o0,...,0n}.
Theorem 8.4. The relation < is an order on the set of subdivisions of [a, b].

Proof. This is immediate (note that o < 1 and 7 < o implies these two subdivisions
have the same range, and there is only one subdivision with a given range). (]

Definition 8.5. If o and 7 are two subdivisions of [a, b], then we denote by o A 7
the unique subdivision of [a,b] with range {cq,..., 040} U {n0,...,Nun}-

Theorem 8.6. If o and 7 are two subdivisions of [a,b], then o A n is the infimum
of {o,n}.

Proof. By construction, o An < o and o An < 1. Moreover, let ¢ be a subdivision
of [a, b] such that ( < o and ¢ < 7. Then ¢ < o An by construction. O

8.2. Our Scheme. We can now use our work to define our first integral on the
space of continuous functions over a compact interval, as a special continuous linear
functional. To this end, we first identify a dense subspace of Cj([a,b]) where it is
easy to construct the integral as a continuous linear function. We propose here the
continuous piecewise affine functions as our “nice functions”.

We then define the integral on the space of “nice functions”. We will say a
subdivision o of [a, b] is adapted to a piecewise affine continuous function f : [a, b] —
R when f restricts to an affine function on each of [o;_1,0;] for j € {1,...,#0c}.

Lemma 8.7. If f : [a,b] = R is a continuous piecewise affine function, and if o
and n are two subdivisions of [a,b] adapted to f, then
#a #n

S T () + () = 3 TS () Fy )

Jj=1 Jj=1
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Proof. First, assume o < 7. Then

Hoo g #n B
SO oyt =Y, Y P o) + flon)
7=1 J=1{kmj—1<or<njt+1}

#n
N —Nj-1
= B (1) + ).
j=1
Now, assume 7 and o are adapted to f. Then ¢ := n A o is also adapted to f,
and our result follows from the transitivity of equality. O

Definition 8.8. If f : [a,b] — R is a continuous piecewise affine function with
adapted subdivision oy < 07 < - -+ < 0,, then we define

N~ (o =) 4 4
f=23 T flog) + flog)

We then check that our integral is indeed linear and continuous.

Theorem 8.9. If f, g are continuous piecewise affine over [a,b], and if t € R, then
b b b

Laf+g) =tf, f+ [ g

Proof. Let o be a subdivision of [a,b] adapted to f and 7 be a subdivision of [a, b]
adapted to g. Let ( = o0 An. Then ( is adapted to both f and g. A direct
computation then concludes our proof. (I
Theorem 8.10. If f € Cy([a,b]) is piecewise affine, then ‘fff‘ < f: If] < (b—
) 10

Proof. We observe first that |f| is a continuous piecewise affine function over [a, b].
We simply compute:

b "o
/f’Z Z%(f(gj)Jrf(Ujfl)

=1

<> B (f o)+ (om0
=1
! b
- [
< g T (U Ny + 1)
= (b= ) | fllj0y) -

This concludes our proof. ([

Thus, we can extend uniquely f:, using Theorem (7.23), as a continuous linear
function of norm b — a to the closure of the space of continuous piecewise affine
functions over [a, b], which is the entire space of continuous functions over [a, b].

Thus defined, our integral on C|a, b] is linear and continuous. It is easy from the

definition to also check that f; f=[r+ fcb f for any f € Cla,b] and ¢ € [a, b].
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It is easy to check that, for any g € Cy[a,b], the function f € Cyla,b] — fab fg
is again a continuous linear function. Thus, we have discovered many continuous
linear functionals of the space Cy[a, b]: integration with some “density” function and
evaluation maps (and all their linear combinations). While this is not an exhaustive
list, it is indeed progress toward understanding the continuous linear functionals of
Cla, b] — a full picture is indeed all about integration, but in the sense of Lebesgue.

Indeed, one interesting feature of integration is that it can be extended to much
more general spaces of functions. We now repeat our scheme but we go out of the
space of continuous functions; we remain within the general Riemannian framework,
however.

8.3. Regulated functions.

Definition 8.11. A function f : [a,b] — R is a step function when there exists
some subdivision (o;)7_, of [a,b] such that the restriction of f to (o;,0;41) is
constant for all j € {0,...,n}.

Theorem 8.12. The space &([a,b]) of step functions on [a,b] is a vector space.
Proof. Straightforward. O

Definition 8.13. A function f : [a,b] — R is regulated over [a,b] when for all
€ > 0, there exists a step function g : [a,b] — R such that | f —g||, ,; <e.

Theorem 8.14. The space Z([a,b]) of all regular functions over [a,b] is a vector
space.

Theorem 8.15. A function f : [a,b] — R is requlated over [a,b] if, and only if,
the function f has a left limit at every t € (a,b] and a right limit at every t € [a,b).

Proof. First, assume f is regulated. Since every step function has a left limit at
every point in (a,b], and f is the uniform limit of step functions, f has a left at
every point of (a,b] as well, by Theorem (7.33). The same reasoning applies for the
right limits.

Second, assume that f has left and right limits at every point in [a,b]. Let
K = {c € [a,b] : 3g step function |f — g, 4 < 5}. Note that ¢ € K and K is
bounded above by b, so K has a supremum d.

We first prove that d € K. Since f has a left limit at d, there exists 6 > 0 such
that for all t € [a,d], if d—t < §, then |limg- f — f(¢)| < e. Since d = sup K, there
exists t € K with d — ¢ < §. Thus, there exists a step function g : [a,t] — R such
that || f — gl|,.4y <. Now, we define the following function:

g(x) if x € [a,t],
h:z€la,d — S limg- f ifz € (¢,d),
f(d) ifx =d.

The function h is a step function by construction, and | f — A, 4 < € by our choice
of §. Therefore, d € K.

We now prove that d = b. Assume that d < b. Since f then has a right limit
at d, we conclude that there exists § > 0 such that if ¢ € [d,b] and t — b < 0 then
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|f(t) — limg+ f| < e. Since d € K, there exists a step function g : [a,d] — R such
that || f — gll, q <& Write @ = £ > 0. We now set:

g(t) if t € [a,d],

hitélad+t s —
la,d+9] {Iimd+fifte(d,d+w].

Then % is a step function over [a,d + @] with @ > 0 such that || f — hl|, 4, <&,
by construction. Thus d + w € K, which is a contradiction since d + w > d. So
d=b.

Therefore, b € K, and therefore, there exists a step function g : [a,b] — R such
that || f — gll, 4 < ¢, as claimed. O

Corollary 8.16. Every continuous function on [a,b] is regulated on [a,b].
8.4. Integral of step functions.

Lemma 8.17. If ¢ is a step function, and both o and n are subdivisions of [a, b]
adapted to p, then

#o #n
Z(Uj —0j-1)p(§) = Z(m‘ —nj—1)%(¢5)

for any family (&1,...,840) Such that o9 < & < 01 < & < --+ < 0, and any
family (C1, ..., Cun) such that ng < (G <m < (o < -+ < Ny

Proof. First, assume o < 1. Then, noting that ¢ is constant on any interval of the
form [n;—1,m] for j € {1,... #n — 1},

#o #n
D oi—0ai)eE) = > (05 — 0j—1)9(¢;)
j=1 J=1{km;_1<or<n;}
#n
=> (= nj—1)e(&)-
j=1
We obtain our theorem by setting, in general, o/ = o A 7. O

Definition 8.18. If ¢ € &[a, b] then we define

b #a
/ = (05— 0oj1)e(&)
a =1

for some subdivision o of [a, ] adapted to ¢, and for some numbers &,. .., {4, such
that

00<& <01 <& <0< < Opg.
We check that our integral is indeed linear and continuous.

Theorem 8.19. For all p,9 € &a,b] and for all t € R, we have:

/ab(t<p+1/))=t/ab<p+/abw-

Proof. This follows from a direct computation. O



A TOPOLOGICAL INTRODUCTION TO REAL ANALYSIS: REFERENCE MANUAL 55

Theorem 8.20. For all f € &a,b], we have:

/ /|f| b—a) 1/l -

Proof. We simply note that if f € &][a,b] then |f| € &[a, ], and moreover:

b
| v

#o

<D (05— 05-1) (&)l
j=1

= intg| f|
#o

<D (05 =) Wl = 0= ) [ llia.-

j=1

This completes our proof. O

Thus the integral of step function is a continuous linear function over the space
&la,b]. It has two additional and helpful properties, which are both very easy to
check.

Theorem 8.21. If ¢ € &[a,b] is nonnegative, then f: =0

Theorem 8.22 (Chasles’ relation). If ¢ € &[a,b] and ¢ € [a,b] then f;ap =
c b
fa SO + fc SD'

Note that f p= f ¢+ 1[q,q, s0 Chasles’ relation is a consequence of linearity.

8.5. Integral of regulated functions.

Definition 8.23. The regulated integral fab over the space #[a,b] of regulated
functions over [a,b] is the unique, continuous linear extension of the integral on
step functions.

From all our efforts, we derive:

Theorem 8.24. The regulated integral is a continuous linear functional over %|a, b]

of norm b — a and such that
[ 1)< [ 151001,

and for all ¢ € [a,b], and for all f € [a,b],

/abf:/:f+/:f.

, which implies the positivity of the
Za,b)

Vf € Zla,b]

We note that f

integral as well.

Theorem 8.25. If f € Z[a,b] and f > 0, then f;f >0
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Proof. First, observe that if f > 0 then HHfH[“ b~ fH[ . < || fllq,0)- We then have:
: . :

/ab /ff/j(fn[a,b]f)g |/b /ab

Therefore, f; f=o. O

1o

170 =11, <

10y -

We now have two integrals defined on the space of continuous functions over
a compact interval. Choosing another set of “nice” functions could lead to many
other constructions. We need to reconcile all these integrals — and learn how to
actually compute them. This is the matter of the following section.

9. THE INTEGRAL OF CONTINUOUS FUNCTIONS OVER SEGMENT:
CHARACTERIZATION

In this section, we prove that there is only one possible positive linear functional
over the space of continuous functions over [a,b], which maps the constant 1 to
b — a, and which has the Chasles property. In fact, we will use only three basic
properties which we have established above: Chasles’ relation, positivity, and the
normalization.

Hypothesis 9.1. We will assume given a real-valued function which, to any seg-
ment [a,b] of R and any continuous function f : [a,b] — R, associates a real

number f; f (also denoted by f; f(z) dx with x a dummy variable), which satisfies
the following three Conditions (9.2), (9.3), and (9.4).

Condition 9.2. For allk € R, ifa <b€ R, then [k =k(b— a).

Condition (9.2): [k = k(b — a).

Condition 9.3 (Normalization). For all a < b € R, for all continuous functions
f:a,b] = R, the following assertion holds for all c € [a,b]:

b c b
Lo=fo]r
a a C
Condition 9.4 (Positivity). For all a < b € R, for all continuous functions f :

[a,b] > R and g : [a,b] — R, if
Vx € [a,b]  f(z) < g(x).
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Chasles: If a < c < b, then fab f=/f+

We record a few very simple properties our integral posses, immediately following
our conditions.

Proposition 9.5. Let a € R and f be a function defined at a. Then:

/a“f:o.

Proof. When restricted to {a} = [a, a], the function f is constant (hence, continu-
ous) with value f(a), so by Condition (9.2), we have:

/aaf—f(a)(a—a)—O,

as claimed. O

Our conditions immediately imply very crucial bounds on the integral of any
continuous function over a segment.

Proposition 9.6. Let a < b€ R and let f be a real-valued continuous function on
[a,b]. Let m, M € R such that for all x € [a,b] we have m < f(z) < M. Then:

b—a) /f —a).

Remark 9.7. Since f is a continuous function on the compact set [a, b], the function
f is bounded (and reaches its bdounds) by the extreme value theorem, so there
always exists m, M such that m < f < M on [a, b].
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Proof. By Condition (9.4), since f < M on [a,b], we conclude:

fre )

Now by Condition (9.2), we compute that fa M = M (b—a), hence f; f < M(b—a),
as claimed.
The proof of the other inequality is similar. O

We can extend the definition of the integral [ in a manner which preserves the
Chasles relation.

Definition 9.8. For all a < b € R, and for all continuous functions f on [a,b], w

set . X
Jor=ls

Proposition 9.9. Let a,b,c € R and let f be a continuous function on some
interval containing a,b,c. Then:

/bf+/cf+/af=0.

Proof. Assume a < b < c. By Condition (9.3), we then have [ f = f f+ [ f, so

Lo frefoefoefre

Using commutativity and associativity of the addition for real numbers, this
proof also includes the cases b < ¢ < a and ¢ < a < 0.
Assume now b < a < ¢. Then:

/a f+/b f+/caf=—/baf+/bcf—/:f
~[ ([ [0
[

as expected. Again, this proof also deals with the cases a < ¢ <band ¢ < b < a.
This concludes our proof. (I

A first observation is that we can define Lipschitz functions by integrating con-
tinuous functions.

Proposition 9.10. If f : [a,b] — R is a continuous function, and if F' : © €
[a,b] = [ f, then the function F is || f|| . -Lipschitz on [a,b] — thus, in particular,
it is continuous on [a,b].

Proof. Since f is continuous over the compact interval [a,b], it is bounded; we
recall that || f| ., = sup{|f(z)| : © € [a,b]}. Therefore, for all z € [a,b], we have
—[[flls € f(z) < [[fllo- By Proposition (9.6), we thus conclude that, for all
x,y € [a,b], if © <y, then

Nl (9 - 2) < Fla) - Fly) = /yf <l (v - 2),
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so |F(z)=F(y)| < | fll lz—yl- W2,y € [a,b] and y < =, then since [F(z)—F(y)| =
|F(y) — F(z)|, we also conclude that |F(z) — F(y)| < |||l |z — y|, as needed. Our
proof is complete. O

The fundamental idea for this section is to relate the integral and the derivation.
We thus introduce a central definition.

Definition 9.11. Let f : [a,b] — R be a function. An antiderivative F : [a,b] — R
of f on [a,b] is a continuous function over [a,b], differentiable over (a,b), and such
that

vV € (a,b) F'(z) = f(z).
The reason for the specific properties listed in Definition (9.11) is explained by

the following observation: antiderivatives of a given function over a fixed interval
differ by a constant.

Proposition 9.12. If f : [a,b] = R is a function, if F : [a,b] = R is an antideriv-
ative of f on [a,b], then any function G : [a,b] — R is an antiderivative of f on
[a, b] if, and only if, there exists ¢ € R such that F = G + ¢, i.e.

Va € [a,b] F(x) =G(z)+ec.

We can now relate our integral on continuous functions and antiderivatives.

Theorem 9.13. Leta < b€ R. If f:[a,b] = R be a continuous function on [a,b),
and if we define:

F:xe[a,b]l—>/ f,
then F' is an antiderivative of f on [a,b)].

Proof. Proposition (9.10) immediately implies that F' is Lipschitz, hence continu-
ous, on [a, b].
Let x € (a,b) and let A > 0 such that = + h € (a,b). We then compute:

x+h x
91) }L<F<x+h>—F<x>>=,i</ -/ f)

1 x+h
=5 / f | by Proposition (9.9).

Now, as f is continuous on [a, b], it is continuous on [z, x + h], so by the Extreme
Value Theorem, there exists my, M}, € [z, 2z + h] such that for all ¢ € [z, 2 + h], we
have:
fmn) < f(t) < f(Mp).
Thus, by Proposition (9.6), we have:
x+h

(9.2) hf(ma) < / f < hi(My).

x

Together with Expression (9.1) we obtain:

(F(z + h) = F(z)) < f(Mp).

S| =

f(mn) <
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Now, since x < mp < z + h and limp_ox = limyox + h = x, we conclude by
the Squeeze Theorem that limy_, mhh>:0 x. Sinceh?O is continuous at x, we then
conclude that limy,_o f(mp) = }?9?:)

Similarly, we p?(;/% that hm]iﬁg f(My) = f(z). Hence, Expression (9.2) and the

Squeeze theorem imply together that:

1
(9.3) lim — (F(z + h) — F(z)) = f(z).
h—0 h
h>0
The same method applies to show that lim,—q 3 (F(z 4+ h) — F(z)) = f(z), so we

] h<0
only sketch this part.

Let h < 0 be given so that z + h € (a,b). Then:

x+h
(Fath) -Fa)=7 [ 1

= — f.
h z+h

By the extreme value theorem, there exist my,, M}, € [x + h,z] such that f(ms) <
f(@®) < f(My) for all t € [ 4+ h,z]. Thus by Condition (9.4), and noting that
x4+ h < z, we have:

S| =

-%ﬂmw</Mf<—WMh%

Thus: )
Flmn) < 5 (F(z +h) = F(2)) < f(Mp)
so we conclude,as before, by the Squeeze theorem, that
o1
(9.4) ;%E(F(x—i—h) — F(x)) = f(x).

h<0

Therefore, by Expressions (9.1) and (9.2), the function F is differentiable at «,
and F'(x) = f(x), as stated. Thus, F is continuous on [a, b], differentiable on (a, b),
and F' = f on (a,b), so our theorem is proven. O

Remark 9.14. Theorem (9.13) proves that, if an operation satisfying Conditions
(9.2), (9.3) and (9.4) exists, then any continuous function f : [a,b] — R must have
at least one, and thus infinitely many, antiderivatives.

We thus can compute integrals using antiderivatives, as follows.

Corollary 9.15. Let a < b € R and f be a continuous function on [a,b]. Let F be
any antiderivative of f on [a,b]. Then:

b
/ f=F(b) - Fla).

Proof. By Theorem (9.13), F : x € [a,b] — [ f is an antiderivative of f on [a,b].
Hence, by Proposition (9.12), there exists ¢ € R such that F'+ ¢ = F. We thus get

b
F(b)—F(a)=F(b)+c—(F(a)+C)=F(b)—F(a)=F(b)=/ f
as desired. [l
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We also record the following simple observation.

Corollary 9.16. Leta < b € R and let f be a function with a continuous derivative
on [a,b]. Then:

b
/ = 1) - f(a).

Proof. The function f is by construction an antiderivative of f’ on [a,b]. We then
apply Corollary (9.15). O

Since antiderivatives are defined independently of our notion of integral, we also
record that there is only one operation satisfying Conditions (9.2), (9.3) and (9.4).

Corollary 9.17. There exists a unique real-valued operation [ defined on the set
of pairs ([a,b], f) with [a,b] a closed interval of R and f a continuous function on
[a,b], and which satisfy Conditions (9.8,9.4, 9.2).

Proof. The regulated integral possesses all the needed properties, and we have
shown it is the only possible such operation. O

We can now proceed to prove some useful properties of [ under our assumptions.
We shall see that indeed, linearity follows from our hypothesis. Since integration is
now related to the problem of antiderivation, we can use our knowledge of derivation
to deduce mirror properties for the integral. The first property is linearity, and it
is a very important property of integration, as we shall see later on.

Theorem 9.18 (linearity). Let a < b€ R. If f : [a,b] = R and g : [a,b] = R are
two continuous functions on [a,b], and if u, X € R, then:

/ab(/\erug):A/abfﬂLu/abg-

Proof. Let F :x € [a,b] = [ f and G : x € [a,b] — [ g. By Theorem (9.13), F
and G are, respectively, antiderivatives of f and g over [a, b].

The function H = AF + uG is continuous on [a, ], differentiable on (a,b) and
H' = AF' 4+ uG" = A\f + pg. Hence H is an antiderivative of Af + pg on [a, b].
Hence, by Corollary (9.15):

b
/ (\f + g) = H(b) — H(a)

= AF(b) + pG(b) — (AF(a) + pG(a))
= A(F(b) — F(a)) + n(G(b) — G(a))

=A/abf+u/abg-

This concludes our proof. ([l

Of course, fabO = 0 — this was in fact assumed in Condition (9.2), but it also
follows from the linearity of the integral. The converse of this result is not true,
but we can obtain an interesting and important result nonetheless.

Theorem 9.19. If f : [a,b] — R is continuous, if f(x) > 0 for all x € [a,b], and
if [V f=0, then f =0.
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Proof. Let F : x € [a,b] — [ f. By Theorem (9.13), the function F is an an-
tiderivative of f on [a,b], so F' = f on (a,b). By assumption, f > 0, so F is
increasing on [a, b], by the Mean Value Theorem: hence, for all = € [a, )], we con-
clude that F(a) < F(z) < F(b). Now, F(b) = ff f =0= F(a), and thus, for all
x € [a,b], we conclude that F(z) = 0. Thus f(z) = F'(x) =0 for all € (a,b). As
f is continuous on [a, b], we conclude that f =0 on [a, ], as claimed. O

Thus, linearity of derivation leads to linearity of the integral. The matter is more
complicated for products and compositions. We start by handling the mirror image
of the Leibniz rule for derivations of products.

Theorem 9.20 (Integration by parts). Let a < b € R. If f : [a,b] - R and
g:[a,b] = R are two functions with continuous derivatives on [a,b], then:

b b
/ 19’ = F(b)g(b) — f(a)gla) - / fg.

Proof. We have (fg)' = f'g+ fg' so f¢' = (fg) — f'g and thus we have:

[ 0= [1or- s

b
:/ (fg)’—/ f'g by Theorem (9.18)

b
— 1(b)g) - f(a)gfe) ~ | £'g by Theorem (.16).
This concludes our proof. ([

The chain rule becomes the substitution rule:

Theorem 9.21 (Substitution). Let a < b. If u is a function with a continuous
derivative on [a,b] and if f is a continuous function on [u(a),u(b)] U [u(b),u(a)],

then: , )
fouw) -u) = f.
/a ((f ou)-u) / .

Proof. Let F : x € [a,b] — f; f. Let ¢ = Fou on [a,b]. By assumption, g is
differentiable on [a, b] and:

g'(x) = (2)F'(u(x)) = (z) f(u(z))

for all = € (a,b). Thus:
b b
/ fou-u' = / q
=g(b) — g(a)
= F(u(b)) — F(u(a))
u(b)
u(a)
Our proof is now complete. |

We conclude this section with two observations. First, we prove a useful inequal-
ity:
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Theorem 9.22 (Median inequality). Let a < b € R. If f is a continuous function

on [a,b], then:
[ il< [

Proof. By definition of the absolute value, |f| is continuous on [a,b] and for all
x € [a,b] we have:

=[f(@)] < f(z) < [f()]-
By Condition (9.4) and by Theorem (9.18), we have:

jfﬂ:f@mmlw<fm,

proving our inequality. O

Another observation motivates the idea that integrals allow to compute averages,
as found in probability theory.

Theorem 9.23. Leta < b€ R. If f : [a,b] = R is a continuous function on [a,b],
then there exists ¢ € (a,b) such that:

=10

Proof. The function F : x € [a,b] — [ f is continuous on [a,b] and differentiable
on (a,b), by Theorem (9.13). So, by the mean value theorem, there exists ¢ € (a,b)
such that:

F(b) — F(a) = (b= a)F'(c) = f(c)(b - a).
This proves our theorem. ([
The quantity ﬁ fabf is called the average of f. In particular, the strong law

of large number shows that ﬁ f: f is the limit of the empirical average for any
infinite sample of points taking uniformly at random in [a, b].
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